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*HQHWLFNÞ�DOJRULWPXV��*$�

��� (YROÛFLD Y �LYHM SUÎURGH

*HQHWLFNÞ DOJRULWPXV SDWUÎ PHG]L ]ÂNODGQÊ VWRFKDVWLFNÊ RSWLPDOL]DÉQÊ DOJRULWP\ V YÞUD]QÞPL

HYROXÉQÞPL ÉUWDPL� 9 VÛÉDVQRVWL MH QDMÉDVWHM{LH SRX�ÎYDQÞP HYROXÉQÞP RSWLPDOL]DÉQÞP DOJRULWPRP�

VR {LURNRX SDOHWRX DSOLNÂFLÎ RG RSWLPDOL]ÂFLH Y\VRNR PXOWLPRGÂOQ\FK IXQNFLÎ� FH] NRPELQDWRULÂOQH D

JUDIRYR�WHRUHWLFNÊ SUREOÊP\� D� SR DSOLNÂFLH QD]ÞYDQÊ �XPHOÞ �LYRW��

9 SUHGFKÂG]DMÛFHM SUHGQÂ{NH ERO SRSÎVDQÞ W]Y� VOHSÞ DOJRULWPXV VWRFKDVWLFNHM RSWLPDOL]ÂFLH

IXQNFLÎ� $M NHÐ MH WHQWR DOJRULWPXV H[WUÊPQH MHGQRGXFKÞ� MHKR KODYQÊ RKUDQLÉHQLH VSRÉÎYD Y �VOHSRP�

QÂKRGQRP JHQHURYDQÎ QRYÊKR ULH{HQLD EH] Y]~DKX N RSWLPDOL]RYDQHM IXQNFLL� -H SUDNWLFN\

QHSRX�LWH�QÞ� ÉDV SRWUHEQÞ SUH QÂMGHQLH PLQLPD EXGH REURYVNÞ X� SUH MHGQRGXFKÊ RSWLPDOL]DÉQÊ

SUREOÊP\� 0HWÔG\ QXPHULFNHM PDWHPDWLN\ REFKÂG]DMÛ WHQWR SUREOÊP WDN� �H EXÐ Y\X�ÎYDMÛ SR]QDWN\ R

WYDUH IXQNFLH Y GDQRP ERGH �QDSU� JUDGLHQWRYÊ PHWÔG\�� DOHER SRPRFRX SUHGFKÂG]DMÛFLFK ULH{HQÎ VÛ

VFKRSQÊ LQGLNRYD~ V YH�NRX HIHNWÎYQRV~RX QÂGHMQÞ VPHU PLQLPDOL]ÂFLH IXQNFLH �QDSU� VLPSOH[RYÂ

PHWÔGD�� 8ND]XMH VD� �H QD ]ÂNODGH DQDOÔJLH V HYROXÉQÞPL SURFHVPL SUHELHKDMÛFLPL Y ELRORJLFNÞFK

V\VWÊPRFK H[LVWXMH DOWHUQDWÎYQD PR�QRV~� DNR XVPHUQL~ QÂKRGQÊ JHQHURYDQLH ERGRY N KRGQRWÂP

EOÎ]N\P RSWLPÂOQ\P� 3UÂYH WÂWR DQDOÔJLD VD VWDOD ]ÂNODGRP JHQHWLFNÊKR DOJRULWPX� NWRUÞ Y\OHS{XMH

ÉLVWR VWRFKDVWLFNÞ VOHSÞ DOJRULWPXV WDN� �H SRVN\WXMH Y UHÂOQRP ÉDVH RSWLPÂOQH ULH{HQLH�

'DUZLQRYD WHÔULD HYROÛFLH >�@ VD ]DNODGÂ QD WÊ]H SULURG]HQÊKR YÞEHUX� SRG�D NWRUHM SUH�ÎYDMÛ

OHQ QDMOHS{LH SULVSÕVREHQÎ MHGLQFL SRSXOÂFLH� 5HSURGXNFLRX GYRFK VLOQÞFK MHGLQFRY GRVWÂYDPH

SRWRPNRY� NWRUÎ V Y\VRNRX SUDYGHSRGREQRV~RX EXGÛ GREUH SULVSÕVREHQÎ N ÛVSH{QÊPX SUH�LWLX� 3UL

SRGUREQHM DQDOÞ]H �KODYQH PDWHPDWLFNHM� VD XND]XMH� �H VDPRWQÊ SÕVREHQLH UHSURGXNFLH QLH MH

GRVWDWRÉQH HIHNWÎYQH QD Y]QLN GREUH SULVSÕVREHQÞFK MHGLQFRY V QRYÞPL YODVWQRV~DPL� NWRUÊ YÞ]QDPQH

X�DKÉXMÛ SUH�LWLH� 'R HYROÛFLH �LYHM KPRW\ MH QXWQÊ ]DSRML~ DM W]Y� PXWÂFLH� 7LHWR QÂKRGQÞP VSÕVRERP

RYSO\YÓXMÛ �NODGQH DOHER ]ÂSRUQH� JHQHWLFNÞ PDWHULÂO SRSXOÂFLH MHGLQFRY�

%LRORJLFNÂ HYROÛFLD MH SURJUHVÎYQD ]PHQD REVDKX JHQHWLFNHM LQIRUPÂFLH �JHQRW\SX� SRSXOÂFLH

Y SULHEHKX PQRKÞFK JHQHUÂFLÎ� 3UY DNR SULVWÛSLPH N MHM {SHFLILNÂFLL� ]DYHGLHPH SRMHP VLO\ �ILWQHVV��

NWRUÞ KUÂ N�ÛÉRYÛ ÛORKX Y QD{LFK ÛYDKÂFK R JHQHWLFNRP DOJRULWPH� 9 ELROÔJLL MH VLOD GHILQRYDQÂ DNR

UHODWÎYQD VFKRSQRV~ SUH�LWLD D UHSURGXNFLH JHQRW\SX Y GDQRP SURVWUHGÎ� 3RGREQH VD FKÂSH DM Y

XPHORP �LYRWH� MH WR NODGQÊ ÉÎVOR SULUDGHQÊ JHQHWLFNHM LQIRUPÂFLL UHSUH]HQWXMÛFHM RUJDQL]PXV �REY\NOH

Y\MDGUHQHM SRPRFRX ELWRYÊKR UH~D]FD�� NWRUÊ UHSUH]HQWXMH MHKR UHODWÎYQX ÛVSH{QRV~ SOQL~ VL Y GDQRP

SURVWUHGÎ VYRMH ÛORK\ �QDSU� ]EHU SRWUDY\� D YVWXSRYD~ GR UHSURGXNFLH� W�M� WYRUL~ QRYÊ RUJDQL]P\�

%LRORJLFNÂ HYROÛFLD REVDKXMH GYH ]ÂNODGQÊ ]OR�N\�

��� 3ULURG]HQÞ YÞEHU �'DUZLQ� � RUJDQL]P\ V YÅÉ{RX VLORX SURGXNXMÛ YLDF SRWRPNRY� NWRUÎ VD

GR�LMÛ GRVSHORVWL D ÐDOHM VD UHSURGXNXMÛ� DNR RUJDQL]P\ V PDORX VLORX�

��� *HQHWLFNÞ GULIW � QÂKRGQÊ XGDORVWL �QDSU� PXWÂFLH DOHER QÂKRGQÂ VPU~ RUJDQL]PX V YH�NRX

VLORX SUY DNR VWLKRO Y\SURGXNRYD~ SRWRPNRY� PÕ�X SRGVWDWQH RYSO\YQL~ HYROXÉQÊ SURFHV\ Y PDOÞFK

SRSXOÂFLÂFK�

3RMHP �SRYUFK VLO\� �ILWQHVV
 VXUIDFH�ODQGVFDSH� >�@ SRGVWDWQH X�DKÉXMH KHXULVWLFNÛ

LQWHUSUHWÂFLX VHOHNFLH Y SRSXOÂFLL Y SULHEHKX HYROÛFLH� =ÂNODGQÂ LGHD SRYUFKX VLO\ VSRÉÎYD Y JUDILFNHM

UHSUH]HQWÂFLL VLO\ Y]K�DGRP N ]OR�HQLX JHQRW\SX RUJDQL]PRY Y GDQRP SURVWUHGÎ �SR]UL REU� ���$��
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3RSXOÂFLD SRWRP PÕ�H E\~ ]QÂ]RUQHQÂ DNR �REODN� ERGRY QD SRYUFKX �SR]UL REU� ���%�� ND�GÞ ERG MH
SULUDGHQÞ RUJDQL]PX ] SRSXOÂFLH� 9 SULHEHKX PQRKÞFK JHQHUÂFLÎ SULURG]HQÞ YÞEHU VSÕVREXMH SRK\E
SRSXOÂFLH QD SRYUFKX GR REODVWÎ V YÅÉ{RX KRGQRWRX VLO\� $N MH GRPLQDQWQÂ VHOHNFLD� SRWRP VD WHQWR
SRK\E XVNXWRÉÓXMH Y VPHUH JUDGLHQWX� Y NWRURP VLOD QDMUÞFKOHM{LH UDVWLH� 9 RSDÉQRP SUÎSDGH� DN MH
GRPLQDQWQÂ QÂKRGQRV~ Y HYROÛFLL �QDSU� PXWÂFLH�� SRK\E ERGRY QD SRYUFKX VLO\ PÂ VWRFKDVWLFNÞ
FKDUDNWHU�

�
9R Y\{{RP VWXSQL DEVWUDNFLH >�@ PÕ�H E\~ SRMHP ELRORJLFNÞ MHGLQHF QDKUDGHQÞ SRMPRP

FKURPR]ÔP� NWRUÞ UHSUH]HQWXMH OLQHÂUQH XVSRULDGDQÞP VSÕVRERP LQIRUPDÉQÞ REVDK MHGLQFD
�JHQRW\S�� 3RWRP KRYRUÎPH R SRSXOÂFLL FKURPR]ÔPRY� NWRUÊ VD UHSURGXNXMÛ V SUDYGHSRGREQRV~RX
ÛPHUQRX LFK VLOH� SULÉRP LQWHJUÂOQRX VÛÉDV~RX WHMWR UHSURGXNFLH VÛ PXWÂFLH� 0XWÂFLH ]DQÂ{DMÛ GR
FKURPR]ÔPRY QRYÛ LQIRUPÂFLX� NWRUÂ PÕ�H ]YÞ{L~ VLOX FKURPR]ÔPRY Y]QLNDMÛFLFK UHSURGXNFLRX
SÕYRGQÞFK FKURPR]ÔPRY� 1RYÊ FKURPR]ÔP\ Y\WHVÓXMÛ ] SRSXOÂFLH FKURPR]ÔP\ V PDORX VLORX�
7HQWR ]ÂNODGQÞ UHSURGXNÉQÞ F\NOXV VD Y GDQHM SRSXOÂFLL FKURPR]ÔPRY QHXVWÂOH RSDNXMH� 3R XUÉLWRP
ÉDVH VD WHGD Y SRSXOÂFLL V Y\VRNRX SUDYGHSRGREQRV~RX REMDYLD FKURPR]ÔP\ V QRYÞPL YODVWQRV~DPL�
NWRUÊ SRGVWDWQH ]Y\{XMÛ LFK VLOX D Y\WHVÓXMÛ SÕYRGQÊ FKURPR]ÔP\ EH] WÞFKWR YODVWQRVWÎ�

3ULVWÛSPH N IRUPDOL]ÂFLL ]ÂNODGQÞFK SRMPRY HYROÛFLH WDN� DNR IRUPXORYDQÊ Y SUHGFKÂG]DMÛFHM
ÉDVWL WHMWR NDSLWRO\� -HGLQFL SRSXOÂFLH VÛ UHSUH]HQWRYDQÎ FKURPR]ÔPDPL� ÉR VÛ OLQHÂUQH UH~D]FH
V\PERORY� 3RWRP SRSXOÂFLD 3 MH PQR�LQD WÞFKWR FKURPR]ÔPRY
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3RSXOÂFLD 3 REVDKXMH S FKURPR]ÔPRY� NWRUÊ VÛ UHDOL]RYDQÊ DNR UH~D]FH GÆ�N\ N ]OR�HQÊ ]R ]QDNRY D�

E� ��� � 2EY\NOH� WLHWR ]QDN\ VD URYQDMÛ � D �� SRWRP FKURPR]ÔP\ VÛ ELQÂUQH UH~D]FH� 3
N⊆ � ��: ? �WÂWR

ELQÂUQD NRQYHQFLD EXGH SRX�LWÂ Y FHOHM WHMWR SUÂFL�� .D�GÞ FKURPR]ÔP α∈3 MH RKRGQRWHQÞ VLORX� NWRUÂ
MH LQWHUSUHWRYDQÂ DNR ]REUD]HQLH FKURPR]ÔPRY QD NODGQÊ UHÂOQH ÉÎVOD
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3URFHV UHSURGXNFLH FKURPR]ÔPRY ]DÉÎQD WÞP� �H ] SRSXOÂFLH VÛ Y\EUDQÊ GYD FKURPR]ÔP\
NYÂ]LQÂKRGQH Y ]ÂYLVORVWL QD LFK VLOH �FKURPR]ÔP\ V YÅÉ{RX VLORX PDMÛ YÅÉ{LX SUDYGHSRGREQRV~ E\~
Y\EUDQÊ�� 3RG UHSURGXNFLRX EXGHPH UR]XPLH~ WDNÞ SURFHV� Y NWRURP VD GYD SÕYRGQÊ FKURPR]ÔP\ α�

D α� UHSURGXNXMÛ �WYRULD SRWRPNRY� QD GYD QRYÊ FKURPR]ÔP\ ′ ′α α
� �
D
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.RQNUÊWQ\ WYDU WRKWR RSHUÂWRUD UHSURGXNFLH QHEXGHPH ]DWLD� EOL�{LH GLVNXWRYD~� $NR EXGH XNÂ]DQÊ
QHVNRU{LH� REVDKXMH GYH ÉDVWL� D WR NUÎ�HQLH D PXWÂFLX� 1DYLDF� WHQWR RSHUÂWRU PÂ VWRFKDVWLFNÞ
FKDUDNWHU� RSHUÂFLH NUÎ�HQLD D PXWÂFLH VD Y\NRQÂYDMÛ OHQ V XUÉLWRX SUDYGHSRGREQRV~RX� 0XWÂFLD X�
EROD {SHFLILNRYDQÂ Y NDSLWROH ���� RSHUÂFLX NUÎ�HQLD� NWRUÂ ]QDPHQÂ YÞPHQX ÉDVWÎ PHG]L GYRPD
FKURPR]ÔPDPL� EXGHPH {SHFLILNRYD~ SRGUREQHM{LH QHVNRU{LH�

9R Y{HREHFQHM URYLQH PÕ�H E\~ HYROÛFLD SRSXOÂFLH FKÂSDQÂ DNR ]PHQD SRSXOÂFLH UHDOL]XMÛFD
VD Y ÉDVH SR MHGQRWOLYÞFK NURNRFK �JHQHUÂFLÂFK� � 1HFK 3W MH SRSXOÂFLD FKURPR]ÔPRY Y ÉDVH W� SRWRP

2EUÂ]RN ���� =QÂ]RUQHQLH ��UR]PHUQÊKR SRYUFKX VLO\ �$�� 9Þ{ND MHGQRWOLYÞFK MHKR

YUFKRORY RGSRYHGÂ KRGQRWH VLO\ JHQHWLFNHM LQIRUPÂFLH �JHQRW\SX� RUJDQL]PX ] GDQHM

SRSXOÂFLH� .RQWÛURYÞ GLDJUDP �%� MH SULUDGHQÞ SRYUFKX VLO\� ERG\ UHSUH]HQWXMÛ

RUJDQL]P\ Y SRSXOÂFLL�
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Y QDVOHGXMÛFRP ÉDVH W�� SRSXOÂFLD 3W�� MH XUÉHQÂ UHNXUHQWQH SRPRFRX �UHSURGXNÉQÊKR� 5�RSHUÂWRUD

�SR]UL REU� ����
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3UÎVWXS ]DOR�HQÞ QD Y{HREHFQHM IRUPXOH ����� SRVN\WXMH YH�PL Y{HREHFQÞ SRK�DG QD HYROÛFLX�

DY{DN ]D FHQX WRKR� �H 5�RSHUÂWRU QLH MH EOL�{LH {SHFLILNRYDQÞ� 1D{X SR]RUQRV~ XSULDPLPH QD

MHGQRGXFKÛ UHDOL]ÂFLX 5�RSHUÂWRUD WDN� �H REVDKXMH SUREOÊP YÞEHUX FKURPR]ÔPRY ] SRSXOÂFLH�

UHSURGXNFLX ����� D QÂYUDW QRYÞFK FKURPR]ÔPRY GR SRSXOÂFLH� 'RVWDQHPH MHGQRGXFKÞ HYROXÉQÞ

DOJRULWPXV� NWRUÞ VLPXOXMH HYROÛFLX FKURPR]ÔPRY Y SRSXOÂFLL� SULÉRP KQDFRX VLORX WHMWR HYROÛFLH MH

'DUZLQRYVNÞ SULURG]HQÞ YÞEHU �SR]UL DOJRULWPXV ��� D REUÂ]RN ��� ��

2EUÂ]RN ���� (YROÛFLD PÕ�H E\~ FKDUDNWHUL]RYDQÂ DNR SRVWXSQÂ UHNXUHQWQÂ ]PHQD SRSXOÂFLH�

IRUPÂOQH 3W�� 5�3W�� 5�RSHUÂWRU SRSLVXMH UHNXUHQWQÛ ]PHQX SRSXOÂFLH ] MHGQHM JHQHUÂFLH QD

GUXKÛ� 2EVDKXMH QLHNR�NR NRPSRQHQW� DNÞPL VÛ YÞEHU FKURPR]ÔPRY � URGLÉRY� NUÎ�HQLH� PXWÂFLX

D QÂYUDW FKURPR]ÔPRY � SRWRPNRY GR SRSXOÂFLH�

SURFHGXUH (YROXWLRQ�LQSXW WPD[� RXWSXW 3ILQ��

EHJLQ W� ��

3� ^UDQGRPO\ JHQHUDWHG SRSXODWLRQ RI FKURPRVRPHV`�

ZKLOH W�WPD[ GR

EHJLQ W� W��� 4� ∅�

ZKLOH _4_�_3_ GR

EHJLQ VHOHFW TXDVLUDQGRPO\ WZR SDUHQWDO

FKURPRVRPHV α��α�∈3 ZLWK JUHDWHVW

ILWQHVV�

LI UDQGRP�3UHSUR WKHQ
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HQG� 3� 4�

HQG� 3ILQ� 3�

HQG�

$OJRULWPXV ���� 3VHXGRSDVFDORYVNÂ YHU]LD DOJRULWPX HYROÛFLH Y �LYHM SUÎURGH� ]DOR�HQHM QD

'DUZLQRYVNRP SULURG]HQRP YÞEHUH� $OJRULWPXV MH LQLFLDOL]RYDQÞ QÂKRGQÞP JHQHURYDQÎP SRSXOÂFLH 3�

9RQNDM{Î ZKLOH�F\NOXV VD RSDNXMH WPD[ JHQHUÂFLÎ �LWHUÂFLÎ�� 9R YQÛWRUQRP ZKLOH�F\NOH VD ]RVWURMXMH QRYÂ

SRSXOÂFLD WDN� �H VD NYÂ]LQÂKRGQH Y\EHUÛ GYD FKURPR]ÔP\ ] SRSXOÂFLH 3 �SUDYGHSRGREQRV~ LFK

YÞEHUX MH ÛPHUQÂ LFK VLOH� D DSOLNXMH VD QD QH UHSURGXNÉQÞ RSHUÂWRU ������ 7HQWR SURFHV UHSURGXNFLH

VD UHDOL]XMH V SUDYGHSRGREQRV~RX 3UHSUR� Y RSDÉQRP SUÎSDGH VD Y\EUDQÊ URGLÉRYVNÊ FKURPR]ÔP\

MHGQRGXFKR RNRSÎUXMÛ GR QRYÞFK FKURPR]ÔPRY � SRWRPNRY� 7DNWR Y]QLNOÊ GYD QRYÊ FKURPR]ÔP\ VD

XOR�LD GR QRYHM SRSXOÂFLH 4� 9QÛWRUQÞ ZKLOH�F\NOXV VD RSDNXMH WDN GOKR� D� NDUGLQDOLWD QRYHM SRSXOÂFLH

4 MH URYQÂ NDUGLQDOLWH VWDUHM SRSXOÂFLH 3� 3RSXOÂFLD 3 VD SRWRP QDKUDGÎ QRYRX SRSXOÂFLRX 4�
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'LVNXWXMPH Y]~DK PHG]L KRUROH]HFNÞP DOJRULWPRP �DOJRULWPXV ���� D HYROXÉQÞP DOJRULWPRP

�DOJRULWPXV ����� 9 ÉRP VD WLHWR DOJRULWP\ RGOL{XMÛ" (YROXÉQÞ DOJRULWPXV VD ]DNODGÂ QD VLPXOWÂQQHM

RSWLPDOL]ÂFLL FHOHM SRSXOÂFLH FKURPR]ÔPRY� ]DWLD� ÉR KRUROH]HFNÞ DOJRULWPXV ��� RSWLPDOL]XMH QÂKRGQH

OHQ MHGHQ REMHNW � FKURPR]ÔP� $N Y SURFHVH UHSURGXNFLH FKURPR]ÔPRY XYD�XMHPH OHQ PXWÂFLH� WDN

HYROXÉQÞ DOJRULWPXV MH YH�PL SRGREQÞ KRUROH]HFNÊPX DOJRULWPX ���� 0R�QRV~ ÛQLNX ] ORNÂOQHKR

PLQLPD SRPRFRX �VSRÉLDWNX PÂOR YÞKRGQHM� PXWÂFLH Y HYROXÉQRP DOJRULWPH MH VSRMHQÂ V SRWHQFLÂOQRX

QHYÞKRGRX� Y\JHQHURYDQÞ FKURPR]ÔP PÕ�H PD~ PHQ{LX VLOX DNR SÕYRGQÞ FKURPR]ÔP� 3UL YÅÉ{RP

PQR�VWYH FKURPR]ÔPRY Y SRSXOÂFLL VD QDMVNÕU WDNÞWR FKURPR]ÔP QH]ÛÉDVWÓXMH UHSURGXNÉQÊKR

SURFHVX� QR QHVNRU{LH PÕ�H QDVWD~ VLWXÂFLD� �H WLHWR FKURPR]ÔP\ VD XNÂ�X YKRGQÞPL SUH ÐDO{LX

HYROÛFLX �RSWLPDOL]ÂFLX� V\VWÊPX� 9 HYROXÉQRP DOJRULWPH MH ORNÂOQH K�DGDQLH RSWLPÂOQHKR ULH{HQLD

KRUROH]HFNÊKR DOJRULWPX QDKUDGHQÊ HIHNWÎYQHM{ÎP VSÕVRERP VLPXOWÂQQHM RSWLPDOL]ÂFLH FHOHM SRSXOÂFLH

FKURPR]ÔPRY� SULÉRP MHGQRWOLYÊ FKURPR]ÔP\ VL Y UÂPFL UHSURGXNFLH SRPRFRX NUÎ�HQLD Y\PLHÓDMÛ

LQIRUPÂFLX�

3UHÉR SUL SUH]HQWÂFLL HYROXÉQÞFK DOJRULWPRY QHXVWÂOH ]GÕUD]ÓXMHPH� �H GR UHSURGXNÉQÊKR

SURFHVX Y\EHUÂPH FKURPR]ÔP\ QÂKRGQH" $N E\ VPH GR UHSURGXNÉQÊKR SURFHVX Y\EHUDOL OHQ WLH

FKURPR]ÔP\� NWRUÊ PDMÛ QDMYÅÉ{LX VLOX� SRWRP E\ VPH V XUÉLWRX SUDYGHSRGREQRV~RX SRGVWDWQH

RKUDQLÉLOL REODV~ '� QD NWRUHM K�DGÂPH RSWLPÂOQH ULH{HQLH� (YROXÉQÞ DOJRULWPXV E\ ERO YH�PL

�RSRUWXQLVWLFNÞ�� ]D GRÉDVQH OHS{Î YÞVOHGRN E\ VPH DVL SRGVWDWQH RKUDQLÉLOL FHOÞ SURFHV HYROÛFLH

SRSXOÂFLH FKURPR]ÔPRY VPHURP N RSWLPÂOQHPX ULH{HQLX D WÞP VD GRVWDOL N KRU{LHPX NRQHÉQÊPX

ULH{HQLX� 3UHWR HYROXÉQÞ DOJRULWPXV Y\EHUÂ FKURPR]ÔP\ GR SURFHVX UHSURGXNFLH NYÂ]LQÂKRGQH�

2EUD]QH PÕ�HPH SRYHGD~� V �OLFHQFLRX EÂVQLND�� �H Y UÂPFL HYROXÉQÊKR DOJRULWPX QHY\VWXSXMH GHX[

H[ PDFKLQD� NWRUÞ YRSUHG SR]QÂ YÞVOHGRN HYROÛFLH SRSXOÂFLH FKURPR]ÔPRY D PÕ�H ]DVDKRYD~

YÞEHURP FKURPR]ÔPRY GR SURFHVX UHSURGXNFLH� .HE\ VPH EROL VFKRSQÎ WRWR UHDOL]RYD~� SRWRP

QHSRWUHEXMHPH HYROXÉQÊ DOJRULWP\� SUHWR�H RSWLPÂOQH ULH{HQLH X� SR]QÂPH� 9{HWN\ �ÉLDVWRÉQH

XUÞFK�XMÛFH� KHXULVWLN\ VÛ QLHOHQ QHGRVWDWRÉQÊ� QR Y NRQHÉQRP GÕVOHGNX DM ]DYÂG]DMÛFH� SUHWR LFK

]DEXGRYDQLH GR HYROXÉQÊKR DOJRULWPX MH YR YÅÉ{LQH SUÎSDGRY YH�PL SUREOHPDWLFNÊ�

��� =ÂNODGQÊ SRMP\ JHQHWLFNÊKR DOJRULWPX � SRSXOÂFLD D VLOD

FKURPR]ÔPRY

*HQHWLFNÞ DOJRULWPXV �*$� ERO Y\QÂMGHQÞ Y SRORYLFL ���WÞFK URNRY +ROODQGRP >�@� 9 VÛÉDVQRVWL SDWUÎ

PHG]L QDMSRSXOÂUQHM{LH HYROXÉQÊ RSWLPDOL]DÉQÊ DOJRULWP\ >���@� =ÂNODGQÊ SULQFÎS\ JHQHWLFNÊKR

DOJRULWPX VÛ XUÉLWRX {SHFLILNÂFLRX Y{HREHFQÞFK SULQFÎSRY HYROÛFLH D MHM DOJRULWPL]ÂFLH� NWRUÊ EROL

2EUÂ]RN ���� 'LDJUDPDWLFNÂ YL]XDOL]ÂFLD HYROXÉQÊKR DOJRULWPX ���� = SRÉLDWRÉQHM

SRSXOÂFLH 3� DSOLNRYDQÎP UHSURGXNÉQÊKR SURFHVX MH JHQHURYDQÂ QRYÂ SRSXOÂFLD

SRWRPNRY 4� � NWRUÂ GR ÐDO{HM JHQHUÂFLH YVWXSXMH DNR REQRYHQÂ SRSXOÂFLD 3�� 7HQWR

SURFHV VD LWHUDÉQH RSDNXMH W
PD[

�NUÂW�
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SUH]HQWRYDQÊ Y SUHGFKÂG]DMÛFHM NDSLWROH� 3RG FKURPR]ÔPRP α EXGHPH UR]XPLH~ ELQÂUQ\ YHNWRU
IL[QHM GÆ�N\ N

α = ∈α α α� �
� �� ����� �N

N
1 6 : ? �����

3RSXOÂFLD 3 REVDKXMH FKURPR]ÔP\ � ELQÂUQH YHNWRU\ α
3 S= α α α� �

� �����= B �����

NGH S MH NDUGLQDOLWD SRSXOÂFLH 3� Y\MDGUXMH SRÉHW FKURPR]ÔPRY Y 3� S _3_� 1HFK I MH ÛÉHORYÂ IXQNFLD
GHILQRYDQÂ QDG PQR�LQRX ELQÂUQ\FK YHNWRURY GÆ�N\ N

I 5
N

� �� �: ? → �����

NWRUÂ RKRGQRWÎ ND�GÞ ELQÂUQ\ YHNWRU α∈^���`N UHÂOQ\P ÉÎVORP� 1D{RX ÛORKRX EXGH K�DGD~ JOREÂOQH
PLQLPXP WHMWR IXQNFLH QDG PQR�LQRX ^���`N �SR]UL ������

α α
α

RSW
N
I=

∈
DUJ PLQ

� ��: ?
0 5 �����

)XQNFLD I �UHSUH]HQWXMH SURVWUHGLH� Y NWRURP H[LVWXMÛ FKURPR]ÔP\ SRSXOÂFLH� 9\MDGUHQÊ SRPRFRX

ELRORJLFNHM WHUPLQROÔJLH� FKURPR]ÔP α UHSUH]HQWXMH JHQRW\S RUJDQL]PX� ]DWLD� ÉR IXQNÉQÂ KRGQRWD

I�α� UHSUH]HQWXMH MHKR IHQRW\S� 0LHURX ÛVSH{QRVWL FKURPR]ÔPX MH MHKR IXQNÉQÂ KRGQRWD� 3UHWR�H

K�DGÂPH PLQLPXP ÛÉHORYHM IXQNFLH� FKURPR]ÔP MH WÞP ÛVSH{QHM{Î� ÉÎP MH MHKR IXQNÉQÂ KRGQRWD

�JHQRW\S� PHQ{LD� 1D ]ÂNODGH WÞFKWR ÛYDK PÕ�HPH ]DYLHV~ RKRGQRWHQLH FKURPR]ÔPRY VLORX DNR

]REUD]HQLH ������ NWRUÊ Y\KRYXMH QDVOHGXMÛFHM SRGPLHQNH �SR]UL REU� ����

∀ ∈ ≤ ⇒ ≥ ≥α α α α α α� � � � � �
�� 3 I I ) )� 1 6 1 6 1 6 1 6 �����

= SUDNWLFNÞFK GÕYRGRY MH YKRGQÊ� DE\ QXPHULFNÊ KRGQRW\ VLO\ EROL ] RWYRUHQÊKR LQWHUYDOX ������ SUHWR

VD ]DYÂG]D W]Y� UHQRUPDOL]RYDQÂ VLOD
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)
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NGH � �< ′ <) α0 5 � SUH ND�GÊ α∈3�

$NÞP NRQNUÊWQ\P VSÕVRERP UHDOL]RYD~ ]REUD]HQLH KRGQÕW ÛÉHORYHM IXQNFLH QD VLOX WDN� DE\

EROD VSOQHQÂ SRGPLHQND �����" 7RWR ]REUD]HQLH VD GÂ XVNXWRÉQL~ PQRKÞPL VSÕVREPL� Y WHMWR NDSLWROH

XNÂ�HPH GYD SUÎVWXS\ ]RVWURMHQLD VÎO SRPRFRX KRGQÕW ÛÉHORYHM IXQNFLH� 3UYÞ SRVWXS VD ]DNODGÂ QD

MHGQRGXFKRP OLQHÂUQRP ]REUD]HQÎ IXQNÉQÞFK KRGQÕW QD VLOX WDN� �H PD[LPÂOQHM �PLQLPÂOQHM� IXQNÉQHM

KRGQRWH MH SULUDGHQÂ PLQLPÂOQD �PD[LPÂOQD� VLOD� RVWDWQÊ IXQNÉQÊ KRGQRW\ VÛ OLQHÂUQH LQWHUSRORYDQÊ

PHG]L WÞPLWR GYRPD OLPLWQÞPL KRGQRWDPL

2EUÂ]RN ���� 'LDJUDP $ ]QÂ]RUÓXMH ÛÉHORYÛ IXQNFLX Y SULHVWRUH Y{HWNÞFK PR�QÞFK

ELQÂUQ\FK YHNWRURY� NGH ELQÂUQ\ YHNWRU MH IRUPÂOQH SUHWUDQVIRUPRYDQÞ QD ERG Y

GYRMUR]PHUQRP SULHVWRUH D WUHWÎ UR]PHU �YÞ{ND� MH GDQÞ KRGQRWRX ÛÉHORYHM IXQNFLH�

.D�GÊPX FKURPR]ÔPX ] SRSXOÂFLH 3 PÕ�HPH SULUDGL~ IXQNÉQÛ KRGQRWX OH�LDFX QD

SRYUFKX ÛÉHORYHM IXQNFLH� 'LDJUDP % ]QÂ]RUÓXMH VLOX ELQÂUQ\FK YHNWRURY �

FKURPR]ÔPRY� 9 GÕVOHGNX SRGPLHQN\ ������ WDP NGH QD SRYUFKX $ PÂPH PLQLPXP� QD

SRYUFKX % PXVÎ E\~ PD[LPXP �SR]UL {ÎSNX��
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NGH IPD[ �IPLQ� MH PD[LPÂOQD �PLQLPÂOQD� KRGQRWD ÛÉHORYHM IXQNFLH SUH FKURPR]ÔP\ SRSXOÂFLH 3

I I I I
3 3

PD[ PLQ�= =
∈ ∈

PD[ PLQ
α α

α α0 5 0 5 �����E�

D )PD[ �)PLQ� MH PD[LPÂOQD �PLQLPÂOQD� KRGQRWD VLO\� REY\NOH VD SROR�Î )PD[ � D )PLQ ε� NGH ε MH PDOÊ

NODGQÊ ÉÎVOR �QDSU� ε ������ 'RVDGHQÎP WÞFKWR KUDQLÉQÞFK KRGQÕW VLO\ GR �����E� GRVWDQHPH NRQHÉQÞ

YÞUD] SUH YÞSRÉHW VLO\ FKURPR]ÔPRY QD ]ÂNODGH LFK KRGQÕW ÛÉHORYHM IXQNFLH

)
I I

I I Iα α0 5 0 5 0 5=
−

− + −�
�

PLQ PD[
PLQ PD[ε ε �����F�

7ÂWR IRUPXOD MH ÉDVWR SRX�ÎYDQÂ Y UÕ]Q\FK LPSOHPHQWÂFLÂFK JHQHWLFNÊKR DOJRULWPX Y SUÎSDGH� �H

KRGQRW\ ÛÉHORYHM IXQNFLH VD PRF QHPHQLD �QDSU� VÛ URYQDNÊKR SRULDGNX�� 9 RSDÉQRP SUÎSDGH� DN WLHWR

IXQNFLH VD PHQLD YR YH�NRP LQWHUYDOH LGÛFRP FH] PQRKR SRULDGNRY IXQNÉQÞFK KRGQÕW� IRUPXOD �����F�

SULUDÐXMH VNRUR QXORYÛ VLOX WÞP FKURPR]ÔPRP� NWRUÊ RGSRYHGDMÛ IXQNÉQÞP KRGQRWÂP EOÎ]N\P

PD[LPÂOQHM KRGQRWH D WÞPWR VD QHRSRGVWDWQHQH ]RVLOÓXMH SUHIHUHQFLD FKURPR]ÔPRY V PDORX

IXQNÉQRX KRGQRWRX� 7HQWR QHGRVWDWRN MH RGVWUÂQHQÞ QDVOHGXMÛFLP DOWHUQDWÎYQ\P SUÎVWXSRP N XUÉHQLX

VÎO FKURPR]ÔPRY�

1HFK 4 �T��T������T_3_� MH WDNÂ SHUPXWÂFLD _3_ FKURPR]ÔPRY ] SRSXOÂFLH 3� NWRUÂ XVSRULDGD

KRGQRW\ ÛÉHORYHM IXQNFLH GR QHNOHVDMÛFHM SRVWXSQRVWL

I I IT T T 3
α α α
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3RWRP FKURPR]ÔPX α T
�
�α T 3_ _

�SULUDGÎPH PD[LPÂOQX �PLQLPÂOQX� VLOX )PD[ � �)PLQ ε�

)
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α4 9 0 5 2 7=

−
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9 WRPWR SUÎSDGH MH VLOD FKURPR]ÔPRY ] SRSXOÂFLH 3 URYQRPHUQH UR]OR�HQÂ Y FHORP LQWHUYDOH >ε��@� NGH
ε MH PDOÊ NODGQÊ ÉÎVOR� 8UÉLWÞP QHGRVWDWNRP WHMWR IRUPXOH MH� �H RKRGQRFXMH FKURPR]ÔP\ V URYQDNRX

IXQNÉQRX KRGQRWRX UÕ]Q\PL VLODPL� ÉR PÕ�H E\~ QD ]ÂYDGX KODYQH SUH ]ÂYHU EHKX JHQHWLFNÊKR

DOJRULWPX� NHÐ SRSXOÂFLD MH SRPHUQH KRPRJÊQQD� = WÞFKWR GÕYRGRY RKRGQRWHQLH IRUPXORX �����E� MH

XSUDYHQÊ WDNWR

I I ) ) L 3T T T TL L L L
α α α α

− −
= ⇒ = =

� �

� �4 9 4 9 4 9 4 9 2 7SUH � ����� �����F�

3RWRP FKURPR]ÔP\ V URYQDNRX KRGQRWRX ÛÉHORYHM IXQNFLH VÛ RKRGQRWHQÊ URYQDNRX VLORX�

2EUÂ]RN ���� 6FKHPDWLFNÊ Y\MDGUHQLH UXOHW\ SRPRFRX MHGQRWNRYHM

NUX�QLFH� QD NWRUHM VÛ Y\QHVHQÊ UHQRUPDOL]RYDQÊ VLO\� 2EUD]QH

SRYHGDQÊ� ÉÎP YÅÉ{LD MH UHQRUPDOL]RYDQÂ VLOD� WÞP YÅÉ{Î MH

SULUDGHQÞ REOÛN QD NUX�QLFL� 5XÉLÉND �{ÎSND� VD WOPHQH WRÉÎ RNROR

VYRMHM RVL �ERGX� D MH FKÂSDQÂ DNR JHQHUÂWRU QÂKRGQHM SRORK\ QD

NUX�QLFL� 3R MHM ]DVWDYHQÎ XND]XMH NYÂ]LQÂKRGQH Y\EUDQÞ

FKURPR]ÔP�
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3UÎNODG ���� 9 NDSLWROH ��� VÛ SRSÎVDQÊ GYH UÕ]QH PHWÔG\ WUDQVIRUPÂFLH KRGQÕW ÛÉHORYHM IXQNFLH QD

VLO\ WDN� DE\ EROD VSOQHQÂ SRGPLHQND ������ 1DYUKQLWH LQÊ DOWHUQDWÎYQH VSÕVRE\ WHMWR WUDQVIRUPÂFLH D

Y\NRQDMWH LFK LQWHUSUHWÂFLX Y ]P\VOH� DNR VD OÎ{LD RG SÕYRGQÞFK GYRFK SUÎVWXSRY�

3RPRFRX UHQRUPDOL]RYDQÞFK VÎO PÕ�HPH MHGQRGXFKR UHDOL]RYD~ NYÂ]LQÂKRGQRV~ YÞEHUX

FKURPR]ÔPRY �ÉR SDWUÎ PHG]L ]ÂNODGQÊ LPSHUDWÎY\ HYROXÉQÞFK DOJRULWPRY� SRPRFRX SRMPX UXOHWD >�@�

SR]UL REU� ���� &KURPR]ÔP V LQGH[RP L MH Y\EUDQÞ �NYÂ]LQÂKRGQH�� DN SUH QÂKRGQH JHQHURYDQÊ ÉÎVOR ]

LQWHUYDOX >���� V URYQRPHUQRX GLVWULEÛFLRX SUDYGHSRGREQRVWL SODWÎ

′ ≤ < ′
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UDQGRP ������

7ÂWR IRUPXOD PÂ MHGQRGXFKÛ JUDILFNÛ LQWHUSUHWÂFLX ]QÂ]RUQHQÛ QD REU� ��� �SR]UL WLH� DOJRULWPXV �����

3UÎNODG ���� $OJRULWPXV ��� LPSOHPHQWXMH UXOHWX SRG�D Y]~DKX ������ WDN� �H VD SRVWXSQH K�DGÂ LQWHUYDO

>ERXQGBORZHU�ERXQGBXSSHU@� NWRUÞ REVDKXMH QÂKRGQH Y\JHQHURYDQÊ ÉÎVOR ��DX[≤�� 3RGVWDWQH

HIHNWÎYQHM{LD PHWÔGD LPSOHPHQWÂFLD UXOHW\ MH SRPRFRX ELQÂUQHKR K�DGDQLD >�@ �SRURYQDM V GH~VNRX

KURX XUÉHQLD SULURG]HQÊKR ÉÎVOD PHQ{LHKR DOHER URYQÊKR DNR ���� GREUÞ KUÂÉ VD SÞWD RSRQHWD ÉÎ GDQÊ

ÉÎVOR MH YÅÉ{LH �PHQ{LH� WDN� �H QHXVWÂOH GHOÎ QÂGHMQÊ LQWHUYDO\ QD SROLYLFH�� 1DYUKQLWH DOJRULWPXV UXOHW\

SRPRFRX ELQÂUQHKR K�DGDQLD� Y\NRQDMWH MHKR LPSOHPHQWÂFLX�

2EUÂ]RN ���� -HGQRWNRYÂ ÛVHÉND MH UR]GHOHQÂ QD ÛVHN\ SRG�D YH�NRVWÎ

UHQRUPDOL]RYDQÞFK VÎO FKURPR]ÔPRY ] SRSXOÂFLH 3� 1ÂKRGQH JHQHURYDQÊ ÉÎVOR ]

LQWHUYDOX >���� SUHGVWDYXMH SRORKX QD ÛVHÉNH �UHSUH]HQWRYDQÊ KUXERX YHUWLNÂOQRX

ÉLDURX� D SRG�D GDQHM SRORK\ XUÉXMH RGSRYHGDMÛFL FKURPR]ÔP� = NRQ{WUXNFLH WHMWR

UHDOL]ÂFLH �UXOHW\� Y\SOÞYD� �H ÉÎP YÅÉ{LD MH VLOD FKURPR]ÔPX� WÞP YÅÉ{LD MH

SUDYGHSRGREQRV~ MHKR YÞEHUX�

IXQFWLRQ 5RXOHWWHB:KHHO�LQWHJHU�

EHJLQ DX[� UDQGRP�

ERXQGBORZHU� �� ERXQGBXSSHU� ′)
�
�

L� �� FULWHULRQ� IDOVH�

ZKLOH �L�_3_� DQG �QRW FULWHULRQ� GR

EHJLQ L� L���

FULWHULRQ� �ERXQGBORZHU≤DX[� DQG �DX[�ERXQGBXSSHU��
ERXQGBORZHU� ERXQGBXSSHU�

ERXQGBXSSHU� ERXQGBXSSHU� ′+)
L �

�

HQG�
5RXOHWWHBZKHHO� L�

HQG�

$OJRULWPXV ���� -HGQRGXFKÂ LPSOHPHQWÂFLD UXOHW\ SUH QÂKRGQÞ YÞEHU FKURPR]ÔPRY SRG�D LFK VLO\� 9R ZKLOH�

F\NOH VD SRVWXSQH �UHNXUHQWQH� UHDOL]XMÛ VÛÉW\ UHQRUPDOL]RYDQÞFK VÎO �SR]UL URY� ������ D REU� ����

6RILVWLNRYDQHM{Î SUÎVWXS N LPSOHPHQWÂFLL UXOHW\ MH ]DOR�HQÞ QD WRP� �H SUHG DNWLYÂFLDPL UXOHW\ VD VSRÉÎWDMÛ GROQÊ

D KRUQÊ KUDQLFH SRGLQWHUYDORY� QD NWRUÊ MH UR]GHOHQÞ LQWHUYDO >���@� 3RWRP K�DGÂPH� QDSU� PHWÔGRX ELQÂUQHKR

K�DGDQLD >[[@� GR NWRUÊKR LQWHUYDOX SDWUÎ SUHPHQQÂ DX[�
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��� .UÎ�HQLH FKURPR]ÔPRY

3UH FKURPR]ÔP\ ] SRSXOÂFLH 3 VÛ GHILQRYDQÊ GYH ]ÂNODGQÊ RSHUÂFLH� RSHUÂFLD PXWÂFLH D RSHUÂFLD
NUÎ�HQLD� 3UYÂ RSHUÂFLD �PXWÂFLD� X� EROD SRGUREQH GLVNXWRYDQÂ Y UÂPFL KRUROH]HFNÊKR DOJRULWPX
�SR]UL NDSLWROX ����� SUHWR VD WHUD] EXGHPH SRGUREQH YHQRYD~ OHQ RSHUÂFLL NUÎ�HQLD� 0DMPH GYD
FKURPR]ÔP\ α�β∈^���`

N
� RSHUÂFLD NUÎ�HQLD EXGH IRUPÂOQH LQWHUSUHWRYDQÂ DNR RSHUÂWRU � ]REUD]HQLH�

NWRUÞ WHMWR GYRMLFL FKURPR]ÔPRY SULUDGÎ GYD QRYÊ FKURPR]ÔP\ R URYQDNHM GÆ�NH DNR SÕYRGQÊ
′ ′ =α β α β� �1 6 1 62

FURVV
������

NGH UÕ]QH VSÕVRE\ UHDOL]ÂFLH RSHUÂWRUD 2
FURVV

VÛ ]QÂ]RUQHQÊ QD REU� ��� �SR]UL DOJRULWPXV ����� 7HQWR
RSHUÂWRU WLH� PÂ VWRFKDVWLFNÞ FKDUDNWHU� SRGREQH DNR RSHUÂWRU PXWÂFLH� 7ÂWR VWRFKDVWLÉQRV~ MH
]DOR�HQÂ QD WRP� �H SUL DSOLNRYDQÎ RSHUÂWRUD NUÎ�HQLD QD GYRMLFX FKURPR]ÔPRY ] SRSXOÂFLH VD
JHQHUXMH QÂKRGQH W]Y� ERG �DOHER ERG\� NUÎ�HQLD� SRWRP X� MH DSOLNÂFLD NUÎ�HQLD SOQH GHWHUPLQLVWLFNÂ�

9 SUÎSDGH� �H FKURPR]ÔP NÔGXMH Q UHÂOQ\FK SUHPHQQÞFK SRPRFRX ELQÂUQ\FK UH~D]FRY GÆ�N\
N �FHONRYÂ GÆ�ND FKURPR]ÔPX MH NQ�� RSHUÂFLD NUÎ�HQLD VD PÕ�H DSOLNRYD~ VHSDUÂWQH SUH ND�GÞ ELQÂUQ\
SRGUH~D]HF UHSUH]HQWXMÛFL MHGQRWOLYÛ SUHPHQQÛ ÛÉHORYHM IXQNFLH� SR]UL REU� ����

3UÎNODG ���� 9\NRQDMWH UR]{ÎUHQLH DOJRULWPX ��� �UHDOL]XMÛFHKR ��ERGRYÊ NUÎ�HQLH ELQÂUQHKR UH~D]FD
GÆ�N\ N� WDN� DE\ VD UHDOL]RYDOR NUÎ�HQLH ]QÂ]RUQHQÊ QD REU� ���� NGH FKURPR]ÔP VD VNODGÂ ] Q

ELQÂUQ\FK SRGUH~D]FRY GÆ�N\ N�

2EUÂ]RN ���� 'LDJUDPDWLFNÊ Y\MDGUHQLH RSHUÂFLH NUÎ�HQLD QDG GYRPD FKURPR]ÔPDPL�

9HUWLNÂOQD ÉLDUD ]QÂ]RUÓXMH W]Y� ERG NUÎ�HQLD� 'YH YHU]LH NUÎ�HQLD VÛ LOXVWURYDQÊ� Y ��

ERGRYRP NUÎ�HQÎ MH QÂKRGQH JHQHURYDQÞ ERG NUÎ�HQLD D FKURPR]ÔP\ VL Y\PHQLD VYRMH ÉDVWL

]D WÞPWR ERGRP� 9 ��ERGRYRP NUÎ�HQÎ VÛ QÂKRGQH JHQHURYDQÊ GYD UÕ]QH ERG\ NUÎ�HQLD�

FKURPR]ÔP\ VL Y\PHQLD ÉDVWL PHG]L QLPL�

SURFHGXUH &URVVRYHU�LQSXW� α�β� RXWSXW� α
�β
��
EHJLQ FURVVBSRLQW� ��UDQGRP�N����

IRU L� � WR FURVVBSRLQW GR

EHJLQ ′αL� αL� ′βL� βL HQG�

IRU L� FURVVBSRLQW�� WR N GR

EHJLQ ′αL� βL� ′βL� αL HQG�

HQG�

$OJRULWPXV ���� -HGQRGXFKÂ SVHXGRSDVFDORYVNÂ LPSOHPHQWÂFLD NUÎ�HQLD� 3UHPHQQÂ FURVV�

SRLQW MH QÂKRGQH JHQHURYDQÞ ERG NUÎ�HQLD� 'R WRKWR ERGX VD FKURPR]ÔP\ α D β
MHGQRGXFKR RNRSÎUXMÛ GR QRYÞFK FKURPR]ÔPRY α
 UHVS� β
� =D WÞPWR ERGRP D� GR NRQFD

FKURPR]ÔPX VD GR α
 NRSÎUXMH ]Y\{RN β� D GR FKURPR]ÔPX β
 VD NRSÎUXMH ]Y\{RN α�
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3RPRFRX RSHUÂWRURY PXWÂFLH D NUÎ�HQLD PÕ�HPH SULVWÛSL~ NX NRQ{WUXNFLL RSHUÂWRUD

UHSURGXNFLH ������ 1HFK α�β∈3 VÛ GYD FKURPR]ÔP\ ] SRSXOÂFLH 3� SRPRFRX RSHUÂWRUD UHSURGXNFLH

]RVWURMÎPH ] WÞFKWR GYRFK �URGLÉRYVNÞFK � FKURPR]ÔPRY GYD QRYÊ FKURPR]ÔP\ �SRWRPNRY�� IRUPÂOQH

�SR]UL ������ ′ ′ =α β α β� �1 6 1 62UHSUR � 9 SUYRP NURNX ]RVWURMÎPH SRPRFRX NUÎ�HQLD GYD QRYÊ FKURPR]ÔP\

� � � �α β α β4 9 1 6= 2FURVV ������

9 QDVOHGXMÛFRP NURNX VÛ WLHWR GYD QRYÊ FKURPR]ÔP\ PRGLILNRYDQÊ PXWÂFLRX QD YÞVOHGQÊ

FKURPR]ÔP\ � SRWRPNRY

′ = ′ =α α β β2 2PXW PXW
�

�2 7 4 9D ������

,PSOHPHQWÂFLD UHSURGXNÉQÊKR RSHUÂWRUD MH Y\MDGUHQÂ SRPRFRX DOJRULWPX ����

.UÎ�HQLH SDWUÎ PHG]L ]ÂNODGQÛ ÉUWX JHQHWLFNÊKR DOJRULWPX� DN KR RGVWUÂQLPH� SRWRP VD QÂP

JHQHWLFNÞ DOJRULWPXV ]UHGXNXMH QD QLHÉR EOÎ]NH KRUROH]HFNÊPX DOJRULWPX� 3RX�ÎYDQLH NUÎ�HQLD RGOL{XMH

JHQHWLFNÞ DOJRULWPXV RG RVWDWQÞFK VWRFKDVWLFNÞFK HYROXÉQÞFK DOJRULWPRY� NWRUÊ Y UÂPFL SRSXOÂFLH

REMHNWRY � ULH{HQÎ � FKURPR]ÔPRY WLH� SRX�ÎYDMÛ UHSURGXNFLX ]DOR�HQÛ QD LFK VLOH D DSOLNXMÛ PXWÂFLH QD

MHGQRWOLYÊ REMHNW\� 0HG]L SUDFRYQÎNPL ]DREHUDMÛFLPL VD DSOLNÂFLDPL JHQHWLFNÊKR DOJRULWPX SDQXMH

SUHVYHGÉHQLH� �H HIHNWÎYQRV~ WÞFKWR DOJRULWPRY MH YR Y{HREHFQRVWL PHQ{LD DNR HIHNWÎYQRV~ JHQHWLFNÊKR

DOJRULWPX KODYQH ] WRKR GÕYRGX� �H QHSRX�ÎYDMÛ NUÎ�HQLH� 7RWR SUHVYHGÉHQLH MH ÉLDVWRÉQH ]DOR�HQÊ QD

RVREQÞFK VNÛVHQRVWLDFK V DSOLNÂFLDPL JHQHWLFNÊKR DOJRULWPX D QD DQDOÔJLÂFK V HYROÛFLRX ELRORJLFNÞFK

REMHNWRY� NWRUÊ Y\ÛVWLOL YR IRUPXOÂFLL VOÂYQHM +ROODQGRYHM YHW\ >�@ WYRULDFHM WHRUHWLFNÞ ]ÂNODG

JHQHWLFNÊKR DOJRULWPX�

3RKODYQÂ UHSURGXNFLD MH Y SUÎURGH Y{HREHFQH Y\X�ÎYDQÂ KODYQH PHG]L ]OR�LWHM{ÎPL GUXKPL

QD{HM SODQÊW\� 9 SRURYQDQÎ V UHSURGXNÉQÞPL WHFKQLNDPL� NWRUÊ Y\�DGXMÛ OHQ MHGQÊKR URGLÉD� SRKODYQÂ

2EUÂ]RN ���� 6FKHPDWLFNÊ ]QÂ]RUQHQLH NUÎ�HQLD GYRFK FKURPR]ÔPRY GÆ�N\ NQ� NGH
N MH GÆ�ND ELQÂUQHM UHSUH]HQWÂFLH UHÂOQHM SUHPHQQHM D Q MH SRÉHW SUHPHQQÞFK
ÛÉHORYHM IXQNFLH� 2SHUÂFLD NUÎ�HQLD SUHELHKD SUH ND�GÞ SRGUH~D]HF ]YOÂ{~ SUH
QÂKRGQH JHQHURYDQÊ ERG\ NUÎ�HQLD �YHUWLNÂOQH ÉLDU\ Y KRUQHM ÉDVWL GLDJUDPX��

SURFHGXUH 5HSURGXFWLRQ�LQSXW�α�β� RXWSXW�α
�β
��
EHJLQ &URVVRYHU�α�β� �

�α β� ��

0XWDWLRQB%LQ� �
�α α′ ��

0XWDWLRQB%LQ� �

�β β′ ��
HQG�

$OJRULWPXV ���� 9 SUYRP NURNX VD DNWLYXMH SURFHGÛUD NUÎ�HQLD �SR]UL DOJRULWPXV �����

YÞVWXSQÊ SDUDPHWUH WHMWR SURFHGÛU\ �α D �β VÛ PRGLILNRYDQÊ SRPRFRX PXWÂFLH �SR]UL

DOJRULWPXV �����



��

UHSURGXNFLD MH QHRE\ÉDMQH ]OR�LWÞ SURFHV SURGXNFLH SRWRPNRY� 'UXK Y\X�ÎYDMÛFL SRKODYQÛ UHSURGXNFLX

PXVÎ E\~ SRGVWDWQH ]OR�LWHM{Î DNR GUXK� NWRUÞ MX QHY\X�ÎYD� 7LHWR MHGLQFL VD PXVLD RGOL{RYD~ Y XUÉLWÞFK

SRGVWDWQÞFK ]QDNRFK D PXVLD WLH� Y\QDOR�L~ XUÉLWÞ ÉDV D HQHUJLX� DE\ VD Y]ÂMRPQH VWUHWOL N

UHSURGXNÉQÊPX SURFHVX� 3UHWR�H SRKODYQÂ UHSURGXNFLD MHGQR]QDÉQH ]YÎ~D]LOD Y DUÊQH SULURG]HQÊKR

YÞEHUX� PXVLD H[LVWRYD~ YÂ�QH GÕYRG\� SUHÉR WHQWR NRPSOLNRYDQÞ VSÕVRE UHSURGXNFLH SDWUÎ PHG]L

]ÂNODGQÊ ÉUW\� NWRUÊ RGOL{XMÛ QL�{LH GUXK\ RG Y\{{ÎFK GUXKRY�

-HGHQ ] KODYQÞFK GÕYRGRY �SRGSRUHQÞ GÕNODGQRX PDWHPDWLFNRX DQDOÞ]RX� YÞKRGQRVWL

NUÎ�HQLD MH IDNW� �H SRKODYQÂ UHSURGXNFLD XPR�ÓXMH UÞFKOX YÞPHQX YÞKRGQÞFK YODVWQRVWÎ� NWRUÊ

SRGVWDWQH ]Y\{XMÛ VLOX MHGLQFRY � SRWRPNRY� ÉR MH OHQ YH�PL REWLD�QH GRVLDKQXWH�QÊ SRPRFRX PXWÂFLÎ�

3UHYHGLHPH DEVWUDNFLX WRKWR SUREOÊPX �SR]UL REU� ����� 1HFK α D α
 VÛ GYD FKURPR]ÔP\� D

ND�GÞ ] QLFK REVDKXMH QHMDNÞ SRGUH~D]HF� NWRUÞ SRGVWDWQH ]Y\{XMH VLOX FKURPR]ÔPX� 1HFK VÛ WLHWR

UH~D]FH QD WDNÞFK SR]ÎFLÂFK� �H NHE\ EROL QD MHGQRP FKURPR]ÔPX� WDN VD DQL ÉLDVWRÉQH QHSUHNUÞYDMÛ�

1HFK SUDYGHSRGREQRV~ YÞVN\WX FKURPR]ÔPX V MHGQÞP ] WÞFKWR GYRFK YÞKRGQÞFK SRGUH~D]FRY Y

SRSXOÂFLL MH R]QDÉHQÂ Z3�α� UHVS� Z3�α
�� 3RWRP SUDYGHSRGREQRV~ Z3�α

� YÞVN\WX FKURPR]ÔPX α

�
NWRUÞ VÛÉDVQH REVDKXMH SRGUH~D]FH ] FKURPR]ÔPRY α D α
� VD SULEOL�QH URYQÂ VÛÉLQX WÞFKWR

SUDYGHSRGREQRVWÎ� Z3�α

� Z3�α�×Z3�α
�� 3ROR�PH� DG�KRF� Z3�α� ���� D Z3�α
� ����� SRWRP

Z3�α

� ������ 0Õ�HPH WHGD NRQ{WDWRYD~� �H VÛÉDVQÞ YÞVN\W SRGUH~D]FRY ] FKURPR]ÔPRY α D α
 Y

MHGQRP FKURPR]ÔPH α

 Y GÕVOHGNX OHQ PXWÂFLÎ MH Y\VRNR QHSUDYGHSRGREQÞ MDY� 6LWXÂFLD VD DY{DN

GUDPDWLFN\ ]PHQÎ� DN SULSXVWÎPH NUÎ�HQLH PHG]L FKURPR]ÔPDPL� 9ÞVN\W FKURPR]ÔPX α

 Y SRSXOÂFLL

VD VWÂYD Y\VRNR SUDYGHSRGREQÞP MDYRP ]D SUHGSRNODGX� �H FKURPR]ÔP\ α D α
 VD Y SRSXOÂFLL X�

Y\VN\WXMÛ� 3RKODYQÊ NUÎ�HQLH �DOHER Y DEVWUDNWQHM URYLQH� NUÎ�HQLH PHG]L FKURPR]ÔPDPL� MH HIHNWÎYQ\

VSÕVRE DNR SUHNRQD~ SUDYGHSRGREQRVWQÛ EDULÊUX WYRUE\ FKURPR]ÔPRY V Y\VRNÞP LQIRUPDÉQÞP

REVDKRP D WHGD DM V Y\VRNRX VLORX� $N QH]DSRMÎPH GR SULURG]HQÊKR YÞEHUX SRKODYQÊ NUÎ�HQLH� WDN VD

UÞFKORV~ HYROÛFLH SRGVWDWQH ]QÎ�L WDN� �H Y]QLN ]OR�LWHM{ÎFK GUXKRY Y SUÎURGH MH OHQ PÂOR

SUDYGHSRGREQÞ�

2EUÂ]RN ���� 6FKHPDWLFNÊ ]QÂ]RUQHQLH YÞ]QDPX NUÎ�HQLD Y JHQHWLFNRP DOJR�

ULWPH� 'LDJUDP $ ]QÂ]RUÓXMH FKURPR]ÔP\ α D α
� NWRUÊ REVDKXMÛ GYD UÕ]QH

QHSUHNUÞYDMÛFH VD SRGUH~D]FH� WLHWR SRGUH~D]FH ]Y\{XMÛ VLOX FKURPR]ÔPRY�

3UDYGHSRGREQRV~ YÞVN\WX WÞFKWR FKURPR]ÔPRY MH R]QDÉHQÂ Z3�α� D Z3�α
��
&KURPR]ÔP α

 REVDKXMH RELGYD SRGUH~D]FH� SUDYGHSRGREQRV~ MHKR YÞVN\WX MH

]KUXED URYQÂ VÛÉLQX SUDYGHSRGREQRVWÎ YÞVN\WX FKURPR]ÔPRY α D α
�
Z3�α

� Z3�α�×Z3�α
�� 'LDJUDP % 8ND]XMH� �H SRX�LWÎP NUÎ�HQLD PÕ�HPH

]RVWURML~ FKURPR]ÔP α

 � SUDYGHSRGREQRV~ WHMWR NRQ{WUXNFLH MH SRGVWDWQH Y\{{LD

DNR SUDYGHSRGREQRV~ VÛÉDVQÊKR YÞVN\WX GYRFK SRGUH~D]FRY Z3�α

��



��

9\{{LH XYHGHQÊ ÛYDK\ R YÞ]QDPH NUÎ�HQLD Y JHQHWLFNRP DOJRULWPH EXGÛ NRQNUHWL]RYDQÊ SUH

FKURPR]ÔP\ UHSUH]HQWRYDQÊ ELQÂUQ\PL UH~D]FDPL� 9\NRQDMPH QDVOHGXMÛFL MHGQRGXFKÞ YÞSRÉWRYÞ

H[SHULPHQW� 1HFK α MH ELQÂUQ\ UH~D]HF � WHPSOÂW� {SHFLÂOQRX RSHUÂFLRX PXWÂFLH 2
PXW

L0 5

SUHWUDQVIRUPXMHPH WHQWR FKURPR]ÔP QD GYD QRYÊ FKURPR]ÔP\� α α
�

= 2
PXW

L0 5
0 5 D α α

�
= 2

PXW

L0 5
0 5 �

2SHUÂWRU PXWÂFLH 2
PXW

L0 5
PXWXMH � SUHNORSÎ SUÂYH L ELWRY Y UH~D]FL α� 6WRFKDVWLÉQRV~ WRKWR RSHUÂWRUD

VSRÉÎYD Y WRP� �H ELW\ Y NWRUÞFK GRFKÂG]D N SUHNORSHQLX VÛ QÂKRGQH Y\EUDQÊ� LFK SRÉHW MH XUÉHQÞ

SDUDPHWURP L� $SOLNRYDQÎP RSHUÂFLH NUÎ�HQLD QD WLHWR GYD FKURPR]ÔP\ GRVWDQHPH

′ ′ =α α α α� � � �
� �1 6 1 62

FURVV
� 'HILQXMPH VL QDVOHGXMÛFH GYD YÞUD]\� ∆ α α

� �
= − ′UHDO UHDO0 5 1 6 D

∆ α α
� �

= − ′UHDO UHDO0 5 1 6 � Y\MDGUXMÛFL UR]GLHO PHG]L UHÂOQRX KRGQRWRX WHPSOÂWX α D FKURPR]ÔPX

Y]QLNOÊKR PXWÂFLRX D NUÎ�HQÎP� 9 SUÎSDGH� �H ∆L � �SUH L ����� SRWRP RSHUÂFLD NUÎ�HQLD �RSUDYLOD�

PXWÂFLRX ]PHQHQÞ FKURPR]ÔP αL QD SÕYRGQÞ WHPSOÂW� 9 RSDÉQRP SUÎSDGH� DN ∆L≠�� NUÎ�HQLH

SURGXNXMH QRYÊ FKURPR]ÔP\� NWRUÊ VÛ UÕ]QH RG WHPSOÂWX �SR]UL REU� ������ 1D REU� ���� MH XYHGHQÞ

JUDI ]QÂ]RUÓXMÛFL GLVWULEÛFLX KRGQÕW GLIHUHQFLÎ ∆ SUH PXWÂFLX {SHFLILNRYDQÛ WDN� �H ]PHQÎ Y UH~D]FL

SUÂYH MHGHQ ELW� 1D WRPWR JUDIH YLGÎPH YÞ]QDPQÞ �SÎN� RGSRYHGDMÛFL ∆ �� W�M� NUÎ�HQLH RSUDYXMH

PXWRYDQÊ UH~D]FH QD SÕYRGQÞ WHPSOÂW� $NR XND]XMÛ QD{H PRGHORYÊ YÞSRÉW\� GLVWULEÛFLD

SUDYGHSRGREQRVWL WRKWR �SÎNX� ∆ � UÞFKOR NOHVÂ V UDVWÛFLP SRÉWRP ]PHQHQÞFK ELWRY� SUH {W\UL

]PHQHQÊ ELW\ MH WÂWR SUDYGHSRGREQRV~ WDNPHU QXORYÂ� $NR LQWHUSUHWRYD~ WLHWR SR]RURYDQLD" 2SHUÂFLD

NUÎ�HQLD MH YH�PL HIHNWÎYQRX YWHG\� NHÐ GR SURFHVX NUÎ�HQLD YVWXSXMÛ FKURPR]ÔP\� NWRUÊ PDMÛ YH�NÊ

QHSUHNUÞYDMÛFH VD ÉDVWL ] �FLH�RYÊKR� FKURPR]ÔPX � WHPSOÂWX� 9 WRPWR SUÎSDGH RSHUÂFLD NUÎ�HQLD

SURGXNXMH QRYÊ FKURPR]ÔP\� NWRUÊ WLHWR UÕ]QH ÉDVWL LQWHJUXMÛ GR MHGQÊKR FKURPR]ÔPX � SRWRPND

YH�PL EOÎ]NHKR �DOHER WRWR�QÊKR� V FLH�RYÞP WHPSOÂWRP� 9 RSDÉQRP SUÎSDGH� DN GYRMLFD FKURPR]ÔPRY

YVWXSXMÛFD GR NUÎ�HQLD QHREVDKXMH WDNÊWR ÉDVWL� RSHUÂFLD NUÎ�HQLD SÕVREÎ SRGREQH DNR PXWÂFLD�

SURGXNXMH GYRMLFX FKURPR]ÔPRY� NWRUÞFK VLOD MH Y SRGVWDWH SRGREQÂ VLOH FKURPR]ÔPRY YVWXSXMÛFLFK

GR NUÎ�HQLD�

2EUÂ]RN ����� 'YD UÕ]QH SUÎSDG\ SÕVREHQLD NUÎ�HQLD QD GYD FKURPR]ÔP\� NWRUÊ Y]QLNOL

PXWÂFLRX �Y WRPWR SUÎSDGH SUÂYH GYD ELW\ ]PHQLOL VYRMH KRGQRW\� WHPSOÂWX α� 9 SUÎSDGH $ ERG
NUÎ�HQLD ERO QÂKRGQH Y\EUDQÞ WDN� �H NUÎ�HQÎP FKURPR]ÔPRY VPH GRVWDOL MHGQÊKR SRWRPND�
NWRUÞ MH WRWR�QÞ V WHPSOÂWRP α� 9 SUÎSDGH %� ERG NUÎ�HQLD ERO Y\EUDQÞ WDN� �H DQL MHGHQ ]
SRWRPNRY NUÎ�HQLD QLH MH WRWR�QÞ V WHPSOÂWRP�

2EUÂ]RN ����� 'LVWULEÛFLD SUDYGHSRGREQRVWL YÞVN\WX ∆ UR]GLHORY PHG]L WHPSOÂWRP
�QÂKRGQH JHQHURYDQÞP� GÆ�N\ �� D FKURPR]ÔPRY ] QHKR WYRUHQÞFK PXWÂFLRX �MHGHQ ELW
VD ]PHQÎ� D SRWRP VNUÎ�HQÞFK� SULÉRP UHÂOQH ÉÎVOD SULUDGHQÊ FKURPR]ÔPRP VÛ ]
LQWHUYDOX ������ 'LVWULEÛFLD PÂ YÞ]QDPQÞ �SÎN� SUH ∆ �� W�M� NUÎ�HQLH YÞ]QDPQH �RSUDYXMH�
]PXWRYDQÊ FKURPR]ÔP\ GR WYDUX SÕYRGQÊKR WHPSOÂWX



��

3UÎNODG ���� 1DSÎ{WH SURJUDP SRPRFRX NWRUÊKR EXGHWH VFKRSQÞ ]UHSURGXNRYD~ JUDI QD REU� �����
3UHYHÐWH {WÛGLX SUH UÕ]QH GÆ�N\ ELQÂUQHKR UH~D]FD D SRÉHW ]PHQHQÞFK ELWRY Y ELQÂUQ\FK UH~D]FRFK α�

D α��

��� ,PSOHPHQWÂFLD JHQHWLFNÊKR DOJRULWPX >�@

.RQNUÊWQX LPSOHPHQWÂFLX JHQHWLFNÊKR DOJRULWPX GRVWDQHPH ]R Y{HREHFQÊKR HYROXÉQÊKR DOJRULWPX

�SR]UL DOJRULWPXV ����� DN MH RSHUÂWRU UHSURGXNFLH 2UHSUR {SHFLILNRYDQÞ WDN� �H REVDKXMH GYH ÉDVWL� ÉDV~

NUÎ�HQLD D ÉDV~ PXWÂFLH �SR]UL DOJRULWPXV ����� 9ÞEHU FKURPR]ÔPRY GR UHSURGXNÉQÊKR SURFHVX VD

UHDOL]XMH SRPRFRX UXOHW\ �SR]UL DOJRULWPXV ����� 3VHXGRSDVFDORYVNÞ NÔG JHQHWLFNÊKR DOJRULWPX MH

Y\MDGUHQÞ DOJRULWPDPL ��� �SR]UL REU� ������

3UREOÊP ]DVWDYHQLD JHQHWLFNÞFK DOJRULWPRY Y WÞFKWR LPSOHPHQWÂFLÂFK MH ]DWLD� ULH{HQÞ WDN� �H

SRÉHW JHQHUÂFLÎ MH ]KRUD RKUDQLÉHQÞ ÉÎVORP WPD[ � ÉR MH DY{DN YH�PL ]MHGQRGX{HQÞ SRK�DG QD WHQWR

GÕOH�LWÞ DVSHNW JHQHWLFNÞFK DOJRULWPRY� %XGHPH GLVNXWRYD~ GYH PHWÔG\ XNRQÉHQLD JHQHWLFNÊKR

DOJRULWPX�

3UYÂ PHWÔGD VSRÉÎYD Y WRP� �H Y ND�GRP LWHUDÉQRP NURNX � JHQHUÂFLL QÂMGHPH Y SRSXOÂFLL

FKURPR]ÔP V QDMYÅÉ{RX KRGQRWRX VLO\� R]QDÉÎPH KR aα RSW � 1HFK �≤Z� aα RSW �≤� MH IUDNFLD

FKURPR]ÔPRY SRSXOÂFLH� NWRUÊ VD URYQDMÛ aα RSW � 3RWRP JHQHWLFNÞ DOJRULWPXV PÕ�H E\~ XNRQÉHQÞ� DN

IUDNFLD Z� aα RSW �!ZPD[ � NGH ZPD[ MH SUDKRYÂ KRGQRWD IUDNFLH �REY\NOH ���������� 7R ]QDPHQÂ� �H

SRSXOÂFLD REVDKXMH ���×Z� aα RSW � � FKURPR]ÔPRY� NWRUÊ VÛ LGHQWLFNÊ FKURPR]ÔPX aα RSW � ÉL�H MH X�

PDOÂ SUDYGHSRGREQRV~� �H Y UÂPFL ÐDO{ÎFK JHQHUÂFLÎ JHQHWLFNÊKR DOJRULWPX Y]QLNQÛ FKURPR]ÔP\ V

H{WH YÅÉ{RX VLORX DNR PÂ FKURPR]ÔP aα RSW �

2EUÂ]RN ����� 6FKHPDWLFNÊ ]QÂ]RUQHQLH JHQHWLFNÊKR DOJRULWPX �SR]UL DOJRULWPXV �����

3RPRFRX UXOHW\ VD Y\EHULH GYRMLFD FKURPR]ÔPRY� NWRUÂ YVWXSXMH GR SURFHVX UHSURGXNFLH V

SUDYGHSRGREQRV~RX 3UHSUR� SULÉRP UHSURGXNÉQÞ SURFHV VD VNODGÂ ] NUÎ�HQLD D PXWÂFLH�



��

'UXKÞ SUÎVWXS N ]DVWDYHQLX JHQHWLFNÊKR DOJRULWPX MH ]DOR�HQÞ QD YÞSRÉWH DQDOÔJX

SUDYGHSRGREQRVWQÊKR YHNWRUD Z �Z��Z������ZN� ]QÂPHKR ] KRUROH]HFNÊKR DOJRULWPX V XÉHQÎP �SR]UL

NDSLWROX ����� 1HFK SRSXOÂFLD 3 Y L�WRP NURNX �JHQHUÂFLL� REVDKXMH FKURPR]ÔP\ 3 S= αα α α
� �
� �����4 9 �

NGH α 1L

L L

N

L= α α α0 5 0 5 0 54 9� �����
�

� 3RWRP NRPSRQHQW\ SUDYGHSRGREQRVWQÊKR YHNWRUD VÛ XUÉHQÊ WDNWR
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NWRUÊ Y\MDGUXMÛ �SUDYGHSRGREQRV~� YÞVN\WX ��� Y M�WHM SRORKH YR Y{HWNÞFK FKURPR]ÔPRFK SRSXOÂFLH 3�

9 SUÎSDGH� �H ZM � �DOHER ZM ��� SRWRP ���×ZM � FKURPR]ÔPRY ] SRSXOÂFLH 3 PÂ Y M�WHM SRORKH � ����

3DUDPHWHU XVSRULDGDQLD �SR]UL URY� ������� GHILQRYDQÞ SUH WDNWR XUÉHQÞ SUDYGHSRGREQRVWQÞ YHNWRU PÂ

WYDU

χ Z
N

Z M

M

N

0 5 3 8= −
=
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�

�

� ������

7HQWR SDUDPHWHU V IXQNÉQÞPL KRGQRWDPL ] LQWHUYDOX >���@ PÂ WÛ YODVWQRV~� �H SUH QÂKRGQH JHQHURYDQÛ

SRSXOÂFLX 3 �SUYÊ LWHUDÉQÊ NURN\ JHQHWLFNÊKR DOJRULWPX� VD EOÎ�L QXOH �MH PDOÊ NODGQÊ ÉÎVOR�� 7DN DNR

HYROÛFLD SRSXOÂFLH SRNUDÉXMH� KRGQRWD SDUDPHWUX UDVWLH D DV\PSWRWLFN\ VD EOÎ�L MHGQRWNH� 3UHWR

PÕ�HPH ]DYLHV~ SUDKRYÛ KRGQRWX SDUDPHWUD XVSRULDGDQLD� χFULW � SRWRP DN SODWÎ χ�Z�!χFULW � JHQHWLFNÞ

DOJRULWPXV MH XNRQÉHQÞ� 9 WRPWR SUÎSDGH SRSXOÂFLD REVDKXMH FKURPR]ÔP\� NWRUÊ Y ND�GHM SRORKH PDMÛ

V YH�NRX IUHNYHQFLRX EXÐ ��� DOHER ���� WDN�H PÕ�HPH SRYHGD~� �H SRSXOÂFLD REVDKXMH V YH�NRX

SUHYDKRX URYQDNÊ FKURPR]ÔP\ D SUHWR MH PDOÂ SUDYGHSRGREQRV~� �H Y UÂPFL SRNUDÉRYDQLD

JHQHWLFNÊKR DOJRULWPX GRVWDQHPH QRYÊ OHS{LH ULH{HQLH�

SURFHGXUH *HQHWLFB$OJRULWKP�LQSXW W
PD[� RXWSXW αRSW��

EHJLQ W� �� VWRSBFULWHULRQ� IDOVH�
3� ^UDQGRPO\ JHQHUDWHG SRSXODWLRQ RI FKURPRVRPHV`�

ZKLOH �W�W
PD[� DQG �QRW VWRSBFULWHULRQ� GR

EHJLQ W� W��� 4� ∅�
HDFK FKURPRVRPH LV HYDOXDWHG E\ ILWQHVV�

ZKLOH _4_�_3_ GR

EHJLQ VHOHFW E\ URXOHWWH ZKHHOH WZR

FKURPRVRPHV α��α�∈3�
LI UDQGRP�3UHSUR WKHQ

5HSURGXFWLRQ α α α α� � � �
� � �′ ′1 6 HOVH

EHJLQ ′ =α α� �
� � ′ =α α� �

� HQG�

4 4 �� ��= ∪ ′ ′α α; @�

HQG�
3� 4�

LI FRQYHUJHQFH FULWHULD DUH IXOILOOHG

WKHQ VWRSBFULWHULRQ� WUXH�

HQG�

αRSW� EHVW FKURPRVRPH RI 3�

HQG�

$OJRULWPXV ���� 3VHXGRSDVFDORYVNÂ LPSOHPHWÂFLD JHQHWLFNÊKR DOJRULWPX� NWRUÂ Y]QLNOD ] HYROXÉQÊKR

DOJRULWPX ��� WDN� �H UHSURGXNÉQÞ RSHUÂWRU 2UHSUR MH {SHFLILNRYDQÞ DOJRULWPRP ���� W�M� REVDKXMH NUÎ�HQLH D

PXWÂFLX� 9RQNDM{Î ZKLOH�F\NOXV ULDGL YÞPHQX JHQHUÂFLÎ � HSRFK DOJRULWPX� NWRUÞFK PD[LPÂOQ\ SRÉHW MH XUÉHQÞ

YVWXSQÞP SDUDPHWURP WPD[� 9QÛWRUQÞ ZKLOH�F\NOXV JHQHUXMH QRYÛ SRSXOÂFLX 4 WDN� �H VÛ RSDNRYDQH

SRPRFRX UXOHW\ Y\K�DGDQÊ GYD FKURPR]ÔP\ D WLHWR V SUDYGHSRGREQRV~RX 3UHSUR YVWXSXMÛ GR UHSURGXNÉQÊKR

SURFHVX �Y RSDÉQRP SUÎSDGH VD Y\EUDQÊ FKURPR]ÔP\ MHGQRGXFKR VNRSÎUXMÛ GR QRYHM SRSXOÂFLH 4�� $NR

YÞVWXS ] JHQHWLFNÊKR DOJRULWPX MH αRSW� XUÉHQÞ DNR FKURPR]ÔP V QDMYÅÉ{RX VLORX ] SRVOHGQHM SRSXOÂFLH� =

NRQ{WUXNFLH QRYHM SRSXOÂFLH 4 Y\SOÞYD� �H SRSXOÂFLD 3 PXVÎ PD~ SÂUQÞ SRÉHW FKURPR]ÔPRY� *HQHWLFNÞ

DOJRULWPXV REVDKXMH GYH SUDYGHSRGREQRVWL� D WR SUDYGHSRGREQRV~ UHSURGXNFLH 3UHSUR D SUDYGHSRGREQRV~

��ELWRYHM PXWÂFLH 3PXW� WLHWR PR�QR SRNODGD~ VSROX V NDUGLQDOLWRX SRSXOÂFLH 3 ]D ]ÂNODGQÊ SDUDPHWUH

DOJRULWPX�
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3UÎNODG ���� 1DSÎ{WH SURJUDP SUH JHQHWLFNÞ DOJRULWPXV SRG�D DOJRULWPX ���� SULÉRP ÛÉHORYÂ IXQNFLD
REVDKXMH Q SUHPHQQÞFK ] LQWHUYDOX >D�E@� SULÉRP WLHWR UHÂOQH SUHPHQQÊ VÛ Y ELQÂUQHM UHSUH]HQWÂFLL
DSUR[LPRYDQÊ UH~D]FDPL GÆ�N\ N� 9 ELQÂUQHM UHSUH]HQWÂFLL QHFK VD SRX�ÎYD WDN {WDQGDUGQÊ� DNR DM
*UD\RYR NÔGRYDQLH� 9\NRQDMWH WLHWR {WÛGLH�

��� »ÉHORYÂ IXQNFLD ] SUÎNODGX ��� SUH Q ������� �SR]UL SUÎNODG �����
��� »ÉHORYÂ IXQNFLD ] SUÎNODGX ��� SUH Q ������� �SR]UL SUÎNODG �����

3UH REH WLHWR IXQNFLH SRURYQDMWH HIHNWÎYQRV~ DOJRULWPXV WDN SUH *UD\RYR NÔGRYDQLH� DNR DM SUH
{WDQGDUGQÊ NÔGRYDQLH ELQÂUQHM UHSUH]HQWÂFLH UHÂOQ\FK ÉÎVHO� 6LOD FKURPR]ÔPRY ] SRSXOÂFLH QHFK MH
SRÉÎWDQÂ IRUPXODPL ������ UHVS� ������� 3RNÛVWH VD RSWLPDOL]RYD~ SUDYGHSRGREQRVWL 3PXW D 3UHSUR SUH
UÕ]QH YH�NRVWL SRSXOÂFLH� VSÕVRE\ NÔGRYDQLD D GÆ�NX N ELQÂUQHM UHSUH]HQWÂFLH�

3UÎNODG ���� ,PSOHPHQWXMWH GR JHQHWLFNÊKR DOJRULWPX ] SUÎNODGX ��� NULWÊULD SUH ]DVWDYHQLH
JHQHWLFNÊKR DOJRULWPX ] NDSLWRO\ ���� 9\NUHVOLWH SULHEHK SUDYGHSRGREQRVWÎ ZL GHILQRYDQÞFK Y]~DKRP
������ Y]K�DGRP N SRÉWX HSRFK �LWHUDÉQÞFK NURNRY� JHQHWLFNÊKR DOJRULWPX� 9ÞVOHGN\ SRURYQDMWH V REU�
�����

��� 7HÔULD JHQHWLFNÊKR DOJRULWPX

9ÅÉ{LQD WHRUHWLFNÞFK SUÂF YHQRYDQÂ JHQHWLFNÊPX DOJRULWPX >���@ MH ]DPHUDQÂ QD YÞ]QDP W]Y� VFKÊP�
NWRUÊ XUÉXMÛ FHOÊ WULHG\ SRGREQÞFK ELQÂUQ\FK UH~D]FRY GÆ�N\ N �FKURPR]ÔPRY� ] PQR�LQ\ ^���`N�
6FKÊPD MH GHILQRYDQÊ DNR UH~D]HF GÆ�N\ N ]RVWURMHQÞ QDG PQR�LQRX V\PERORY ^����∗`� IRUPÂOQH
VFKÊPD σ∈^����∗`N� NGH �∗� MH W]Y� GLYRNÞ V\PERO �ZLOGFDUG�� +RYRUÎPH� �H UH~D]HF α∈^���`N MH
SUÎNODGRP VFKÊP\ σ∈^����∗`N � IRUPÂOQH σ∈α� YWHG\� DN Y ND�GHM SRORKH VFKÊP\ σ V LQÞP DNR GLYRNÞP
V\PERORP MH KRGQRWD ]QDNX UH~D]FD α WRWR�QÂ VR ]QDNRP Y σ� )RUPÂOQH

σ α∈ ⇔ ∀ ∈ ∈ ⇒ =L N
L L L

�� � �� ����� �: ? : ?2 7�σ σ α ������

=DYHGHQÞ SRMHP PÕ�HPH MHGQRGXFKR LOXVWURYD~ VFKÊPRX σ ���∗∗�∗∗�� ELQÂUQ\ UH~D]HF GÆ�N\ N �
α ��������� MH SUÎNODGRP WHMWR VFKÊP\� SUYÊ GYD GLYRNÊ V\PERO\ VÛ QDKUDGHQÊ SRGUH~D]FRP ���
]DWLD� ÉR SRVOHGQÊ GYD GLYRNÊ V\PERO\ SRGUH~D]FRP ���

0QR�LQD ,�σ� REVDKXMH Y{HWN\ PR�QÊ SUÎNODG\ α VFKÊP\ σ�
, σ α α σ0 5 : ?= ∈� ������

3UH VFKÊPD σ ���∗∗�∗∗� PQR�LQD ,�σ� REVDKXMH �� ELQÂUQ\FK UH~D]FRY� NWRUÊ PÕ�X E\~ ]RVWURMHQÊ
WDN� �H GLYRNÊ V\PERO\ �∗� V\VWHPDWLFN\ QDKUDGÎPH ��� DOHER ����

, σ0 5 0 5 0 5 0 5 0 5< A= ������� ������� ������� �������� � ����� ������

5ÂG VFKÊP\ σ� R]QDÉHQÞ R�σ�� SRSLVXMH SRÉHW V\PERORY ��� DOHER ��� Y σ

R L
L

σ0 5 : ?< A= ∈� �σ � � ������

WÂWR IRUPXOD XUÉXMÛFD UÂG VFKÊP\ σ PÂ MHGQRGXFKÛ LQWHUSUHWÂFLX� UÂG MH GHILQRYDQÞ DNR NDUGLQDOLWD
PQR�LQ\ LQGH[RY NRPSRQHQW VFKÊP\ σ� NWRUÊ QLH VÛ URYQÊ GLYRNÊPX V\PEROX� 3UH σ ���∗∗�∗∗� SODWÎ
R�σ� �� SUHWR�H VFKÊPD REVDKXMH OHQ WUL �QHGLYRNÊ� V\PERO\� 'Æ�ND ∆ VFKÊP\ σ MH XUÉHQÂ DNR UR]GLHO
PHG]L LQGH[RP SRVOHGQÊKR ELQÂUQHKR V\PEROX Y σ D SUYÞP ELQÂUQ\P V\PERORP Y σ

∆ σσ0 5 : ?< A : ?< A= ∈ − ∈PD[ PLQL L
L L

� � � �σ σ� � � � ������

3UH σ ���∗∗�∗∗� SODWÎ ∆�σ� ��� �� 9HOLÉLQ\ UÂG D GÆ�ND VFKÊP\ EXGÛ X�LWRÉQÊ SUH QÂ{ YÞSRÉHW
SUDYGHSRGREQRVWL SUH�LWLD VFKÊP\ σ Y SRSXOÂFLL 3 SRG DSOLNRYDQÎP PXWÂFLH DOHER NUÎ�HQLD�

3UDYGHSRGREQRV~ SUH�LWLD VFKÊP\ σ SR DSOLNRYDQÎ PXWÂFLH �XUÉHQHM V SUDYGHSRGREQRV~RX 3PXW

MHGQR ELWRYHM PXWÂFLH� MH XUÉHQÂ Y]~DKRP

�− 3
PXW

R

1 6
0 5σ �����D�

NGH SUDYGHSRGREQRV~ SUH�LWLD MHGQÊKR ELWX MH ���3PXW �� 3UHWR�H VFKÊPD σ REVDKXMH SUÂYH R�σ�
ELQÂUQ\FK V\PERORY �N�R�σ�� GLYRNÞFK V\PERORY�� SRWRP HOHPHQWÂUQD SUDYGHSRGREQRV~ SUH�LWLD
MHGQÊKR ELWX PXVÎ E\~ SRYÞ{HQÂ QD H[SRQHQW R�σ� � WÞP VPH GRVWDOL �����D�� 9 PQRKÞFK SUDNWLFNÞFK
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DSOLNÂFLÂFK JHQHWLFNÊKR DOJRULWPX SUDYGHSRGREQRV~ 3PXW MH YH�PL PDOÂ� SUHWR �����D� PÕ�HPH

]MHGQRGX{L~ WDNWR

�− R 3PXWσ0 5 �����E�

9ÞSRÉHW SUDYGHSRGREQRVWL SUH�LWLD VFKÊP\ σ Y SRSXOÂFLL 3 SRG DSOLNÂFLRX NUÎ�HQLD MH

SRGVWDWQH ]OR�LWHM{Î DNR SUHGR{OÞ SRVWXS� 6FKÊPD σ ]DQLNÂ DSOLNRYDQÎP NUÎ�HQLD V SUDYGHSRGREQRV~RX

3 N
FURVV

∆ σσ0 5 0 5� −� � 1DYLDF� ND�GÊ NUÎ�HQLH V FKURPR]ÔPRP α∈3� NWRUÞ MH SUÎNODGRP VFKÊP\ σ� α∈σσ�
DXWRPDWLFN\ JDUDQWXMH ]DFKRYDQLH WHMWR VFKÊP\� 1HFK 1 , 3σ σ0 5 0 5= ∩ SRSLVXMH SRÉHW SUÎNODGRY

VFKÊP\ σ Y SRSXOÂFLL 3� SRWRP OHQ IUDNFLD �− 1 3σ0 5 � ] SRSXOÂFLH 3 PÕ�H VSÕVRERYD~ GH{WUXNFLX

VFKÊP\ σ NUÎ�HQÎP� 3RWRP� PLQLPÂOQD SUDYGHSRGREQRV~ SUH�LWLD VFKÊP\ σ Y SRSXOÂFLL 3 MH XUÉHQÂ

Y]~DKRP

� �− −
�

��
�

��
3

N

1

3
FURVV

∆ σσ
− 1
0 5 0 5σ

�����D�

7ÂWR IRUPXOD VD GÂ SRGVWDWQH ]MHGQRGX{L~� DN VD ]DQHGEÂ VÛÉLQRYÞ ÉOHQ� GRVWDQHPH

�− 3
N

FURVV

∆ σσ
− 1
0 5

�����E�

8SULDPLPH QD{X SR]RUQRV~ QD SUREOÊP YÞEHUX FKURPR]ÔPRY YVWXSXMÛFLFK GR UHSURGXNFLH�

=DYHGLHPH QDVOHGXMÛFH GYH YHOLÉLQ\� VWUHGQÛ VLOX VFKÊP\ σ

)
1

)

, 3

σ
σ

α
α σ

0 5
0 5

0 5
0 5

=
∈ ∩
∑�

������

D VWUHGQÛ VLOX FKURPR]ÔPRY ] SRSXOÂFLH 3

)
3

)
3

=
∈
∑� α

α
0 5 ������

3UL SUHFKRGH ] JHQHUÂFLH W QD QDVOHGXMÛFX JHQHUÂFLX W�� Y JHQHWLFNRP DOJRULWPH� NWRUÞ REVDKXMH OHQ

YÞEHU FKURPR]ÔPRY SRG�D UXOHW\ D UHSURGXNÉQÞ SURFHV MH SOQH LJQRURYDQÞ� QDVWDQH QDVOHGXMÛFD

]PHQD SRÉWX YÞVN\WX VFKÊP\ σ Y SRSXOÂFLL

1 1
)

)
W W

W

W

+ =
�

σ σ
σ

0 5 0 5
0 5

������

NGH GROQÞ LQGH[ SRSLVXMH LQGH[ JHQHUÂFLH SRSXOÂFLH� SUH NWRUÛ EROL GDQÊ YHOLÉLQ\ SRÉÎWDQÊ�

1HFK σ MH VFKÊPD� NWRUHM VWUHGQÂ KRGQRWD VLO\ Y]K�DGRP N VWUHGQHM KRGQRWH FKURPR]ÔPRY MH

XUÉHQÂ Y]~DKRP

) ) F
W W

σ0 5 0 5= × +� ������

NGH NRQ{WDQWD F MH PDOÊ NODGQÊ DOHER ]ÂSRUQÊ ÉÎVOR� 'RVDGHQÎP WRKWR Y]~DKX GR ������ D RSDNRYDQÞP

SRX�LWÎP YÞVOHGQHM IRUPXOH 1 1 F
W W+ = × +
�

�σ σ0 5 0 5 0 5 W�NUÂW SUH SRÉLDWRÉQÞ VWDY W � GRVWDQHPH

�LGHDOL]RYDQÛ� URYQLFX

) ) F
W

Wσ σ0 5 0 5 0 5= × +
�

� ������

7R ]QDPHQÂ� �H SUH SURSRUFLRQÂOQ\ YÞEHU �UHDOL]RYDQÞ UXOHWRX� VWUHGQÂ KRGQRWD VÎO VFKÊP\ σσ
H[SRQHQFLÂOQH UDVWLH �NOHVÂ� Y SULHEHKX PQRKÞFK JHQHUÂFLÎ JHQHWLFNÊKR DOJRULWPX SUH ��F!� �UHVS�

��F����

.RPELQRYDQÎP URYQLFH ������� NWRUÂ Y\MDGUXMH ]PHQX YÞVN\WX VFKÊP\ σσ Y GÕVOHGNX

SURSRUFLRQÂOQHKR YÞEHUX� V SUDYGHSRGREQRV~DPL SUH�LWLD VFKÊP\ σ Y GÕVOHGNX PXWÂFLH D NUÎ�HQLD�

GRVWDQHPH ILQÂOQX IRUPXOX SUH RGKDG SRÉWX SUÎNODGRY VFKÊP\ SUH JHQHUÂFLX W�� SRSXOÂFLH 3 ]D

SUHGSRNODGX� �H UHSURGXNÉQÞ SURFHV REVDKXMH PXWÂFLX� NUÎ�HQLH D YÞEHU SRPRFRX UXOHW\

1 1
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)
3
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3
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FURVV
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+ ≈ − × −
�

��
�

��
�

!
 
 

"

$
#
#

× −
�

� � �σ σ
σ σ

− 1
σ σ0 5 0 5

0 5 0 5 0 5
1 6

0 5∆
�����D�

MHM ]MHGQRGX{HQÂ YHU]LD SRG�D PÂ WYDU �]DQHGEDMÛ VD �NUÎ�RYÊ� VÛÉLQ\ Y KUDQDWHM ]ÂWYRUNH�

1 1
)

)
3

N
3 R
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FURVV

W

PXW W+ ≈ − −�
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�σ σ
σ σ

− 1
σ0 5 0 5

0 5 0 5
0 5

∆
�����E�
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9HWD �6FKHPD 7KHRUHP >�@�� 1HFK SUH SRSXOÂFLX 3W SODWÎ� �H 1W�σ� MH SRÉHW

FKURPR]ÔPRY NWRUÊ REVDKXMÛ VFKÊPX σ� )W�σ� MH VWUHGQÂ KRGQRWD VLO\

FKURPR]ÔPRY REVDKXMÛFLFK VFKÊPX σ D )
W
MH VWUHGQÂ KRGQRWD VLO\ Y{HWNÞFK

FKURPR]ÔPRY� 3RWRP RÉDNÂYDQÞ SRÉHW FKURPR]ÔPRY Y QDVOHGXMÛFHM SRSXOÂFLL�

NWRUÊ REVDKXMÛ VFKÊPX σ MH ]GROD RKUDQLÉHQÞ QHURYQRV~RX

1 1
)

)
3

W W

W

W

]ÂQLN+ ≈ −
�

�σ σ
σ

0 5 0 5
0 5

1 6 ������

NGH 3]ÂQLN MH SUDYGHSRGREQRV~ ]ÂQLNX VFKÊP\ Y GÕVOHGNX PXWÂFLH D NUÎ�HQLD �SR]UL

URYQLFX �������

7ÂWR YHWD KRYRUÎ� �H DN SODWÎ ) )
W W

σ0 5 > �) )
W W

σ0 5 < �� SRWRP VFKÊPD σ VD Y\VN\WXMH Y QDVOHGXMÛFHM

JHQHUÂFLL Y FKURPR]ÔPRFK V UDVWÛFRX �NOHVDMÛFRX� IUHNYHQFLRX� 7LHWR MHGQRGXFKÊ ]ÂYHU\ VÛ ]DOR�HQÊ

QD SUHGSRNODGH� �H SUDYGHSRGREQRV~ ]ÂQLNX

3 3
N

3 R
]ÂQLN FURVV

W

PXW W
=

−
−

∆ σσ
σ0 5

0 5
�

������

MH PDOÊ ÉÎVOR� 7RWR MH REY\NOH VSOQHQÊ SUH NUÂWNH VFKÊP\ �V PDOÞP ∆�σ��� QD]ÞYDQÊ VWDYHEQÊ NDPHQH

�EXLOGLQJ EORFNV�� 0R�QR NRQ{WDWRYD~� �H WÂWR YHWD WYRUÎ MHGHQ ] WHRUHWLFNÞFK ]ÂNODGRY JHQHWLFNÊKR

DOJRULWPX�

7HRUÊP XYHGHQÞ Y\{{LH SUHGVWDYXMH MHGHQ ] KODYQÞFK WHRUHWLFNÞFK YÞVOHGNRY JHQHWLFNÊKR

DOJRULWPX� NWRUÞ ERO GRVLDKQXWÞ +ROODQGRP Y U� ���� >�@� 1D]QDÉXMH PHFKDQL]PXV SUÂFH WRKWR

DOJRULWPX PHQRYLWH Y SUYÞFK LWHUDÉQÞFK NURNRFK� NGH VFKÊP\ � VWDYHEQÊ NDPHQH KUDMÛ GÕOH�LWÛ ÛORKX�

7HRUHWLFNÊ DVSHNW\ JHQHWLFNÊKR DOJRULWPX� NWRUÊ VÛYLVLD V MHKR VFKRSQRV~RX QÂMV~ JOREÂOQH PLQLPXP

ÛÉHORYHM IXQNFLH DSUR[LPRYDQHM UHÂOQ\PL KRGQRWDPL ] RUWRJRQÂOQHM PULH�N\ ERGRY �SR]UL REU� ���� VÛ

{WXGRYDQÊ D� Y SRVOHGQHM GREH >���@� 8YHGLHPH WHRUÊP� NWRUÞ {SHFLILNXMH ]D DNÞFK SRGPLHQRN MH

JHQHWLFNÞ DOJRULWPXV SRWHQFLÂOQH VFKRSQÞ SRVN\WQÛ~ JOREÂOQH PLQLPXP V MHGQRWNRYRX

SUDYGHSRGREQRV~RX�

9HWD� 1HFK Y JHQHWLFNRP DOJRULWPH SRVWXSQRV~ SRSXOÂFLÎ 3�� 3�� ��� MH PRQRWÔQQD�

W�M� SUH ND�GÛ JHQHUÂFLX W SODWÎ

PD[ PD[
α α∈ ∈+

≥
3 3

W W

) )
�

α α0 5 0 5 ������

SRWRP JHQHWLFNÞ DOJRULWPXV DV\PSWRWLFN\ SUH W→∞ GRVLDKQH JOREÂOQHKR RSWLPD

α α
α

RSW
W 3W

)= �
��

�
��→∞ ∈

OLP DUJPLQ 0 5 ������

$NR GRVLDKQX~ PRQRWÔQQRV~ JHQHWLFNÊKR DOJRULWPX" 7RWR PÕ�H E\~ MHGQRGXFKR GRVLDKQXWÊ SRPRFRX

W]Y� HOLWL]PX� NWRUÞ MH ]DOR�HQÞ QD MHGQRGXFKHM P\{OLHQNH� �H QDMOHS{LH ULH{HQLH ] SRSXOÂFLH 3W MH

DXWRPDWLFN\ SUHQHVHQÊ DM GR QDVOHGXMÛFHM SRSXOÂFLH 3W��� ,QÂÉ SRYHGDQÊ� QDMOHS{LH ULH{HQLH Y

SRSXOÂFLL 3W QHPÂ {DQFX E\~ QÂKRGQH Y\QHFKDQÊ YÞEHURP UHDOL]RYDQÞP UXOHWRX�

��� ,OXVWUDÉQÞ SUÎNODG

=ÂNODGQÊ SRMP\ ] SUHGFKÂG]DMÛFHM NDSLWRO\ EXGÛ LOXVWURYDQÊ MHGQRGXFKRX LPSOHPHQWÂFLRX

JHQHWLFNÊKR DOJRULWPX �SR]UL DOJRULWPXV ���� V QDVOHGXMÛFRX ÛÉHORYRX IXQNFLRX �SR]UL REU� �����

I [ H [ [
[0 5 0 5 0 5= × ×− �

��� �� ��
VLQ FRV ������

SUH [∈>���@� 1D{RX ÛORKRX EXGH GHWDLOQH VOHGRYD~ SULHEHK JHQHWLFNÊKR DOJRULWPX SUL VWDQRYHQÎ

JOREÂOQHKR PLQLPD WHMWR IXQNFLH�
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1HFK [∈>���@ MH UHÂOQD SUHPHQQÂ� NWRUÂ MH UHSUH]HQWRYDQÂ ELQÂUQ\P UH~D]FRP GÆ�N\ N �]DWLD�
WÂWR NRQ{WDQWD QHEXGH EOL�{LH {SHFLILNRYDQÂ�� 1D REU� ���� VÛ XYHGHQÊ MHGQRGXFKÊ VFKÊP\� NWRUÊ

2EUÂ]RN ����� �$� 3ULHEHK IXQNFLH GHILQRYDQHM ������� 7ÂWR IXQNFLD PÂ WUL PLQLPÂ� ��� [� ��������� I�[�� ����������
JOREÂOQH PLQLPXP� ��� [� ��������� I�[�� ���������� ��� [� ��������� I�[�� ���������� �%� 5R]GHOHQLH LQWHUYDOX >���@ QD
RVHP SRGLQWHUYDORY URYQDNHM GÆ�N\� .D�GÊPX WRPXWR SRGLQWHUYDOX PÕ�H E\~ SULUDGHQÞ ELQÂUQ\ NÔG� SR]UL REU� ���� D
�����

1R� 6FKÊPD 5R]GHOHQLH LQWHUYDOX >���@
��� ��� ��� ��� ��� ��� ���
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�� �∗∗���
�� �∗����
�� �∗����
�� ��∗���
�� ������

�� ������

�� ��∗���
�� ������

�� ������

2EUÂ]RN ����� 'HOHQLH LQWHUYDOX >���@ SRG�D VFKÊP� NWRUÞFK SUYÊ WUL ]QDN\ VÛ

{SHFLILNRYDQÊ� 1DSUÎNODG� VFKÊPD É� �� WYDUX �∗����XUÉXMH UHÂOQX SUHPHQQÛ ] SULHQLNX

LQWHUYDORY >�������@∪>�������@�
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REVDKXMÛ Y SUYÞFK WURFK SRORKÂFK � DOHER �� 9]ÂMRPQRX NRPELQÂFLRX WÞFKWR SUÎSDGRY GRVWDQHPH ��
���� PR�QRVWÎ� Y NWRUÞFK SUYÊ WUL SR]ÎFLH VÛ REVDGHQÊ V\PEROPL �� �� DOHER ∗� SR]UL REU� �����

3RG�D GLDJUDPX % REU� ���� MH JOREÂOQH PLQLPXP IXQNFLH ������ SULEOL�QH Y\MDGUHQÊ Y ELQÂUQHM
UHSUH]HQWÂFLL FKURPR]ÔPDPL� NWRUÊ REVDKXMÛ VFKÊP\ ���∗���∗ �WLHWR VFKÊP\ RGSRYHGDMÛ UHÂOQ\P
ÉÎVODP ] LQWHUYDOX >�������@� DOHER ���∗���∗ �WLHWR VFKÊP\ RGSRYHGDMÛ UHÂOQ\P ÉÎVODP ] LQWHUYDOX
LQWHUYDOX >�������@�� 3UHWR�H JOREÂOQH PLQLPXP MH Y ERGH [ ������������ WRWR PLQLPXP VD Y\VN\WXMH Y
EOÎ]NRVWL KRUQHM KUDQLFL SUYÊKR LQWHUYDOX� ÉL�H ELQÂUQ\ UH~D]HF RGSRYHGDMÛFL ULH{HQLX MH SULEOL�QH
Y\MDGUHQÞ DNR ���������� �

7DEX�ND ��� REVDKXMH SUYÞFK {HV~ LWHUÂFLÎ JHQHWLFNÊKR DOJRULWPX SUH ÛÉHORYÛ IXQNFLX �������
SULÉRP SRSXOÂFLD REVDKXMH �� FKURPR]ÔPRY GÆ�N\ N ��� 6LO\ FKURPR]ÔPRY VÛ SRÉÎWDQÊ SRPRFRX
IRUPXO\ ������� 3UDYGHSRGREQRVWL UHSURGXNFLH D PXWÂFLH VÛ 3UHSUR ��� D 3PXW ����� -HGQRWOLYÊ NURN\
UHSURGXNFLH EXGÛ LOXVWURYDQÊ SUL SUHFKRGH ] �� SRSXOÂFLH GR �� SRSXOÂFLH� URGLÉRYVNÊ FKURPR]ÔP\ VÛ
Y\]QDÉHQÊ Y �� SRSXOÂFLL WLHÓRYDQÎP� SRGREQH QÂVOHGQÎFNH FKURPR]ÔP\ Y �� SRSXOÂFLL VÛ WLH�
WLHÓRYDQÊ� -HGQRGXFKÞPL ÛYDKDPL ]LVWÎPH� �H NUÎ�HQLH EROR XVNXWRÉQHQÊ RG SRORK\ �� SRWRP SUHEHKOD
PXWÂFLD Y GUXKRP FKURPR]ÔPH Y SRORKH RVHP�

5RGLÉRYVNÊ FKURPR]ÔP\�

.UÎ�HQLH�

0XWÂFLD�
�YÞVOHGQÊ FKURPR]ÔP\�

$OJRULWPXV ERO LQLFLDOL]RYDQÞ ��� SRSXOÂFLD� QÂKRGQH JHQHURYDQRX SRSXOÂFLRX �� FKURPR]ÔPRY �
ELQÂUQ\FK UH~D]FRY GÆ�N\ ��� .X ND�GÊPX FKURPR]ÔPX MH XYHGHQÂ KRGQRWD ÛÉHORYHM IXQNFLH I D
KRGQRWD UHQRUPDOL]RYDQHM VLO\ SRÉÎWDQHM SRG�D ������� 5XOHWRX MH NYÂ]LQÂKRGQH Y\EUDQÞFK ��
URGLÉRYVNÞFK GYRMÎF SUH UHSURGXNFLX� NWRUÂ VD XVNXWRÉÓXMH V SUDYGHSRGREQRV~RX 3UHSUR ���� 9LGÎPH� �H
SUH WHQWR MHGQRGXFKÞ LOXVWUDÉQÞ SUÎNODG JHQHWLFNÞ DOJRULWPXV SRPHUQH UÞFKOR NRQYHUJXMH� X� Y {LHVWHM
LWHUÂFLL SRSXOÂFLD REVDKXMH ��� FKURPR]ÔPRY� NWRUÊ RGSRYHGDMÛ JOREÂOQHPX PLQLPX �I ���������

2EUÂ]RN ����� 3RVWXSQÊ GHOHQLH LQWHUYDOX >���@ QD SRORYLFX� {WYUWLQX D RVPLQX� 9 SUDYHM

ÉDVWL REUÂ]NX VÛ XYHGHQÊ REODVWL� NWRUÊ RGSRYHGDMÛ XYHGHQÞP VFKÊPDP�

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �
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7DEX�ND ���� 3UYÞFK {HV~ LWHUÂFLÎ � HSRFK JHQHWLFNÊKR DOJRULWPX SUH ÛÉHORYÛ IXQNFLX �������

1R� �� SRSXOÂFLD UHSURGXNFLD �� SRSXOÂFLD UHSURGXNFLD �� SRSXOÂFLD

I )
 FKURPR]ÔP I )
 FKURPR]ÔP I )
 FKURPR]ÔP

� ������� ������ ���������� ������ ������ ���������� ������� ������ ����������

� ������� ������ ���������� ������� ������ ���������� ������� ������ ����������

� ������ ������ ���������� ������ ������ ���������� ������ ������ ����������

� ������� ������ ���������� ������ ������ ���������� ������� ������ ����������

� ������ ������ ���������� ������ ������ ���������� ������� ������ ����������

� ������� ������ ���������� ������� ������ ���������� ������� ������ ����������

� ������� ������ ���������� ������ ������ ���������� ������� ������ ����������

� ������ ������ ���������� ������ ������ ���������� ������� ������ ����������

� ������ ������ ���������� ������� ������ ���������� ������� ������ ����������

�� ������ ������ ���������� ������� ������ ���������� ������ ������ ����������

�� ������ ������ ���������� ������� ������ ���������� ������� ������ ����������

�� ������ ������ ���������� ������� ������ ���������� ������ ������ ����������

�� ������� ������ ���������� ������ ������ ���������� ������� ������ ����������

�� ������ ������ ���������� ������� ������ ���������� ������ ������ ����������

�� ������� ������ ���������� ������� ������ ���������� ������ ������ ����������

�� ������ ������ ���������� ������� ������ ���������� ������ ������ ����������

�� ������ ������ ���������� ������� ������ ���������� ������ ������ ����������

�� ������ ������ ���������� ������ ������ ���������� ������ ������ ����������

�� ������ ������ ���������� ������ ������ ���������� ������ ������ ����������

�� ������ ������ ���������� ������ ������ ���������� ������ ������ ����������
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7DEX�ND ���� �3RNUDÉRYDQLH��

1R� �� SRSXOÂFLD UHSURGXNFLD �� SRSXOÂFLD UHSURGXNFLD �� SRSXOÂFLD

I )
 FKURPR]ÔP I )
 FKURPR]ÔP I )
 FKURPR]ÔP

� ������ ������ ���������� ������� ������ ���������� ������ ������ ����������

� ������� ������ ���������� ������� ������ ���������� ������ ������ ���������

� ������� ������ ���������� ������� ������ ���������� ������� ������ ����������

� ������� ������ ���������� ������� ������ ���������� ������� ������ ����������

� ������ ������ ���������� ������� ������ ���������� ������� ������ ����������

� ������� ������ ���������� ������� ������ ���������� ������� ������ ����������

� ������� ������ ���������� ������� ������ ���������� ������� ������ ����������

� ������� ������ ���������� ������� ������ ���������� ������� ������ ����������

� ������� ������ ���������� ������� ������ ���������� ������� ������ ����������

�� ������� ������ ���������� ������� ������ ���������� ������� ������ ����������
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�� ������ ������ ���������� ������� ������ ���������� ������� ������ ����������

�� ������� ������ ���������� ������� ������ ���������� ������� ������ ����������
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�� ������� ������ ���������� ������� ������ ���������� ������� ������ ����������
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��� +DPPLQJRYD EDULÊUD

8YD�XMPH JHQHWLFNÞ DOJRULWPXV Y NWRURP VÛ UHÂOQH SUHPHQQÊ ÛÉHORYHM IXQNFLH ELQÂUQH NÔGRYDQÊ
{WDQGDUGQÞP VSÕVRERP �SR]UL NDSLWROX ����� 'YD FKURPR]ÔP\ α ����������� D β ������������
UHSUH]HQWXMÛ GYH VXVHGQÊ FHOÊ ÉÎVOD �NWRUÞP VD SULUDGLD GYH �VXVHGQÊ� UHÂOQH SUHPHQQÊ�� ©R MH
]DXMÎPDYÊ QD WÞFKWR FKURPR]ÔPRFK� MH VNXWRÉQRV~� �H DM NHÐ UHSUH]HQWXMÛ GYH �VXVHGQÊ� ÉÎVOD� LFK
+DPPLQJRYVNÂ Y]GLDOHQRV~ �W�M� SRÉHW UÕ]Q\FK ELWRYÞFK SUHPHQQÞFK� MH YH�NÂ �Y OLPLWQRP SUÎSDGH VD
PÕ�H URYQD~ D� GÆ�NH ELQÂUQHKR UH~D]FD�� 3UHGSRNODGDMPH� �H RSWLPÂOQH ULH{HQLH RGSRYHGÂ
ELQÂUQHPX UH~D]FX α ����������� D �H SRSXOÂFLD REVDKXMH FKURPR]ÔP\� NWRUÊ VÛ EOÎ]NH DOHER WRWR�QÊ
V ELQÂUQ\P UH~D]FRP β ������������� $NÂ PÕ�H E\~ Y WRPWR SUÎSDGH HYROÛFLD FKURPR]ÔPRY
SRSXOÂFLH" &KURPR]ÔP\ SRSXOÂFLH ������∗∗���∗� VD Y\YÎMDMÛ VPHURP N RSWLPÂOQHPX ULH{HQLX WDN� �H
SR XUÉLWRP SRÉWH LWHUDÉQÞFK NURNRY SRSXOÂFLH EXGH REVDKRYD~ Y SUHYD�QHM PLHUH FKURPR]ÔP\
β ������������� 3UDYGHSRGREQRV~ ]PHQ\ ������∗∗���∗� PXWÂFLRX QD ������∗∗���∗� MH YH�PL PDOÂ�
SUHWR VD Y SRSXOÂFLL EXGÛ V QDMYÅÉ{RX SUDYGHSRGREQRV~RX Y\VN\WRYD~ OHQ FKURPR]ÔP\ RGSRYHGDMÛFH
VFKÊPH ������∗∗���∗�� 7R ]QDPHQÂ� �H HYROÛFLD SRSXOÂFLH FKURPR]ÔPRY� NWRUÂ EROD LQLFLDOL]RYDQÂ
FKURPR]ÔPDPL W\SX ������∗∗���∗�� PÂ OHQ YH�PL PDOÛ {DQFX E\~ VPHURYDQÂ GR YÞVOHGQHM SRSXOÂFLH�
NWRUÂ E\ REVDKRYDOD RSWLPÂOQH ULH{HQLH α ������������ D V QDMYÅÉ{RX SUDYGHSRGREQRV~RX VNRQÉÎ X
ULH{HQLD β ������������ �SR]UL REU� ������ 7ÂWR VNXWRÉQRV~ VD Y JHQHWLFNRP DOJRULWPH QD]ÞYD
+DPPLQJRYD EDULÊUD D SUHGVWDYXMH YÂ�QH RKUDQLÉHQLH DSOLNRYDWH�QRVWL JHQHWLFNÊKR DOJRULWPX ]D
SUHGSRNODGX� �H VD SRX�ÎYD {WDQGDUGQÊ NÔGRYDQLH ELQÂUQ\FK UH~D]FRY�

$NR VD Y\KQÛ~ +DPPLQJRYHM EDULÊUH Y JHQHWLFNRP DOJRULWPH" 7HQWR SUREOÊP PÕ�H E\~
ULH{HQÞ GYRPD SUÎVWXSPL� 3UYÞ SUÎVWXS MH ]DOR�HQÞ QD SRX�LWÎ ÐDO{LHKR RSHUÂWRUD WUDQVIRUPÂFLH
FKURPR]ÔPRY� D WR W]Y� LQYHU]QÊKR RSHUÂWRUD� 7HQWR RSHUÂWRU ]PHQÎ ELQÂUQ\ UH~D]HF
α = α α α� �

� �����
N1 6 QD LQÞ ELQÂUQ\ UH~D]HF β = β β β� �

� �����
N1 6

β α= 2
LQY 0 5 ������

7ÂWR RSHUÂFLD MH GHILQRYDQÂ WDN� �H SUH QÂKRGQH Y\JHQHURYDQÊ FHOÊ ÉÎVOR �< <D N �ERG LQYHU]LH��
NRPSRQHQW\ ELQÂUQHKR YHNWRUD SUH LQGH[\ L!D VÛ ]DPHQHQÊ ]D LFK NRPSOHPHQW\ �SR]UL REU� ���� D
DOJRULWPXV ����
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6WRFKDVWLFNÞ RSHUÂWRU LQYHU]LH RGVWUDÓXMH Y]QLNDMÛFH +DPPLQJRYH EDULÊU\ D GÂYD {DQFX JHQHWLFNÊPX
DOJRULWPX HYROÛFLRX ]RVWURML~ SRSXOÂFLX� NWRUÂ REVDKXMH FKURPR]ÔP\ ]RGSRYHGDMÛFH RSWLPÂOQHPX
ULH{HQLX� .GH LPSOHPHQWRYD~ RSHUÂWRU LQYHU]LH Y JHQHWLFNRP DOJRULWPH" 1DMMHGQRGXFK{LH MH KR
SUH]HQWRYD~ DNR ÉDV~ UHSURGXNÉQÊKR RSHUÂWRUD� $OJRULWPXV ��� EXGH UR]{ÎUHQÞ R GYH RSHUÂFLH
LQYHU]LH� NWRUÊ VD Y\NRQDMÛ V SUDYGHSRGREQRV~RX 3LQY � 9 SUÎSDGH� �H FKURPR]ÔP ELQÂUQH UHSUH]HQWXMH
Q UHÂOQ\FK SUHPHQQÞFK ÛÉHORYHM IXQNFLH� SULÉRP ND�GÂ SUHPHQQÂ MH NÔGRYDQÂ ELQÂUQ\P UH~D]FRP
GÆ�N\ N� RSHUÂFLD LQYHU]LH VD Y\NRQÂ ]YOÂ{~ SUH ND�GÞ SRGUH~D]HF RGSRYHGDMÛFL MHGQRWOLYHM SUHPHQQHM
ÛÉHORYHM IXQNFLH� SR]UL REU� �����

2EUÂ]RN ����� =QÂ]RUQHQLH HYROÛFLH ULH{HQLD W\SX ����∗∗ N SUHVQÊPX ULH{HQLX ������� 9

SULHEHKX HYROÛFLH JHQHWLFNÊKR DOJRULWPX SRSXOÂFLD EXGH REVDKRYD~ VWÂOH YLDF D YLDF

FKURPR]ÔPRY ������� NWRUÊ VÛ EOÎ]NH RSWLPÂOQHPX ULH{HQLX �������



��

'UXKÞ SUÎVWXS QD RGVWUÂQHQLH +DPPLQJRYHM EDULÊU\ MH SRX�LWLH *UD\RYKR NÔGX SUH ELQÂUQX
UHSUH]HQWÂFLX UHÂOQ\FK SUHPHQQÞFK �SR]UL NDSLWROX ����� 'HOHQLH MHGQRWNRYÊKR LQWHUYDOX >���@ QD
SRGLQWHUYDO\ Y UÂPFL *UD\RYKR NÔGRYDQLD ELQÂUQ\FK UH~D]FRY MH ]QÂ]RUQHQÊ QD REU� ���� D REU� �����
©R MH GÕOH�LWÊ Y WRPWR SUÎSDGH� VXVHGQÊ LQWHUYDO\ VÛ NÔGRYDQÊ ELQÂUQ\PL UH~D]FDPL� NWRUÊ QLH VÛ
GLDPHWUÂOQH RGOL{QÊ PHG]L VHERX� DNR WR PÕ�H E\~ YWHG\� NHÐ MH SRX�LWÊ {WDQGDUGQÊ NÔGRYDQLH� 3UH
OHS{LH SRFKRSHQLH WHMWR P\{OLHQN\ VD YUÂ~PH N REU� ����� GLDJUDP %� 1D WRPWR REUÂ]NX MH ]QÂ]RUQHQÞ
SULHEHK ÛÉHORYHM IXQNFLH ������� SULÉRP JOREÂOQH PLQLPXP WHMWR IXQNFLH MH EOÎ]NR ]�DYD Y ERGH ���� 9
{WDQGDUGQRP NÔGRYDQÎ LQWHUYDO\ >�������@ D >�������@ VÛ UHSUH]HQWRYDQÊ UH~D]FDPL ������ UHVS� ������ �
SULÉRP RSWLPÂOQH ULH{HQLH PÂ WYDU ��������� �9LGÎPH� �H NHÐ VD EOÎ�LPH N RSWLPÂOQHPX ULH{HQLX ]
SUDYÊKR LQWHUYDOX� WDN SRWRP Y XUÉLWRP PRPHQWH PXVÎ QDVWD~ GUDPDWLFNÂ ]PHQD ]OR�HQLD ELQÂUQHKR
UH~D]FD� D WR ] ��������� QD ���������� � *HQHWLFNÞ DOJRULWPXV V QRUPÂOQH QDVWDYHQRX
SUDYGHSRGREQRV~RX PXWÂFLH �3PXW ����� � ����� QHPÂ {DQFX SUHNRQD~ WÛWR �+DPPLQJRYX EDULÊUX�� 9
SUÎSDGH� �H SRX�LMHPH *UD\RYR NÔGRYDQLH� VLWXÂFLD VD SRGVWDWQH ]OHS{Î Y WRP ]P\VOH� �H QHGRFKÂG]D
N WDN GUDPDWLFNÞP ]PHQÂP ]OR�HQLD FKURPR]ÔPRY SUL SUHFKRGH ] MHGQÊKR SRGLQWHUYDOX QD GUXKÞ
�SR]UL REU� ������

2EUÂ]RN ����� 6FKHPDWLFNÊ ]QÂ]RUQHQLH RSHUÂFLH LQYHU]LH� 3UH

QÂKRGQH Y\EUDQÞ ERG LQYHU]LH D Y\NRQÂPH LQYHU]LX ELQÂUQHKR YHNWRUD

α WDN� �H RG ERGX D�� D� GR NRQFD ELQÂUQHKR YHNWRUD QDKUDGÎPH MHKR

]OR�N\ NRPSOHPHQWDPL� α α
L L

= −� �

SURFHGXUH ,QYHUVLRQ�LQSXW�α� RXWSXW�β��
EHJLQ LI UDQGRP�3LQY WKHQ

EHJLQ D� ��UDQGRP�N����

IRU L� � WR D GR βL� αL�

IRU L� D�� WR N GR βL� ��αL�

HQG HOVH IRU L� � WR N GR βL� αL�

HQG�

$OJRULWPXV ���� 3VHXGRSDVFDORYVNÂ LPSOHPHQWÂFLD LQYHU]LH
ELQÂUQHKR YHNWRUD GÆ�N\ N� 3UDYGHSRGREQRV~ 3LQY �PDOÊ NODGQÊ ÉÎVOR�

QDSU� 3LQY ����������� XUÉXMH� ÉL VD Y\NRQÂ LQYHU]LD DOHER QLH�

2EUÂWRN ����� 5HDOL]ÂFLD RSHUÂFLH LQYHU]LH SUH ELQÂUQ\ YHNWRU

UHSUH]HQWXMÛFL Q UHÂOQ\FK SUHPHQQÞFK� SUH ND�GÞ SRGUH~D]HF VD Y\NRQÂ

RSHUÂFLH LQYHU]LH VHSDUÂWQH�
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9 WRPWR PRPHQWH PXVÎPH RGSRYHGD~ QD RWÂ]NX� ÉR MH OHS{LH� ÉL {WDQGDUGQÊ NÔGRYDQLH DOHER
*UD\RYR NÔGRYDQLH ELQÂUQ\FK UH~D]FRY Y JHQHWLFNRP DOJRULWPH� 'D~ RGSRYHÐ QD WÛWR RWÂ]NX QLH MH
MHGQRGXFKÊ� 9 {WDQGDUGQHM UHSUH]HQWÂFLL H[LVWXMH UÞFKOD WUDQVIRUPÂFLD ELQÂUQHKR UH~D]FD QD UHÂOQH
ÉÎVOD� DY{DN ]D FHQX SRWHQFLÂOQHM H[LVWHQFLH +DPPLQJRYÞFK EDULÊU� 9 SUYHM ÉDVWL WHMWR SRGNDSLWRO\ EROR
XNÂ]DQÊ� �H WHQWR SUREOÊP {WDQGDUGQHM UHSUH]HQWÂFLH PÕ�H E\~ RGVWUÂQHQÞ ]DYHGHQÎP RSHUÂWRUD
LQYHU]LH GR JHQHWLFNÊKR DOJRULWPX DNR VÛÉDVWL UHSURGXNÉQÊKR SURFHVX� *UD\RYD UHSUH]HQWÂFLD
RGVWUDÓXMH SUREOÊP V +DPPLQJRYRX EDULÊURX� WÂWR MH MHGQRGXFKR RGVWUÂQHQÂ WÞP� �H Y WRPWR
NÔGRYDQÎ VXVHGQÊ LQWHUYDO\ UHÂOQ\FK ÉÎVHO VÛ NÔGRYDQÊ SRGREQÞPL ELQÂUQ\PL UH~D]FDPL �QD UR]GLHO RG
{WDQGDUGQÊKR NÔGRYDQLD�� 3RX�LWLH *UD\RYKR NÔGRYDQLD Y JHQHWLFNRP DOJRULWPH QDUÂ�D QD SUREOÊP
QXPHULFNHM QÂURÉQRVWL� 1D UR]GLHO RG {WDQGDUGQÊKR NÔGRYDQLD� *UD\RYR NÔGRYDQLH SUL NRQ{WUXNFLL
UHÂOQ\FK ÉÎVHO SR�DGXMH H{WH PHG]LWUDQVIRUPÂFLX ELQÂUQHKR UH~D]FD GR {WDQGDUGQÊKR NÔGRYDQLD� 7ÂWR
PHG]LWUDQVIRUPÂFLD QÂP PÕ�H SRGVWDWQH SUHGÆ�L~ &38 ÉDV JHQHWLFNÊKR DOJRULWPX� SUHWR�H
WUDQVIRUPÂFLD ELQÂUQHKR UH~D]FD QD UHÂOQH ÉÎVOR SDWUÎ PHG]L QDMÉDVWHM{LH YRODQÛ SURFHGÛUX DOJRULWPX�
ÉL�H X� PDOÊ ]YÞ{HQLH MHM ÉDVRYHM QÂURÉQRVWL PÕ�H PD~ GUDPDWLFNÞ GRSDG QD FHONRYÞ &38 ÉDV�

��� �0HVV\� FKURPR]ÔP\ �0�FKURPR]ÔP\�

9 U� ���� VD *ROGEHUJ VR VSROXSUDFRYQÎNPL >�����@ SRNÛ{DOL SUHNRQD~ QLHNWRUÊ REWLD�H JHQHWLFNÊKR
DOJRULWPX SUL K�DGDQÎ JOREÂOQHKR PLQLPD W]Y� GHFHSWÎYQ\FK ÛÉHORYÞFK IXQNFLÎ �PXOWPLPRGÂOQH IXQNFLH V
PQRKÞPL PLQLPDPL DOH OHQ V MHGQÞP JOREÂOQ\P PLQLPRP� NWRUÊ MH RGGHOHQÊ RG RVWDWQÞFK PLQÎP
EDULÊURX� SRPRFRX �PHVV\� JHQHWLFNÊKR DOJRULWPX� +ODYQÂ P\{OLHQND WHMWR PRGLILNÂFLH JHQHWLFNÊKR
DOJRULWPX VSRÉÎYD RNUHP LQÊKR Y SRX�LWÎ P�FKURPR]ÔPRY� NWRUÊ PDMÛ SUHPHQQÛ GÆ�NX D LFK
NRPSRQHQW\ VÛ {SHFLILNRYDQÊ VÛÉDVQH WDN LQGH[RP DNR DM KRGQRWRX� 1D UR]GLHO RG {WDQGDUGQÞFK
FKURPR]ÔPRY� {SHFLILNRYDQÞFK DNR ELQÂUQH YHNWRU\ IL[QHM GÆ�N\� P�FKURPR]ÔP\ PÕ�X PD~ SUHPHQQÛ
GÆ�NX D E\~ WDN �SUHXUÉHQÊ�� DNR DM �SRGXUÉHQÊ�� 7ÂWR IOH[LELOLWD P�FKURPR]ÔPRY REY\NOH SRGVWDWQH
]Y\{XMH HIHNWLYLWX D UREXVWQRV~ HYROXÉQÞFK DOJRULWPRY� NWRUÊ LFK Y\X�ÎYDMÛ >�����@�

0�FKURPR]ÔP SUHPHQQHM GÆ�N\ MH GHILQRYDQÞ WDNWR� 1HFK 4 N= ×�� � �� ����� �: ? : ? MH PQR�LQD

REVDKXMÛFD XVSRULDGDQÊ GYRMLFH �µ�ν�� NGH µ ∈ ��� �����N: ? MH LQGH[ D ν ∈ � ��: ? MH ELQÂUQD KRGQRWD� 0�

FKURPR]ÔP GÆ�N\ O MH GHILQRYDQÞ WDNWR

2EUÂ]RN ����� 3RVWXSQÊ GHOHQLH LQWHUYDOX >���@ SUH ELQÂUQX UHSUH]HQWÂFLX SRPRFRX

*UD\RYKR NÔGRYDQLD SUH UÕ]QH VFKÊP\� 9 SUDYHM ÉDVWL REUÂ]NX VÛ XYHGHQÊ REODVWL�

NWRUÊ RGSRYHGDMÛ XYHGHQÞP VFKÊPDP�

2EUÂ]RN ����� 'HOHQLH LQWHUYDOX >���@ QD RVHP SRGLQWHUYDORY SRX�LWÎP *UD\RYKR

NÔGRYDQLD ELQÂUQ\FK UH~D]FRY�
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7HQWR P�FKURPR]ÔP MH GHNÔGRYDQÞ QD MHGQRGXFKÞ ELQÂUQ\ YHNWRU GÆ�N\ N QDVOHGXMÛFLP SRVWXSRP
�SR]UL REU� ������ ,GÛF SRVWXSQH ]�DYD GRSUDYD� SUYÂ GYRMLFD µ ν

� �
�1 6 {SHFLILNXMH KRGQRWX ν� Y SRORKH

µ�� α νµ
� �

= � 'UXKÂ GYRMLFD µ ν
� �
�1 6 � DN µ µ

� �
≠ � {SHFLILNXMH KRGQRWX ν� Y SRORKH µ� � α νµ

� �
= � 9R

Y{HREHFQRVWL SODWÎ

α ν α αµ
L L L MM L= ∀ ≤ − ≠DN ��3 8 ������

7R ]QDPHQÂ� �H SUREOÊP SUHXUÉHQLD MH ULH{HQÞ SUDYLGORP� �H XUÉXMÛFD MH WÂ GYRMLFD� NWRUÂ VD Y\VN\WXMH

SUYÂ� LGÛF FH] P�FKURPR]ÔP ]�DYD GRSUDYD� 3UREOÊP SRGXUÉHQLD �W�M� QLHNWRUÂ SRORKD Y ]RVWURMHQRP

ELQÂUQRP YHNWRUH QLH MH {SHFLILNRYDQÂ� VD ULH{L SRPRFRX WHPSOÂWX

W = ∈W W WN
N

� �
� �� ����� �1 6 : ? ������

$N S�WD SRORKD QLH MH {SHFLILNRYDQÂ ������� W�M� S L O
L

≠ ∀ ≤α SUH � SRWRP WÂWR SRORKD MH XUÉHQÂ S�WRX

SRORKRX Y WHPSOÂWH W

α S SW= �SUH ND�GÛ QH{SHFLILNRYDQÛ SRORKX� ������

3UREOÊP GHNÔGRYDQLD P�FKURPR]ÔPX χ SUH GDQÞ WHPSOÂW W PÕ�H E\~ YR Y{HREHFQRVWL FKÂSDQÞ DNR

]REUD]HQLH * 4W
O N

� → � ��: ?
α χ= *W 1 6 ������

3UH OHS{LH SRFKRSHQLH Y\{{LH XYHGHQÊKR SURFHVX GHNÔGRYDQLD P�FKURPR]ÔPX SR]UL REU� ����� NGH MH

XYHGHQÞ MHGQRGXFKÞ LOXVWUDÉQÞ SUÎNODG�

0�FKURPR]ÔP χ MH WUDQVIRUPRYDQÞ QD LQÞ P�FKURPR]ÔP χ
 RSHUÂFLRX PXWÂFLH �SR]UL REU�

�����

′ =χ χ2PXW 1 6 ������

NGH χ = µ ν µ ν µ ν
� � � �
� � � ���� �1 6 1 6 1 63 8O O D ′ = ′ ′ ′ ′ ′ ′χ µ ν µ ν µ ν

� � � �
� � � ���� �1 6 1 6 1 63 8O O � 6WRFKDVWLFNÞ RSHUÂWRU PXWÂFLH

2PXW VD UHDOL]XMH WDN� �H LGÛF ]�DYD GRSUDYD SRVWXSQH QÂKRGQH PHQÎPH XVSRULDGDQÊ GYRMLFH� W�M�

LQGH[\ D ELQÂUQH KRGQRW\

2EUÂ]RN ����� 'HNÔGRYDQLH P�FKURPR]ÔPX SRPRFRX WHPSOÂWX� 3RORKD {SHFLILNRYDQÂ

LQGH[RP MH RKRGQRWHQÂ ELQÂUQRX KRGQRWRX � NWRUÂ GRSUHYÂG]D {SHFLILNRYDQÞ LQGH[� .HÐ GDQÂ

SRORKD X� EROD {SHFLILNRYDQÂ Y SUHGFKÂG]DMÛFRP NURNX GHNÔGRYDQLD� SRWRP VD DNWXÂOQD

{SHFLILNÂFLD LJQRUXMH� 9 SUÎSDGH� �H QLHNWRUÂ SRORKD QLH MH {SHFLILNRYDQÂ P�FKURPR]ÔPRP�

SRWRP VD SUH {SHFLILNÂFLX SRX�LMH SUÎVOX{QÂ KRGQRWD ] WHPSOÂWX�

2EUÂ]RN ����� 0XWÂFLD P�FKURPR]ÔPX PÂ GYH ÉDVWL� PXWÂFLX LQGH[X D PXWÂFLX ELQÂUQHM

KRGQRW\� .D�GÂ WDNÂWR PXWÂFLD VD Y\NRQÂYD V SUDYGHSRGREQRV~RX 3LQGH[ UHVS� 3YDOXH��
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NGH �≤ ≤�µ
L

N MH QÂKRGQÊ FHOÊ ÉÎVOR V URYQRPHUQRX GLVWULEÛFLRX SUDYGHSRGREQRVWL� SULÉRP �µ µ
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≠ �

3UDYGHSRGREQRV~ 3LQGH[ XUÉXMH VWRFKDVWLÉQRV~ ]PHQ\ LQGH[RYHM ÉDVWL P�FKURPR]ÔPX� 3RGREQÞP

VSÕVRERP VD PHQÎ DM ELQÂUQD ÉDV~ P�FKURPR]ÔPX
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ν
ν

ν
L

L YDOXH

L

UDQGRP 3� DN

RVWDWQÊ SUÎSDG\
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3UDYGHSRGREQRV~ 3YDOXH XUÉXMH VWRFKDVWLÉQRV~ ]PHQ\ ELQÂUQHM ÉDVWL P�FKURPR]ÔPX� 2SHUÂFLD

PXWÂFLH MH LOXVWURYDQÂ SUÎNODGRP QD REU� ����� 3VHXGRSDVFDORYVNÂ LPSOHPHQWÂFLD PXWÂFLH MH XYHGHQÂ

Y DOJRULWPH ����

2SHUÂFLD NUÎ�HQLD GYRFK URGLÉRYVNÞFK P�FKURPR]ÔPRY χ ,= �
�

�
�µ ν µ ν µ ν

χ χ� � � �1 6 1 6 4 9� � ����� �
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7ÂWR RSHUÂFLD VD UHDOL]XMH WDN� �H Y SUYRP NURNX VD QÂKRGQH JHQHUXMH �ERG NUÎ�HQLD� �< <D O OPLQ χ κ�= B
D SRWRP VD WYRULD QRYÊ P�FKURPR]ÔP\ WDN� �H D� SR �ERG NUÎ�HQLD� D VD MHGQRGXFKR RNRSÎUXMÛ

URGLÉRYVNÊ FKURPR]ÔP\� ]D WÞPWR ERGRP VL QRYÊ P�FKURPR]ÔP\ Y\PHQLD ]Y\{QÊ ÉDVWL� SR]UL REU�

���� D DOJRULWPXV ����

3RPRFRX SURFHGÛU 0B0XWDWLRQ D 0B&URVVRYHU �SR]UL DOJRULWP\ ��� D ���� PÕ�HPH

MHGQRGXFKR PRGLILNRYD~ DOJRULWPXV ��� �SURFHGÛUD 5HSURGXFWLRQ� UHDOL]XMÛFL UHSURGXNFLX GYRFK

URGLÉRYVNÞFK FKURPR]ÔPRY QD GYD QRYÊ FKURPR]ÔP\ � SRWRPNRY� VWDÉÎ Y\PHQL~ SURFHGÛU\ SUH

PXWÂFLX D NUÎ�HQLH ]D SRGREQÊ SURFHGÛU\ SUH P�FKURPR]ÔP\�

SURFHGXUH 0B0XWDWLRQ�LQSXW�χ� RXWSXW�χ
��
EHJLQ IRU L� � WR O GR

EHJLQ ′µ
L
� µL� ′ν

L
� νL�

LI UDQGRP�3LQGH[ WKHQ ′µ
L
� ��UDQGRP�N��

LI UDQGRP�3YDOXH WKHQ ′ν
L
� ��νL�

HQG�

HQG�

$OJRULWPXV ���� 3URFHGÛUD PXWÂFLH P�FKURPR]ÔPX�

2EUÂ]RN ����� 2SHUÂFLD NUÎ�HQLD GYRFK P�FKURPR]ÔPRY� WLHWR VL Y\PHQLD VYRMH ÉDVWL QDVOHGXMÛFH
]D QÂKRGQH JHQHURYDQÞP ERGRP NUÎ�HQLD� 2SHUÂFLD NUÎ�HQLD PHQÎ� YR Y{HREHFQRVWL� GÆ�NX P�
FKURPR]ÔPRY�
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=ÂNODGQÞ SUREOÊP� NWRUÞ PXVÎ E\~ ULH{HQÞ SUL SRX�LWÎ P�FKURPR]ÔPRY Y HYROXÉQÞFK

DOJRULWPRFK MH NRQ{WUXNFLD WHPSOÂWX W SRWUHEQÊKR SUH GHNÔGRYDQLH P�FKURPR]ÔPRY GR WYDUX

ELQÂUQ\FK YHNWRURY �SR]UL ������ D REU� ������ 3UL LQLFLDOL]ÂFLL HYROXÉQÊKR DOJRULWPX VD WHPSOÂW W

QÂKRGQH JHQHUXMH DNR ELQÂUQ\ YHNWRU� ]DWLD� ÉR Y QHVNRU{ÎFK IÂ]DFK DOJRULWPX MH WHPSOÂW XUÉHQÞ DNR

ELQÂUQ\ YHNWRU RGSRYHGDMÛFL QDMOHS{LHPX P�FKURPR]ÔPX ] SUHGFKÂG]DMÛFHM LWHUÂFLH� 1D ]ÂYHU

DOJRULWPX VD WHPSOÂW SRX�LMH DNR QDMOHS{LH YÞVWXSQÊ ULH{HQLH� 3R WÞFKWR MHGQRGXFKÞFK ÛYDKÂFK

PÕ�HPH SULVWÛSL~ N PRGLILNÂFLL JHQHWLFNÊKR DOJRULWPX ��� SUH P�FKURPR]ÔP\ �SR]UL DOJRULWPXV �����

SURFHGXUH 0B&URVVRYHU�LQSXW�χ�κ� RXWSXW�χ
�κ
��
EHJLQ D� ��UDQGRP�PLQ�Oχ�Oκ�����

IRU L� � WR D GR

EHJLQ ′µ
L
� µL� ′ν

L
� νL�

′ξ
L
� ξL� ′ζ

L
� ζL�

HQG�

Oχ
� Oκ� Oκ
� Oχ�

IRU L� D�� WR Oχ
 GR EHJLQ ′µ
L
� ξL� ′ν

L
� ζL HQG�

IRU L� D�� WR Oκ
 GR EHJLQ ′ξ
L
� µL� ′ζ

L
� νL HQG�

HQG�

$OJRULWPXV ���� 3URFHGÛUD NUÎ�HQLD GYRFK URGLÉRYVNÞFK P�FKURPR]ÔPRY χ D κ QD GYD

QRYÊ P�FKURPR]ÔP\ � SRWRPNRY χ
 D κ
�

SURFHGXUH 0B*HQHWLFB$OJRULWKP�LQSXW�WLPHPD[� RXWSXW�αRSW��

EHJLQ WLPH� ��
VWRSBFULWHULRQ� IDOVH�
3� ^UDQGRPO\ JHQHUDWHG SRSXODWLRQ RI P�FKURPRVRPHV`�
W� UDQGRPO\ JHQHUDWHG ELQDU\ YHFWRU�WHPSODWH�

ZKLOH �WLPH�WLPHPD[� DQG �QRQ VWRSBFULWHULRQ� GR

EHJLQ WLPH� WLPH���

4� ∅�
HDFK P�FKURPRVRPH LV HYDOXDWHG E\ ILWQHVV�

ZKLOH _4_�_3_ GR

EHJLQ VHOHFW E\ URXOHWWH ZKHHO WZR

P�FKURPRVRPHV χ�κ∈3�
LI UDQGRP�3UHSUR WKHQ

5HSURGXFWLRQ�χ�κ�χ
�κ
� HOVH

EHJLQ χ
� χ� κ
� κ HQG�

4� 4∪^χ
�κ
`�
HQG�

3� 4� W� DUJ PLQI *
3

Wχ
χ

∈
1 62 7�

LI FRQYHUJHQFH FULWHULD DUH IXOILOOHG WKHQ

VWRSBFULWHULRQ� WUXH�

HQG�

αRSW� W�

HQG�

$OJRULWPXV ���� 3VHXGRSDVFDORYVNÂ LPSOHPHQWÂFLD JHQHWLFNÊKR DOJRULWPX �SR]UL DOJRULWPXV ����

SUH P�FKURPR]ÔP\� $OJRULWPXV MH LQLFLDOL]RYDQÞ QÂKRGQÞP JHQHURYDQÎP SRSXOÂFLH P�FKURPR]ÔPRY

D ELQÂUQHKR YHNWRUD � WHPSOÂWX� 7HPSOÂW VD REQRYXMH Y ND�GRP LWHUDÉQRP NURNX SRPRFRX ELQÂUQHM

LQWHUSUHWÂFLH QDMOHS{LHKR FKURPR]ÔPX ] SUHGFKÂG]DMÛFHM LWHUÂFLH� 1D ]ÂYHU DOJRULWPX VD WHPSOÂW

SRX�LMH DNR YÞVWXSQÊ ULH{HQLH ]ÎVNDQÊ JHQHWLFNÞP DOJRULWPRP V P�FKURPR]ÔPDPL�
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3UÎNODG ���� ,PSOHPHQWXMWH JHQHWLFNÞ DOJRULWPXV SRG�D DOJRULWPX ���� SULÉRP PLHVWR FKURPR]ÔPRY VD

SRX�ÎYDMÛ �PHVV\� FKURPR]ÔP\ ] NDSWLWRO\ ���� 3RURYQDMWH ÛÉLQQRV~ WDNWR PRGLILNRYDQÊKR �PHVV\�

JHQHWLFNÊKR DOJRULWPX V RE\ÉDMPRX YHU]LRX JHQHWLFNÊKR DOJRULWPX�

���� 3DUDOHOQÞ JHQHWLFNÞ DOJRULWPXV

*HQHWLFNÞ DOJRULWPXV WDN DNR ERO SUH]HQWRYDQÞ Y NDSLWROH ��� MH VHNYHQÉQÞ DOJRULWPXV� 9

OLWHUDWÛUH H[LVWXMH PQRKR YHU]LÎ W]Y� SDUDOHOQÊKR JHQHWLFNÊKR DOJRULWPX �3*$� >��@� Y NWRUÞFK MH

SRSXOÂFLD UR]GHOHQÂ QD SRGSRSXOÂFLH� SULÉRP HYROÛFLD SUHELHKD �QH]ÂYLVOH� QDG WÞPLWR

SRGSRSXOÂFLDPL� W�M� PHG]L QLPL GRFKÂG]D N REÉDVQHM VWRFKDVWLFNHM LQWHUDNFLL Y UÂPFL NWRUHM VL Y\PHQLD

FKURPR]ÔP\� 2EY\NOH� WLHWR SDUDOHOQÊ YHU]LH VÛ SUH]HQWRYDQÊ �D WLH� DM DSOLNRYDQÊ� DNR VSÕVRE

GLYHU]LILNÂFLH D LQWHQ]LILNÂFLH JHQHWLFNÊKR DOJRULWPX�

1HFK SRSXOÂFLD 3 MH UR]GHOHQÊ QD Y]ÂMRPQH GLVMXQNWQÊ SRGSRSXOÂFLH

3 3 3 3
0

= ∪ ∪ ∪
� �

��� ������

2EY\NOH VD N WRPXWR UR]NODGX GHILQXMH H{WH W]Y� WRSROÔJLD� NWRUÂ SRSLVXMH VXVHGRY GDQHM SRGSRSXOÂFLH�

)RUPÂOQH� WÂWR WRSROÔJLD UR]NODGX ������ MH GHILQRYDQÂ SRPRFRX QHRULHQWRYDQÊKR VÛYLVOÊKR JUDIX�

NWRUÞ REVDKXMH 0 YUFKRORY � SRGSRSXOÂFLÎ� $N GYD YUFKRO\ VÛ VSRMHQÊ KUDQRX� SRWRP KRYRUÎPH� �H

SRGSRSXOÂFLH VÛ VXVHGQÊ �SR]UL REU� ������ 9 SUÎSDGH� �H QHXYD�XMHPH VXVHGQRV~ PHG]L

SRGSRSXOÂFLDPL� EXGHPH IRUPÂOQH SUHGSRNODGD~� �H JUDI MH ÛSOQÞ� W�M� ND�GÞ YUFKRO VXVHGÎ V RVWDWQÞPL

YUFKROPL�

2EUÂ]RN ����� 6FKHPDWLFNÊ ]QÂ]RUQHQLH �GLVMXQNWQÊKR� UR]NODGX SRSXOÂFLH 3 QD SRGSRSXOÂFLH

3��3������30 � 3 3�∪3�∪���∪30 D 3L∩3M ∅� SUH L≠M� 'LDJUDP $ ]QÂ]RUÓXMH WDNÞ UR]NODG � NGH ND�GÂ

SRGSRSXOÂFLD PÂ SUÂYH GYRFK VXVHGRY� �SUDYÊKR� D ��DYÊKR�� 'LDJUDP % ]QÂ]RUÓXMH WDNÞ UR]NODG

SRSXOÂFLH� �H ND�GÂ SRGSRSXOÂFLD PÂ SUÂYH {W\URFK VXVHGRY� �SUDYÊKR� D ��DYÊKR� D �GROQÊKR� D

�KRUQÊKR�� =YROHQÊ �WRURLGRYVNÊ� WRSROÔJLH �' �GLDJUDP $� D �' �GLDJUDP %� EROL ]YROHQÊ WDN� DE\

QHH[LVWRYDOL �RNUDMRYÊ� HIHNW\� W�M� ND�GÂ SRGSRSXOÂFLD PDOD URYQDNÞ SRÉHW VXVHGRY�
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-HGQRGXFKÂ YHU]LD SDUDOHOQÊKR JHQHWLFNÊKR DOJRULWPX VSRÉÎYD Y WRP� �H SUH ND�GÛ

SRGSRSXOÂFLX SUHELHKD QH]ÂYLVOÂ HYROÛFLD� SULÉRP V XUÉLWRX PDORX SUDYGHSRGREQRV~RX VL

SRGSRSXOÂFLH Y\PHQLD FKURPR]ÔP\ �SR]UL $OJRULWPXV ������ 9ÞPHQD FKURPR]ÔPRY MH Y DOJRULWPH

���� LPSOHPHQWRYDQÂ SRPRFRX SURFHGÛU\ H[FKDQJH�3D�3E�� 9ÞVOHGRN MHM DNWLYÂFLH QLH MH EOL�{LH

SRSÎVDQÞ� DNR SUÎNODG XYHGLHPH WÛWR PR�QÛ UHDOL]ÂFLX� 3RGSRSXOÂFLH 3D D 3E VÛ QÂKRGQH Y\EUDQÊ

WDN� DE\ EROL VXVHGQÊ� 9 SRSXOÂFLL 3D NYÂ]LQÂKRGQH Y\EHULHPH QDMOHS{Î FKURPR]ÔP� SRWRP WHQWR

Y\WHVQÎ Y SRSXOÂFLL 3E NYÂ]LQÂKRGQH Y\EUDQÞ QDMVODE{Î FKURPR]ÔP� $NW YÞPHQ\ FKURPR]ÔPRY PHG]L

GYRPD SRGSRSXOÂFLDPL MH SOQH VWRFKDVWLFNÞ D XVNXWRÉÓXMH VD V SUDYGHSRGREQRV~RX 3H[FK �

SURFHGXUH 2QHBJHQHUDWLRQ *$�LQSXW 3LQL� RXWSXW 3ILQ��

EHJLQ 3ILQ� ∅�

ZKLOH _3ILQ_�_3LQL_ GR

EHJLQ VHOHFW E\ URXOHWWH ZKHHOH WZR

FKURPRVRPHV α��α�∈3LQL�
LI UDQGRP�3UHSUR WKHQ

5HSURGXFWLRQ α α α α� � � �
� � �′ ′1 6 HOVH

EHJLQ ′ =α α� �
� � ′ =α α� �

� HQG�

3 3 �� �ILQ ILQ�= ∪ ′ ′α α; @�
HQG�

HQG�

$OJRULWPXV ����� 3URFHGÛUD SUH UHDOL]ÂFLX MHGQÊKR NURNX JHQHWLFNÊKR DOJRULWPX �SR]UL

$OJRULWPXV ������ 9VWXSQÂ SRSXOÂFLD 3LQL VD ]PHQÎ QD YÞVWXSQÛ SRSXOÂFLX 3ILQ�

SURFHGXUH 3DUDOOHOB*$�LQSXW WPD[� RXWSXW αRSW��

EHJLQ W� �� VWRSBFULWHULRQ� IDOVH�

IRU L� � WR 0 GR

3L� ^UDQGRPO\ JHQHUDWHG VXESRSXODWLRQ RI FKURPRVRPHV`�

ZKLOH �W�WPD[� DQG �QRW VWRSBFULWHULRQ� GR

EHJLQ W� W���

IRU L� � WR 0 GR

EHJLQ 2QHBJHQHUDWLRQ *$�3L�3
L��
3L� 3
L�

HQG�

LI UDQGRP�3H[FK WKHQ

EHJLQ UDQGRPO\ DUH VHOHFWHG WZR
VXESRSXODWLRQV 3D DQG 3E�
H[FKDQJH�3D�3E��

HQG�

LI FRQYHUJHQFH FULWHULD DUH VDWLILHG WKHQ

VWRSBFULWHULRQ� WUXH�

HQG�

αRSW� EHVW FKURPRVRPH RI DOO VXESRSXODWLRQV

^3��3������30`�

HQG�

$OJRULWPXV ����� 3VHXGRSDVFDORYVNÂ LPSOHPHQWÂFLD SDUDOHOQÊKR JHQHWLFNÊKR DOJRULWPX� $OJRULWPXV MH

LQLFLDOL]RYDQÞ QÂKRGQRX JHQHUÂFLRX SRGSRSXOÂFLÎ 3��3������30 � 9RQNDM{Î ZKLOH�F\NOXV VD RSDNXMH

SUHGSÎVDQÞ SRÉHW JHQHUÂFLÎ �WPD[� DOHER SRNLD� ERRORYVNÂ SUHPHQQÂ VWRSBFULWHULRQ SUHVWDQH PD~

KRGQRWX �IDOVH� � 9R YQÛWUL WRKWR F\NOX� VHSDUÂWQH SUH ND�GÛ SRGSRSXOÂFLX VD UHDOL]XMH SURFHV MHGQHM

JHQHUÂFLH� Y NWRURP DNWXÂOQD SRGSRSXOÂFLD VD UHSURGXNÉQÞP SURFHVRP �SR]UL $OJRULWPXV ����� ]PHQÎ QD

QRYÛ SRGSRSXOÂFLX� 6WRFKDVWLFN\ VD UHDOL]XMH �V SUDYGHSRGREQRV~RX 3H[FK� YÞPHQD FKURPR]ÔPRY PHG]L

GYRPD QÂKRGQH Y\EUDQÞPL SRGSRSXOÂFLDPL � 9 WRPWR ERGH H[LVWXMÛ YH�NÊ RGFKÞON\ PHG]L UÕ]Q\PL

LPSOHPHQWÂFLDPL SDUDOHOQÊKR JHQHWLFNÊKR DOJRULWPX� 9 SUÎSDGH� �H UR]NODG SRSXOÂFLH QD SRGSRSXOÂFLH MH

�{WUXNWÛURYDQÞ� �SR]UL REU� ������ SRWRP SRGSRSXOÂFLH 3D D 3E VÛ VXVHGQÊ� $NWLYÂFLD SURFHGÛU\

H[FKDQJH�3D�3E�PÂ ]D YÞVOHGRN� �H SRGSRSXOÂFLH VL Y\PHQLD FKURPR]ÔP\�
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/LWHUDWÛUD

>�@ &K� 'DUZLQ� 'DUZLQÚY SÚYRG GUXKÚ Y LOXVWUDFÎFK� 3DQRUDPD� 3UDKD �����

>�@ 6� :ULJKW� (YROXWLRQ RI 0HQGHOLDQ 3RSXODWLRQV� *HQHWLFV �� ������ LQ ���

>�@ -�+� +ROODQG� $GDSWDWLRQ LQ 1DWXUDO DQG $UWLILFLDO 6\VWHPV� 7KH 8QLYHUVLW\ RI 0LFKLJDQ 3UHVV�

$QQ $UERU� 0,� �����

>�@ '�(� *ROGEHUJ� *HQHWLF $OJRULWKPV LQ 6HDUFK� 2SWLPL]DWLRQ� DQG 0DFKLQH /HDUQLQJ� $GGLVRQ

:HVOH\� 5HDGLQJ� 0$� �����

>�@ 0� 0LWFKHO� $Q LQWURGXFWLRQ WR *HQHWLF $OJRULWKPV� 0,7 3UHVV� %RVWRQ� 0$� �����

>�@ 1� :LUWK� $OJRULWP\ D {WUXNWÛU\ ÛGDMRY� $OID� %UDWLVODYD �����

>�@ 7� %ÅFN� (YROXWLRQDU\ $OJRULWKPV LQ 7KHRU\ DQG 3UDFWLFH� 2[IRUG 8QLYHUVLW\ 3UHVV� 1HZ <RUN

�����

>�@ 5�)� +DUWO� $ *OREDO &RQYHUJHQFH 3URRI IRU D &ODVV RI *$V� 7HFKQLVFKH 8QLYHUVLWÅW :LHQ� �����

>�@ $�(� (LEHQ� (�+�/� $DUWV� .�0� 9DQ +HH� *OREDO &RQYHUJHQFH RI *$V� $Q ,QILQLWH 0DUNRY &KDLQ

$QDO\VLV� ,Q 3DUDOOHO 3UREOHP 6ROYLQJ IURP 1DWXUH ,� /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH� 9RO�

���� 6SULQJHU 9HUODJ� %HUOLQ� ����� �(G� E\ +�3� 6FKZHIHO DQG 5� 0ÅQQHU��

>��@ '�(� *ROGEHUJ� %� .RUE� .� 'HE� 0HVV\ *HQHWLF $OJRULWKPV� 0RWLYDWLRQV� $QDO\VLV� DQG )LUVW

5HVXOWV� &RPSOH[ 6\VWHPV � ������ ����

>��@ '�(� *ROGEHUJ� .� 'HE� %� .RUE� 0HVV\ *HQHWLF $OJRULWKPV 5HYLVLWHG� 1RQXQLIRUP 6L]H DQG

6FDOH� &RPSOH[ 6\VWHPV � ������ ����

>��@ (� &DQWX�3D]� $ 6XUYH\ RI 3DUDOOHO *$V ������ ,OOLQRLV *HQHWLF $OJRULWKPV /DERUDWRU\�

8QLYHUVLW\ RI ,OOLQRLV DW 8UEDQD�&KDPSDLJQ� $YDLODEOH DW DQRQ\PRXV IWS VHUYHU IWS�
LOOLJDO�JH�XLXF�HGX�SXE�SDSHUV�,OOLJDOV�������SV�=


