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��� »YRGQÊ SR]QÂPN\

1D SUHORPH ���WÞFK D ���WÞFK URNRY DPHULFNÞ LQIRUPDWLN -RKQ .R]D >���@ �6WDQIRUG 8QLYHUVLW\�
QDYUKRO RULJLQÂOQX PRGLILNÂFLX JHQHWLFNÊKR DOJRULWPX� NWRUÛ QD]YDO JHQHWLFNÊ SURJUDPRYDQLH�
9 WRPWR SUÎVWXSH VÛ FKURPR]ÔP\ � ]QDNRYÊ UH~D]FH QDKUDGHQÊ ]OR�LWHM{ÎPL {WUXNWÛUDPL �
IXQNFLDPL� ©R VD UR]XPLH SRG SRMPRP �IXQNFLD�" 9 QDMMHGQRGXFK{HM YHU]LL JHQHWLFNÊKR
SURJUDPRYDQLD VD IXQNFLH URYQDMÛ YÞUD]RP REVDKXMÛFLP SUHPHQQÊ� NRQ{WDQW\� ]ÂNODGQÊ
DULWPHWLFNÊ RSHUÂFLH D HOHPHQWÂUQH IXQNFLH� -HGQRGXFKÂ IXQNFLD �[∗���[�� MH UHSUH]HQWRYDQÂ
SRPRFRX V\QWDNWLFNÊKR VWURPX �SDUVH WUHH�

NGH KRUQÞ YUFKRO �SULUDGHQÞ RSHUÂFLL QÂVREHQLD� VD QD]ÞYD NRUHÓ VWURPX� ,QWHUSUHWÂFLD WRKWR
V\QWDNWLFNÊKR VWURPX MH MHGQRGXFKÂ� SRVWXSXMÛF ]GROD�QDKRU� RG NRQFRYÞFK YUFKRORY NX
NRUHÓX VWURPX� SRVWXSQH VD Y\NRQÂYD YÞSRÉHW IXQNFLH �[∗���[��� 3UYÞ SUREOÊP� NWRUÞ PXVÎPH
ULH{L~ Y UÂPFL JHQHWLFNÊKR SURJUDPRYDQLD� MH VSÕVRE Y\KRGQRWHQLD FKURPR]ÔPX � VWURPX�
7RWR Y\KRGQRWHQLH MH IRUPÂOQH FKÂSDQÊ DNR IXQNFLD \ W�[� SULUDÐXMÛFD QH]ÂYLVOHM SUHPHQQHM
�YVWXS� [ ]ÂYLVOÛ SUHPHQQÛ �YÞVWXS� \� 9 QD{RP SUÎNODGH MH WÂWR IXQNFLD XUÉHQÂ YÞUD]RP
W�[� [∗���[�� 1HFK $ ^�[L�\L�� L ��������S` MH WUÊQLQJRYÂ PQR�LQD REVDKXMÛFD S ERGRY �[L�\L��
1D{ÎP FLH�RP MH QÂMV~ WDNÛ IXQNFLX W�[� �UHSUH]HQWRYDQÛ V\QWDNWLFNÞP VWURPRP�� NWRUÂ
PLQLPDOL]XMH UR]GLHO �MHKR NYDGUÂW DOHER DEVROÛWQX KRGQRWX� Y\SRÉÎWDQÞFK D ]DGDQÞFK KRGQÕW
\ ] WUÊQLQJRYHM PQR�LQ\� 9 SUÎSDGH� �H MH WHQWR VÛÉHW QXORYÞ� IXQNFLD W�[� SUHVQH Y\VWLKXMH
ERG\ ] WUÊQLQJRYHM PQR�LQ\� 1ÂMV~ WDNÛ IXQNFLX VD QÂP QDMVNÕU QHSRGDUÎ� QR PÕ�HPH VD
SRNÛVL~ QÂMV~ WDNÛ IXQNFLX� SUH NWRUÛ EXGH WHQWR VÛÉHW ÉR QDMPHQ{Î� +�DGDQÛ IXQNFLX
Y\MDGUXMHPH SRPRFRX V\QWDNWLFNÞFK VWURPRY REVDKXMÛFLFK SUHGSÎVDQÊ W\S\ YUFKRORY� 7DNWR
IRUPXORYDQÂ ÛORKD MH YH�PL EOÎ]ND UHJUHVQHM DQDOÞ]H� NGH SUH GDQÛ WUÊQLQJRYÛ PQR�LQX ERGRY
D SUH GDQÞ W\S IXQNFLH K�DGÂPH WDNÊ SDUDPHWUH � NRHILFLHQW\ IXQNFLH� NWRUÊ PLQLPDOL]XMÛ
ÛÉHORYÛ IXQNFLX� 9 WRPWR SUÎSDGH MH �SULHVWRU� IXQNFLÎ SRGVWDWQH RKUDQLÉHQÞ� LFK WYDU VD PHQÎ
OHQ Y GÕVOHGNX ]PHQ\ SDUDPHWURY IXQNFLH� NWRUHM �IXQNFLRQÂOQ\� WYDU MH IL[QÞ� -RKQ .R]D
QD]YDO WDNÞWR ]RY{HREHFQHQÞ SUÎVWXS N UHJUHVLL V\PEROLFNÂ UHJUHVLD�

6\PEROLFNÂ UHJUHVLD MH OHQ MHGQD PR�QÂ LQWHUSUHWÂFLD JHQHWLFNÊKR SURJUDPRYDQLD� ,QÞ
SRK�DG QD JHQHWLFNÊ SURJUDPRYDQLH MH FKÂSDQLH IXQNFLH W�[� DNR �SURJUDPX� SUH VSUÂYDQLH VD
QHMDNÊKR REMHNWX Y SURVWUHGÎ� 7DN QDSUÎNODG� SRK\E URERWD Y SURVWUHGÎ PÕ�H E\~ XUÉHQÞ
IXQNFLRX \ W�[�� NGH [ VÛ YVWXSQÊ LQIRUPÂFLH �QDSU� ] 79 NDPHU\� R MHKR EOÎ]NRP RNROÎ D \ VÛ
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SUÎND]\ SUH MHKR PRWRULFNÊ ]DULDGHQLH� 1D{ÎP FLH�RP MH ]RVWURML~ WDNÛ IXQNFLX W�[�� NWRUÂ ÉR
QDMOHS{LH SRSLVXMH SRK\E URERWD �XPHOÊKR �LYRÉÎFKD� D MHKR ÛVSH{QRV~ Y SURVWUHGÎ� 9 WRPWR
SUÎSDGH X� QHPÕ�HPH KRYRUL~ R WUÊQLQJRYHM PQR�LQH $ DNR R PQR�LQH ERGRY YRSUHG ]DGDQHM�
»VSH{QRV~ GDQHM IXQNFLH W�[� MH GDQÂ ÛSH{QRV~RX URERWD Y SURVWUHGÎ SR XUÉLWRP YRSUHG GDQRP
SRÉWH NURNRY �QDSU� SRÉWRP NÛVNRY SRWUDY\� NWRUÊ QD]ELHUDO SUL SRK\EH Y SURVWUHGÎ SR Q

NURNRFK�� 9\{{LH XYHGHQÞ SRVWXS SUH RKRGQRWHQLH IXQNFLH I�[� MH YKRGQÞ SUH ULH{HQLH {LURNHM
WULHG\ SUREOÊPRY DGDSWÂFLH SRPRFRX JHQHWLFNÊKR SURJUDPRYDQLD� 0Õ�HPH WHGD NRQ{WDWRYD~�
�H SUÎVWXS JHQHWLFNÊKR SURJUDPRYDQLD MH YKRGQÞ N ULH{HQLX GYRFK WULHG SUREOÊPRY� D WR
V\PEROLFNHM UHJUHVLH D DGDSWÂFLH �DOHER XÉHQLD��

3UH ÛVSH{QÛ D KODYQH HIHNWÎYQX LPSOHPHQWÂFLX JHQHWLFNÊKR SURJUDPRYDQLD KUÂ
YÞ]QDPQÛ ÛORKX PHWÔGD NÔGRYDQLD VWURPRYÞFK {WUXNWÛU� -RKQ .R]D LPSOHPHQWRYDO JHQHWLFNÊ
SURJUDPRYDQLH Y MD]\NX /,63 �IXQNFLRQÂOQ\ ORJLFN\ RULHQWRYDQÞ MD]\N�� NWRUÞ PÂ VLOQÊ
SURJUDPRYDFLH SURVWULHGN\ SUH NÔGRYDQLH VWURPRY D PDQLSXOÂFLX V QLPL� 1DSULHN
MHGQRGXFKRVWL QDSÎVDQÞFK SURJUDPRY Y /,63�H� LFK HIHNWÎYQRV~ MH QHRE\ÉDMQH PDOÂ� UHÂOQH
DSOLNÂFLH Y\�DGXMÛ SUDFRYQÊ VWDQLFH ULVFRYVNÊKR W\SX� 1D SUYÞ SRK�DG ]GÂ VD� �H JHQHWLFNÊ
SURJUDPRYDQLH MH WDN ]OR�LWÂ DSOLNÂFLD� NWRUÂ D�SULRUL Y\�DGXMH SUDFRYQÊ VWDQLFH ULVFRYVNÊKR
W\SX D NWRUÂ QD SRÉÎWDÉRFK WULHG\ 3& QLH MH �DOHER OHQ YH�PL REWLD�QH� UHDOL]RYDWH�QÂ� 9 ÐDO{HM
ÉDVWL WHMWR NDSLWROH XNÂ�HPH MHGQRGXFKÞ VSÕVRE NÔGRYDQLD VWURPRYÞFK {WUXNWÛU SRPRFRX W]Y�
5HDGRYKR OLQHÂUQHKR NÔGX D QD]QDÉÎPH MHKR LPSOHPHQWÂFLX Y SVHXGRSDVFDOH� -HKR YÞKRGRX
SUHG IXQNFLRQÂOQ\PL MD]\NPL MH� �H XPR�ÓXMH LPSOHPHQWRYD~ JHQHWLFNÊ SURJUDPRYDQLH
SRPRFRX {WDQGDUGQÞFK SURFHGXUÂOQ\FK MD]\NRY �3DVFDO� &�&��� )RUWUDQ� DWÐ�� QD SRÉÎWDÉRFK
WULHG\ 3&� SULÉRP YÞVOHGQÞ NÔG MH GRVWDWRÉQH HIHNWÎYQ\� WDN�H DM QHWULYLÂOQH DSOLNÂFLD VÛ
UHDOL]RYDWH�QÊ�

��� .RUHÓRYÊ VWURP\ D 5HDGRY OLQHÂUQ\ NÔG

1HFK * �9�(� MH VWURP �VÛYLVOÞ DF\NOLFNÞ JUDI >�@�� NGH 9 ^Y��Y������YS` MH QHSUÂ]GQD YUFKRORYÂ

PQR�LQD D ( ^H��H������HT` MH KUDQRYÂ PQR�LQD� SR]UL REU� ���� .DUGLQDOLW\ WÞFKWR GYRFK PQR�ÎQ
VÛ QDY]ÂMRP Y]WLDKQXWÊ IRUPXORX

9 (= + � �����

1HFK Y∈9 MH YUFKRO VWURPX *� YDOHQWQRV~ WRKWR YUFKROX� R]QDÉHQÂ YDO�Y�� MH
QH]ÂSRUQÊ FHOÊ ÉÎVOR� NWRUÊ XUÉXMH SRÉHW KUÂQ LQFLGHQWQÞFK V YUFKRORP Y� 6XPD YDOHQFLÎ
Y{HWNÞFK YUFKRORY VSÆÓD SRGPLHQNX >�@
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2EUÂ]RN ��� � 'LDJUDPDWLFNÂ UHSUH]HQWÂFLD VWURPX �$� D NRUHÓRYÊKR VWURPX �%�� $N MHGHQ YUFKRO Y VWURPH MH

RGOÎ{HQÞ RG RVWDWQÞFK YUFKRORY� SRWRP VWURP VD QD]ÞYD NRUHÓRYÞ VWURP D RGOÎ{HQÞ YUFKRO VD QD]ÞYD NRUHÓ�
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.RUHÓRYÞ VWURP MH VWURP� NWRUÞ PD MHGHQ YUFKRO {SHFLÂOQH RGOÎ{HQÞ RG RVWDWQÞFK YUFKRORY�

WHQWR YUFKRO VD QD]ÞYD NRUHÓ �SR]UL REU� ���� GLDJUDP %�� .RUHÓRYÞ VWURP MH IRUPÂOQH XUÉHQÞ

DNR XVSRULDGDQÂ WURMLFD

7 = 9 ( Y� �0 5 �����

NGH Y∈9 MH NRUHÓ� 'YD NRUHÓRYÊ VWURP\ 7 = 9 ( Y� �0 5 D ′ = ′ ′ ′7 9 ( Y� �0 5 VÛ L]RPRUIQÊ >�@

YWHG\ D OHQ YWHG\� DN H[LVWXMH WDNÊ ��� ]REUD]HQLH φ�9 9→ ′ �7 7≈ ′ � � NWRUÊ ]DFKRYÂYD

VXVHGQRV~ YUFKRORY D ]REUD]XMH NRUHÓ VWURPX 7 QD NRUHÓ VWURPX 7
� W�M� φ�Y� Y
�

3UÎNODG ���� 'RNÂ�WH Y]~DK\ ������ D ������

1HFK 7L MH PQR�LQD REVDKXMÛFD Y{HWN\ PR�QÊ NRUHÓRYÊ VWURP\� NWRUÊ VÛ ]OR�HQÊ ] L

YUFKRORY� SR]UL REU� ���� =MHGQRWHQLH WÞFKWR PQR�ÎQ

7 7 7= ∪ ∪
� �

��� �����

REVDKXMH Y{HWN\ PR�QÊ QHL]RPRUIQÊ NRUHÓRYÊ VWURP\� 1HFK NRUHÓRYÞ VWURP ] 7 MH

RKRGQRWHQÞ UHÂOQ\P ÉÎVORP

W 5�7 → �����

7ÂWR IXQNFLD RKRGQRWÎ ND�GÞ NRUHÓRYÞ VWURP UHÂOQ\P ÉÎVORP� NWRUÊ QD]ÞYDPH LQGH[� Y\MDGUXMH
Y XUÉLWRP SULEOÎ�HQÎ �WRSROÔJLX� NRUHÓRYÊKR VWURPX� 3R�DGRYDQÂ KRGQRWD LQGH[X QHFK MH
R]QDÉHQÂ WUHT � SRWRP PÕ�HPH GHILQRYD~ ÛÉHORYÛ IXQNFLX WDNWR

I W WUHT7 70 5 0 5= −_ _ �����

»ÉHORYÂ IXQNFLD XUÉXMH RGFKÞONX Y\SRÉÎWDQÊKR LQGH[X W�7� RG SR�DGRYDQHM KRGQRW\ WUHT � $N MH
KRGQRWD ÛÉHORYHM IXQNFLH QXORYÂ� SRWRP LQGH[ W�7� MH URYQÞ SR�DGRYDQHM KRGQRWH � 1XORYÂ
KRGQRWD ÛÉHORYHM IXQNFLH RGSRYHGÂ JOREÂOQHPX PLQLPX QDG SULHVWRURP Y{HWNÞFK PR�QÞFK
NRUHÓRYÞFK VWURPRY� RGSRYHGDMÛFL NRUHÓRYÞ VWURP DNR ULH{HQLH QDVOHGXMÛFHKR
PLQLPDOL]DÉQÊKR SUREOÊPX
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NGH YÞVOHGQÞ NRUHÓRYÞ VWURP 7RSW RGSRYHGÂ WDNÊPX NRUHÓRYÊPX VWURPX� NWRUÞ PLQLPDOL]XMH

ÛÉHORYÛ IXQNFLX QDG FHOÞP SULHVWRURP NRUHÓRYÞFK VWURPRY 7�

0HWÔGD 5HDGRYKR OLQHÂUQHKR NÔGRYDQLH NRUHÓRYÞFK VWURPRY MH ÉDVWR SRX�ÎYDQÂ Y

WHÔULL JUDIRY SUH NRQ{WUXNWÎYQX HQXPHUÂFLX VWURPRYÞFK {WUXNWÛU >���@� 9 SRVOHGQHM GREH EROD

WLH� SRX�LWÂ SUH NÔGRYDQLH VWURPRY SUH SRWUHE\ WDNHM LFK NRQ{WUXNFLH� DE\ PDOL SR�DGRYDQÊ

YODVWQRVWL >�@�

5HDGRY NÔG SUH NRUHÓRYÊ VWURP\ MH UH~D]HF �VHNYHQFLD� FHOÞFK ÉÎVHO� NWRUÊ VÛ

SULUDGHQÊ EXÐ YDOHQFLL NRUHÓD DOHER YDOHQFLL ]QÎ�HQHM R MHGQRWNX SUH RVWDWQÊ YUFKRO\ �SR]UL

REU� ����� /LQHÂUQ\ NÔG NRUHÓRYÊKR VWURPX 7 EXGH R]QDÉHQÞ FRGH�7 �� DN VWURP 7 REVDKXMH

MHGHQ YUFKRO �SR]UL NRUHÓRYÞ VWURP QD REU� � SDWULDFL GR PQR�LQ\ 7�� � SRWRP MHKR NÔG MH

2EUÂ]RN ���� 3UYÊ {W\UL PQR�LQ\ 7��7� � NWRUÊ REVDKXMÛ Y{HWN\ PR�QÊ

QHL]RPRUIQÊ NRUHÓRYÊ VWURP\ V SRÉWRP YUFKRORY � D� ��
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FRGH�7� 
�
� lWXGXMPH NRUHÓRYÞ VWURP REVDKXMÛFL GYD DOHER YLDF YUFKRORY D SUHGSRNODGDMPH�
�H MHKR NRUHÓ MH LQFLGHQWQÞ V U KUDQDPL� RGVWUÂQHQÎP NRUHÓD ]R VWURPX GRVWDQHPH W]Y�
VWURP\ SUYHM JHQHUÂFLH� 7LHWR VWURP\ SUYHM JHQHUÂFLH VÛ ]QRYX XYD�RYDQÊ DNR NRUHÓRYÊ
VWURP\� NRUHÓ MH LGHQWLILNRYDQÞ V YUFKRORP� NWRUÞ ERO VXVHGQÞ V NRUHÓRP SÕYRGQÊKR VWURPX�
1HFK Y]QLNOÊ NRUHÓRYÊ VWURP\ VÛ R]QDÉHQÊ 7�� 7�� ���� 7U� SRWRP 5HDGRY NÔG SÕYRGQÊKR
VWURPX 7 MH GHILQRYDQÞ Y]~DKRP

FRGH FRGH FRGH FRGH7 7 7 70 5 1 6 1 6 1 6= + + + +
 ���U
 U� �
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NGH 
�
 UHSUH]HQWXMH RSHUÂFLX ]UH~D]HQLD� $N SUDYÂ VWUDQD ����� REVDKXMH NRUHÓRYÞ VWURP
REVDKXMÛFL GYD DOHER YLDF YUFKRORY� SRWRP MHKR NÔG MH XUÉHQÞ IRUPXORX DQDORJLFNRX IRUPXOH
������ WÂWR SURFHGÛUD VD UHNXU]ÎYQH RSDNXMH D� GR YWHG\� �H Y\VN\WXMÛFH VD NRUHÓRYÊ VWURP\
REVDKXMÛ OHQ MHGHQ YUFKRO �LFK NÔG\ VÛ MHGQRGXFKR XUÉHQÊ UH~D]FDPL 
�
�� 9ÞVOHGQÞ NÔG

FRGH�7� PÂ WYDU UH~D]FX � SRVWXSQRVWL α = α α α
� �
� ���� � S3 8 , MHKR GÆ�ND MH R]QDÉHQÂ α = S .

3UÎNODG ���� =RVWURMWH 5HDGRY NÔG SUH QLHNR�NR QÂKRGQH Y\EUDQÞFK NRUHÓRYÞFK VWURPRY�

=ÂNODGQÞ SUREOÊP SUH HIHNWÎYQRV~ 5HDGRYKR NÔGX MH W]Y� DQDOÞ]D �SDUVLQJ� NÔGX�

NWRUÂ VSRÉÎYD Y MHGQR]QDÉQRP SUHNODGH NÔGX GR WYDUX Y NWRURP YUFKRO\ D KUDQ\ JUDIX VÛ

LGHQWLILNRYDQÊ� . WRPXWR EXGH SRX�LWÞ MHGQRGXFKÞ EDFN�WUDFN DOJRULWPXV� NWRUÞ ]RVWURMÎ

SRVWXSQH W]Y� FHONRYÛ Y\FKÂG]NX �VSDQQLQJ ZDON�� 7ÂWR FHONRYÂ Y\FKÂG]ND QDY{WÎYL ND�GÛ

KUDQX GYDNUÂW �Y RSDÉQÞFK VPHURFK�� SULÉRP SRÉLDWRÉQÞ D NRQHÉQÞ ERG WHMWR Y\FKÂG]N\ MH

NRUHÓ� SR]UL DOJRULWPXV ��� D REU� ����

1LHNR�NR SR]QÂPRN N MHGQR]QDÉQRVWL 5HDGRYKR NÔGX� $NR Y\SOÞYD ] Y\{{LH XYHGHQHM

NRQ{WUXNFLH NÔGX� WÂWR PÕ�H E\~ UHDOL]RYDQÂ PQRKÞPL VSÕVREPL� W�M� NRUHÓRYÞ VWURP 7 MH

UHSUH]HQWRYDQÞ PQRKÞPL NÔGPL� ,QÂÉ SRYHGHQÂ� GYD UÕ]QH NÔG\ PÕ�X UHSUH]HQWRYD~

NRUHÓRYÊ VWURP\� NWRUÊ VÛ L]RPRUIQÊ� 7RWR RKUDQLÉHQLH 5HDGRYKR NÔGX MH MHGQRGXFKR

RGVWUÂQLWH�QÊ WDN� �H IRUPXOD ����� MH DSOLNRYDQÂ WDN� �H SUÎVOX{QÊ �SRGNÔG\� VÛ XVSRULDGDQÊ

SUHG LFK ]UH~D]HQÎP GR QHUDVWÛFHM DOHER QHNOHVDMÛFHM SRVWXSQRVWL� 7ÞPWR MHGQRGXFKÞP

VSÕVRERP ]ÎVNDPH W]Y� NDQRQLFNÞ 5HDGRY NÔG� NWRUÞ PÂ WÛ YODVWQRV~� �H DN GYD NDQRQLFNÊ

NÔG\ VÛ UÕ]QH� SRWRP RGSRYHGDMÛFH NRUHÓRYÊ VWURP\ VÛ QHL]RPRUIQÊ� 9 QD{LFK ÐDO{ÎFK

ÛYDKÂFK QHEXGHPH SRX�ÎYD~ NDQRQLFNÞ 5HDGRY NÔG� SUH SRWUHE\ JHQHWLFNÊKR SURJUDPRYDQLD

MH SOQH SRVWDÉXMÛFL RE\ÉDMQÞ 5HDGRY NÔG�

3UÎNODG ���� 3UH NRUHÓRYÊ VWURP\ ] SUÎNODGX ��� UHDOL]XMHWH LQGH[RYDQLH YUFKRORY SRPRFRX

DOJRULWPX ����

2EUÂ]RN �� �� .RQ{WUXNFLD 5HDGRYKR OLQHÂUQHKR NÔGX � 'LDJUDP $ ]QÂ]RUÓXMH NRUHÓRYÞ VWURP QD

NWRURP MH ND�GÞ YUFKRO RKRGQRWHQÞ FHOÞP QH]ÂSRUQÞP ÉÎVORP� NWRUÊ MH EXÐ YDOHQFLRX YUFKROX DOHER

YDOHQFLRX ]QÎ�HQRX R MHGQRWNX SUH RVWDWQÊ YUFKRO\� 9ÞVOHGQÞ 5HDGRY NÔG MH ]RVWURMHQÞ QD GLDJUDPH %

WDN� �H LGÛF SRVWXSQH ]GROD�QDKRU VSÂMDPH RKRGQRWHQLH GDQÊKR YUFKROX D NÔG\ QL�{ÎFK YUFKRORY�

.RUHÓRYÞ VWURP MH UHSUH]HQWRYDQÞ NÔGRP� NWRUÞ MH SULUDGHQÞ NRUHÓX�
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2EUÂ~PH WHUD] QD{X SR]RUQRV~ QD SUREOÊP ]D DNÞFK SRGPLHQRN SRVWXSQRV~ S

QH]ÂSRUQÞFK FHOÞFK ÉÎVHO MH SULUDGHQÂ 5HDGRYPX NÔGX� 7DNÂWR SRVWXSQRV~ VD QD]ÞYD

JUDIRYÂ� DN H[LVWXMH NRUHÓRYÞ VWURP REVDKXMÛFL S YUFKRORY� NWRUÊKR 5HDGRY NÔG MH WRWR�QÞ V

SRVWXSQRV~RX�

'UXKÂ YODVWQRV~ ����E� PÕ�H E\~ MHGQRGXFKR GRNÂ]DQÂ SRX�LWÎP Y]~DKX ������ 7ÂWR

YHWD PÂ YH�NÞ YÞ]QDP SUH QÂKRGQÛ JHQHUÂFLX NRUHÓRYÞFK VWURPRY D SUH K�DGDQLH

SRGVWURPRY Y NRUHÓRYÞFK VWURPRFK� ÉR VÛ GÕOH�LWÊ RSHUÂFLH SUH MHGQRGXFKÛ LPSOHPHQWÂFLX

PXWÂFLD D NUÎ�HQLD QDG VWURPDPL�

SURFHGXUH 3DUVLQJB&RGH�LQSXW�α� RXWSXW�9�(��
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$OJRULWPXV ���� 3VHXGRSDVFDORYVNÂ LPSOHPHQWÂFLD DQDOÞ]\ 5HDGRYKR
OLQHÂUQHKR NÔGX� NWRUÞ Y\KRYXMH SRGPLHQNDP ����D�E�� W�M� N DQDO\]RYDQÊPX NÔGX
H[LVWXMH NRUHÓRYÞ VWURP� 9ÞVWXSQÊ SDUDPHWUH 9 D ( VÛ YUFKRORYÂ UHVS� KUDQRYÂ
PQR�LQD� +ÆEND EDFN�WUDFN DOJRULWPX MH XUÉHQÂ FHORÉÎVHOQRX SUHPHQQRX G�
$OJRULWPXV SRVWXSQH QDY{WÎYL Y{HWN\ YUFKRO\ NRUHÓRYÊKR VWURPX� SR]UL REU� ����
3R XNRQÉHQÎ DOJRULWPX PQR�LQ\ 9 D ( REVDKXMÛ Y{HWN\ YUFKRO\ UHVS� KUDQ\�
SULÉRP NRUHÓ MH LQGH[RYDQÞ ��

2EUÂ]RN ���� %DFN�WUDFN NRQ{WUXNFLD FHONRYHM Y\FKÂG]N\ NRUHÓRYÊKR VWURPX� NWRUÂ
]DÉÎQD D NRQÉÎ Y NRUHQH� 9UFKRO\ VÛ LQGH[RYDQÊ SRVWXSQH WDN� DNR VÛ QDY{WHYRYDQÊ
Y\FKÂG]NRX�

9HWD ���� >���@� 1XWQÊ D SRVWDÉXMÛFH SRGPLHQN\ N WRPX� DE\ SRVWXSQRV~

QH]ÂSRUQÞFK FHOÞFK ÉÎVHO α α α
� �

� ��� ���� � � � ����S
S3 8 : ?∈ EROD JUDIRYÂ �W�M�

H[LVWXMH NRUHÓRYÞ VWURP V URYQDNÞP NÔGRP� VÛ

α L

L

M

M M S

=
∑ ≥ = −

�

�� �� ���� �1 6 ����D�

α L

L

S

S= −
=

∑ �

�

����E�



�

3UÎNODG ���� 3RPRFRX REU� ��� QÂKRGQH Y\JHQHUXMWH QLHNR�NR NÔGRY D SULUDGWH LP NRUHÓRYÊ

VWURP\�

3UÎNODG ���� 1ÂKRGQH Y\JHQHUXMWH NÔG\ SRPRFRX QHURYQRVWÎ ������ D YHULILNXMWH LFK SRPRFRX

JUDIX QD REU� ����

'HILQXMPH UHNXUHQWQH WLHWR YHOLÉLQ\

G S
�

�= − �����D�

G G M SM M M= − =− −� �
� �α � ���� �1 6 �����E�

NWRUÊ RKUDQLÉXMÛ ]KRUD NRPSRQHQW\ NÔGX α α α
� �
� ���� � S3 8

�≤ ≤ = −α M M MG G S MLI3 8 �����D�

2EUÂ]RN ���� 'LDJUDPDWLFNÊ ]QÂ]RUQHQLH SRGPLHQRN ����D�E�� MHGQRWOLYÊ NRPSRQHQW\ NÔGX
������������� VÛ LQWHUSUHWRYDQÊ DNR GÆ�N\ YHUWLNÂOQ\FK ÉDVWÎ KUXEHM ORPHQHM ÉLDU\�
3UHUX{RYDQÂ ÉLDUD Y\MDGUXMH QHURYQRVWL ����D�E�� KUXEÂ ÉLDUD PXVÎ OH�D~ QDG WRXWR ÉLDURX�

3URFHGXUH *HQHUDWLRQB&RGH�RXWSXW�S�α��
EHJLQ S� SPLQ�UDQGRP�SPD[�SPLQ����

α
�
� ��UDQGRP�S���� G

�
� S���

IRU M� � WR S�� GR

EHJLQ G
M
� G

M��
�αL ��

LI G
M
 S�M WKHQ α

M
� ��UDQGRP�G

M
�

HOVH α
M
� UDQGRP�G

M
����

HQG�

α
S
� ��

HQG�

$OJRULWPXV ���� 3VHXGRSDVFDORYVNÂ LPSOHPHQWÂFLD QÂKRGQHM JHQHUÂFLH
5HDGRYKR OLQHÂUQHKR NÔGX GÆ�N\ S� NWRUÞ MH DXWRPDWLFN\ JUDIRYÞ� W�M� Y\KRYXMH
SRGPLHQNDP ����D�E�� )XQNFLD UDQGRP�,� MH QÂKRGQÞ JHQHUÂWRU FHOÞFK
ÉÎVHO ] X]DYUHWÊKR LQWHUYDOX >��,��@� $OJRULWPXV MH ]DOR�HQÞ QD
SRGPLHQNDFK ���������� 'Æ�ND JHQHURYDQÊKR NÔGX MH RKUDQLÉHQÂ
SRGPLHQNDPL SPLQ≤S≤SPD[�



�

� ≤ ≤ < −α M M MG G S MLI3 8 �����E�

SUH M ��������S� 7LHWR RKUDQLÉXMÛFH SRGPLHQN\ VÛ YH�PL YÞKRGQÊ SUH QÂKRGQÛ JHQHUÂFLX
5HDGRYÞFK NÔGRY WDN� DE\ SRGPLHQN\ ����D�E� EROL VSOQHQÊ� SR]UL REU� ���� ,PSOHPHQWÂFLD
QÂKRGQHM JHQHUÂFLH 5HDGRYÞFK OLQHÂUQ\FK NÔGRY MH Y\MDGUHQÂ SRPRFRX DOJRULWPX ����

3UH PR�QRV~ SRX�LWLD NÔGRYDQLD NRUHÓRYÞFK VWURPRY SRPRFRX 5HDGRYKR SUÎVWXSX Y
UÂPFL HYROXÉQÞFK DOJRULWPRY MH SRWUHEQÊ LPSOHPHQWRYD~ Y UÂPFL WRKWR SUÎVWXSX RSHUÂFLH
PXWÂFLH D NUÎ�HQLD >���@� 2SHUÂFLD PXWÂFLH SULUDGÎ VWRFKDVWLFN\ NRUHÓRYÊPX VWURPX LQÞ
NRUHÓRYÞ VWURP� SULÉRP RED VWURP\ PÕ�X PD~ UÕ]Q\ SRÉHW YUFKRORY �REY\NOH RKUDQLÉHQÊ
LQWHUYDORP >SPLQ�SPD[@�� $N VWDUÞ D QRYÞ OLQHÂUQ\ NÔG VÛ R]QDÉHQÊ α D α
 � SRWRP PXWÂFLX
IRUPÂOQH SÎ{HPH DNR RSHUÂWRU WUDQVIRUPXMÛFL UH~D]HF α QD UH~D]HF α


′ =α α2PXW 0 5 ������

NGH α α� �PLQ PD[′ ∈ S S � 3RG�D .R]X >�@ PXWÂFLD NRUHÓRYÊKR VWURPX MH UHDOL]RYDQÂ WDN� �H

Y SUYRP NURNX VD QÂKRGQH Y\EHULH QHNRUHÓRYÞ YUFKRO D SUÎVOX{QÞ SRGVWURP VD QDKUDGÎ LQÞP
SRGVWURPRP QÂKRGQH JHQHURYDQÞP� SR]UL REU� ����

$OWHUQDWÎYQD UHSUH]HQWÂFLD SURFHVX PXWÂFLH PÕ�H E\~ IRUPXORYDQÂ QDVOHGXMÛFLP
VSÕVRERP� 1HFK NÔG α MH UR]GHOHQÞ QD WUL SRGNÔG\� α α α α=

� � �
� �1 6 � NGH SRGNÔG  α�

RGSRYHGÂ QHMDNÊPX SRGVWURPX VWURPX Y\MDGUHQÊPX NÔGRP α� SR]UL REU� ��� D ���� 3RGNÔG
α� MH QDKUDGHQÞ QRYÞP QÂKRGQÊ JHQHURYDQÞP SRGNÔGRP ′α

�
� SRWRP GRVWDQHPH QRYÞ NÔG

LQWHUSUHWRYDQÞ DNR PXWÂFLD NÔGX α� ′ = ′α α α α
� � �
� �1 6 � 'Æ�ND SRGNÔGRY α� D ′α

�
MH

RKUDQLÉHQÂ QHURYQRV~DPL
S SPLQ PD[− + ≤ ′ ≤ − +α α α α α

� � �
������

3RGNÔG α� NÔGX α MH XUÉHQÞ WDN� �H QDMSUY QÂKRGQH XUÉÎPH W]Y� PXWDÉQÞ ERG
� �≤ ≤ −τ αα  , XUÉXMH WÛ SRORKX Y NÔGH α RG NWRUHM ]DÉÎQD SRGNÔG α� � $NR HIHNWÎYQH

VWDQRYÎPH GÆ�NX SRGNÔGX α� " . WRPXWR ÛÉHOX MH YKRGQÊ SRX�L~ QHURYQRVWL ����D�E��
KRYRUÎPH� �H SRGNÔG α� PÂ GÆ�NX U DN QDVOHGXMÛFH SRGPLHQN\ VÛ VSOQHQÊ

α τL

L

M

M M U+ −
=

∑ ≥ = −
�

�

�� �� ���� �1 6 �����D�

α τL

L

U

U+ −
=

∑ = −
�

�

� �����E�

2EUÂ]RN ���� ,OXVWUDWÎYQ\ SUÎNODG PXWÂFLH NRUHÓRYÊKR VWURPX� 9 SUYRP NURNX MH QÂKRGQH

Y\EUDQÞ QHNRUHÓRYÞ YUFKRO� NWRUÞ MH ]DNUÛ�NRYDQÞ QD �DYRP NRUHÓRYRP VWURPH� 3UÎVOX{QÞ

NRUHÓRYÞ SRGVWURP MH QDKUDGHQÞ LQÞP QÂKRGQH JHQHURYDQÞP NRUHÒRYÞP SRGVWURPRP�

3RÉLDWRÉQÞ D NRQHÉQÞ NÔG SUÎVOX{QÞFK NRUHÓRYÞFK VWURPRY VÛ XYHGHQÊ SUL NRUHÓRYÞFK

YUFKRORFK�



�

3VHXGRSDVFDORYVNÂ LPSOHPHQWÂFLD PXWÂFLH 5HDGRYKR OLQHÂUQHKR NÔGX MH XYHGHQÂ Y

DOJRULWPH ����

3UÎMNODG ���� 3UH NÔG\ Y\JHQHURYDQÊ Y SUÎNODGH ���� XUÉLWH SRPRFRX QHURYQRVWÎ ����

SRGNÔG\� Y\NRQDMWH JUDILFNÛ LQWHUSUHWÂFLX SRGNÔGX�

1HFK α D β VÛ GYD �URGLÉRYVNÊ� OLQHÂUQH NÔG\ NRUHÓRYÞFK VWURPRY� DSOLNRYDQÎP

RSHUÂFLH NUÎ�HQLH GRVWDQHPH GYD QRYÊ OLQHÂUQH NÔG\ �SRWRPNRY� α
 D β

′ ′ =α β α β� �1 6 1 62

FURVV
������

7ÂWR RSHUÂFLD MH SRG�D .R]X >���@ UHDOL]RYDQÂ WDN� �H Y URGLÉRYVNÞFK NÔGRFK � FKURPR]ÔPRFK

α DQG β QÂKRGQH Y\EHULHPH GYD ERG\ NUÎ�HQLD D SUÎVOX{QÊ SRGNÔG\� NWRUÊ ]DÉÎQDMÛ Y WÞFKWR

ERGRFK VD Y\PHQLD� SR]UL REU� ����

$OWHUQDWÎYQD UHSUH]HQWÂFLD RSHUÂWRUD NUÎ�HQLD MH QDVOHGRYQÂ� 1HFK URGLÉRYVNÊ NÔG\ α
DQG β NRUHÓRYÞFK VWURPRY PDMÛ WYDU α α α α=

� � �
� �1 6 UHVS� β β β β=

� � �
� �1 6 � NGH

SRÉLDWRÉQÊ ERG\ SRGNÔGRY α� D β� EROL QÂKRGQH JHQHURYDQÊ� $SOLNÂFLD RSHUÂFLH NUÎ�HQLD QD

URGLÉRYVNÊ NÔG\ α DQG β VSRÉÎYD YR YÞPHQH SRGNÔGRY α� DQG β� � SRWRPNRYLD PDMÛ SRWRP

WYDU

′ =α α β α
� � �
� �1 6 D ′ =β β α β

� � �
� �1 6 ������

'Æ�ND SRWRPNRY MH XUÉHQÂ Y]~DKPL _α
_ _α_�_α�_�_β�_ D _β
_ _β_�_β�_�_α�_ � SULÉRP WLHWR GÆ�N\
VÛ RKUDQLÉHQÊ QHURYQRV~DPL S S

PLQ PD[≤ ′ ≤α UHVS� S S
PLQ PD[≤ ′ ≤β � 3VHXGRSDVFDORYNVÂ

LPSOHPHQWÂFLD RSHUÂWRUD NUÎ�HQLD MH XYHGHQÂ Y DOJRULWPH ����
$NR SRVOHGQÞ SUREOÊP� NWRUÞ EXGHPH {WXGRYD~ Y WHMWR NDSLWROH� MH W]Y� NRPSUHVLD

5HDGRYKR NÔGX� NWRUÂ Û]NR VÛYLVÎ V $') �$XWRPDWLFDOO\ 'HILQHG )XQFWLRQ� SUÎVWXSRP
SRX�ÎYDQÞP .R]RP SUH ]YÞ{HQLH HIHNWÎYQRVWL JHQHWLFNÊKR SURJUDPRYDQLD >�@� 1HFK NRUHÓRYÞ
VWURP 7 MH UHSUH]HQWRYDQÞ NÔGRP α� $N Y\EHULHPH Y WRPWR VWURPH SRGVWURP� SRWRP NÔG α

SURFHGXUH 0XWDWLRQ�LQSXW�S�α�RXWSXW�S
�α
��
EHJLQ τ� ��UDQGRP�S����

U� OHQJWK RI D VXEFRGH α� RI α WKDW

VWDUWV DW τ�
U
� SPLQ�S�U�UDQGRP�SPD[�SPLQ����

*HQHUDWLRQB&RGH�U
� ′α
�
��

′ = ′α α α α
� � �
� �1 6� S
� S�U�U
�

HQG�

$OJRULWPXV ���� ,PSOHPHQWÂFLD PXWDÉQÊKR SURFHVX DSOLNRYDQÊKR QD NÔG α�
SULÉRP YÞVOHGQÞ NÔG MH α
� $OJRULWPXV MH LQLFLDOL]RYDQÞ QÂKRGQÞP
JHQHURYDQÎP PXWDÉQÊKR ERGX τ� GÆ�ND SRGNÔGX� NWRUÞ ]DÉÎQD Y ERGH τ MH
Y\MDGUHQÂ SUHPHQQRX U� 'Æ�ND QRYÊKR QÂKRGQH JHQHURYDQÊKR SRGNÔGX MH
R]QDÉHQÂ U
�

SURFHGXUH &URVVRYHU�LQSXW�S�aS�α�β�RXWSXW S
�aS
�α
�β
��

EHJLQ τ� ��UDQGRP�S���� a aτ:= + −� UDQGRP �S3 8
′ =α α β α

� � �
� �1 6 � ′ =β β α β

� � �
� �1 6 �

S
� S�_α�_�_β�_�
aS
� aS�_β�_�_α�_�

HQG�

$OJRULWPXV ���� ,PSOHPHQWÂFLD RSHUÂWRUD NUÎ�HQLD GYRFK URGLÉRYVNÞFK OLQHÂUQ\FK NÔGRY α D β �
NWRUÊ VÛ PRGLILNRYDQÊ QD QRYÊ OLQHÂUQH NÔG\ � SRWRPNRY α
 D β
� 1ÂKRGQÞ YÞEHU ERGRY

NUÎ�HQLD τ D aτ MH UHDOL]RYDQÞ WDN� �H GÆ�N\ QRYÞFK OLQHÂUQ\FK NÔGRY Y\KRYXMÛ QHURYQRVWLDP

S S
PLQ PD[

≤ ′ ≤α D S S
PLQ PD[

≤ ′ ≤β �



�

PÕ�H E\~ Y\MDGUHQÞ UR]NODGRP α α α α=
� � �
� �1 6 � NGH α� RGSRYHGÂ NÔGX Y\EUDQÊKR

SRGVWURPX� SR]UL REU� ���� 3URFHV NRPSUHVLH VSRÉÎYD Y VXEVWLWÛFLL SRGNÔGX α� W]Y�

NRPSULPRYDQÞP NÔGRP W\SX �Q�������� NGH Q MH SRÉHW WHUPLQÂORYÞFK YUFKRORY Y SRGVWURPH

�DOHER SRÉHW NRPSRQHQW 
�
 Y SRGNÔGH α� ��

α α α α α α α α=  → = =
� � � � � �

�� �� � � ��� ��1 6 0 53 8NRPSUHVLD
FRPSUHVV FRPSUHVV Q ������

2EUÂ]RN ���� ,OXVWUDWÎYQ\ SUÎNODG RSHUÂFLH NUÎ�HQLD GYRFK URGLÉRYVNÞFK NRUHÓRYÞFK VWURPRY� NWRUÊ VÛ PRGLILNRYDQÊ QD GYD

QRYÊ NRUHÓRYÊ VWURP\ � SRWRPNRY� =DNUÛ�NRYDQÊ YUFKRO\ R]QDÉXMÛ QÂKRGQH JHQHURYDQÊ ERG\ NUÎ�HQLD� 2SHUÂFLD NUÎ�HQLD

VSRÉÎYD Y WRP� �H SRGVWURP\ VD PHG]L NRUHÓRYÞPL VWURPDPL Y\PHQLD�

2EUÂ]RN ���� ,OXVWUDÉQÞ SUÎNODG NRPSUHVLH 5HDGRYKR OLQHÂUQHKR NÔGX� .RUHÓRYÞ VWURP UHSUH]HQ]RYDQÞ GLDJUDPRP $ MH

NRPSULPRYDQÞ QD PHQ{Î NRUHÓRYÞ VWURP UHSUH]HQWRYDQÞ GLDJUDPRP %� 7HQWR SURFHV VD Y\NRQÂ WDN� �H Y\EUDQÊ SRGVWURP\

�LFK NRUHÓRYÊ YUFKRO\ VÛ ]DNUÛ�NRYDQÊ� Y GLDJUDPH $ VÛ QDKUDGHQÊ QRYÞPL YUFKROPL �{WYRUFRYÞP DOHER RYÂOQ\P�� NWRUÊ VÛ

LQFLGHQWQÊ OHQ V WHUPLQÂORYÞPL YUFKROPL� SULÉRP LFK SRÉHW MH URYQDNÞ DNR SRÉHW WHUPLQÂORYÞFK YUFKRORY Y SÕYRGQÞFK

SRGVWURPRFK�



��

$NR UHDOL]RYD~ LQYHU]QÞ SURFHV NX NRPSUHVLL " 1HFK NÔG β REVDKXMH YUFKRO
LQWHUSUHWRYDQÞ DNR �NRPSULPRYDQÞ� YUFKRO� 3RWRP NÔG β PÕ�H E\~ GHNRPSULPRYDQÞ WDN� �H
RGSRYHGDMÛFL SRGVWURP SULUDGHQÞ NRPSULPRYDQÊPX YUFKROX MH QDKUDGHQÞ NRUHÓRYÞP
SRGVWURPRP� NWRUÞ LQGXNXMH GDQÞ NRPSULPRYDQÞ YUFKRO� SULÉRP QLHNWRUÊ WHUPLQDORYÊ YUFKRO\
PÕ�X E\~ VXEVWLWXRYDQÊ SRGVWURPDPL �SR]UL REU� �����

3UÎNODG ���� 3RGUREQH SUH{WXGXM SUÎNODG\ NRPSUHVLH D GHNRPSUHVLH ]QÂ]RUQHQÊ QD REUÂ]NRFK

��� D ���� 1DYUKQL LQÊ SUÎSDG\ NRPSUHVLH D GHNRPSUHVLH�

��� 6\PEROLFNÂ UHJUHVLD

6\PEROLFNÂ UHJUHVLD SDWUÎ PHG]L ]ÂNODGQÊ DSOLNÂFLH JHQHWLFNÊKR SURJUDPRYDQLD� $NR X� EROR
VSRPHQXWÊ Y ÛYRGQHM NDSLWROH ���� V\PEROLFNÂ UHJUHVLD VSRÉÎYD Y K�DGDQÎ WDNHM IXQNFLH
UHSUH]HQWRYDQHM V\QWDNWLFNÞP VWURPRP V SUHGSÎVDQÞPL RSHUÂFLDPL� NWRUÂ ÉR QDMOHS{LH
DSUR[LPXMH ÛGDMH ] WUHQLQJRYHM PQR�LQ\�

©R MH WR V\QWDNWLFNÞ VWURP" 3RG V\QWDNWLFNÞP VWURPRP W EXGHPH UR]XPLH~ NRUHÓRYÞ
VWURP 7� NWRUÊKR YUFKRO\ VÛ RKRGQRWHQÊ V\PEROPL DULWPHWLFNÞFK �DOHER LQÞFK� RSHUÂFLÎ D FHOÞ
VWURP PÕ�H E\~ RKRGRQRWHQÞ UHÂOQ\P ÉÎVORP UHSUH]HQWXMÛFLP KRGQRWX IXQNFLH� NWRUÂ MH
SULUDGHQÂ VWURPX SUH GDQÛ YVWXSQÛ KRGQRWX QH]ÂYLVOHM SUHPHQQHM �DOHER QH]ÂYLVOÞFK
SUHPHQQÞFK�� 9UFKRO\ Y V\QWDNWLFNÞFK VWURPRFK NODVLILNXMHPH WDNWR �SR]UL REU� ������

��� 7HUPLQÂOQH YUFKRO\� WLHWR YUFKRO\ RGSRYHGDMÛ EXÐ QH]ÂYLVOÞP SUHPHQQÞP [�\����
QH]ÂSRUQÞP FHORÉÎVHOQÞP NRQ{WDQWÂP ����������

2EUÂ]RN ���� ,OXVWUDWÎYQ\ SUÎNODG GHNRPSUHVLH 5HDGRYKR OLQHÂUQHKR NÔGX� .RUHÓRYÞ VWURP $ REVDKXMH GYD

NRPSULPRYDQÊ YUFKRO\ UHSUH]HQWRYDQÊ {WYRUFRYÞP D RYÂOQ\P YUFKRORP� SULÉRP YUFKRO\ R]QDÉHQÊ {WYRUFRP

�SÕYRGQH WHUPLQDORYÊ� EROL VXEVWLWXRYDQÊ UH~D]FDPL ���� UHVS� ������ $N NRPSULPRYDQÊ YUFKRO\ VÛ

�GHNRPSULPRYDQÊ� RGSRYHGDMÛFLPL NRUHÓRYÞPL SRGVWURPDPL �SR]UL REU� ����� SRWRP SÕYRGQÞ VWURP $ MH

GHNRPSULPRYDQÞ QD YÅÉ{Î VWURP %� NWRUÞ X� REVDKXMH OHQ {WDQGDUGQÊ YUFKRO\�

2EUÂ]RN ����� .ODVLILNÂFLD YUFKRORY V\QWDNWLFNÊKR VWURPX QD

IXQNFLRQÂOQH D WHUPLQÂORYÊ�



��

��� )XQNFLRQÂOQH YUFKRO\ RGSRYHGDMÛ MHGQRGXFKÞP RSHUÂFLDP� NWRUÊ VÛ XQÂUQH�

ELQÂUQH� WHUQÂUQH���� �

)RUPÂOQH PÕ�HPH V\QWDNWLFNÞ VWURP Y\MDGUL~ DNR XVSRULDGDQÛ GYRMLFX

W 7= �φ1 6 ������

NGH 7 MH NRUHÓRYÞ VWURP XUÉXMÛFL {WUXNWÛUX V\QWDNWLFNÊKR VWURPX W D φ MH ]REUD]HQLH YUFKRORY

NRUHÓRYÊKR VWURPD QD �DULWPHWLFNÊ� V\PERO\� SUHPHQQÊ� DOHER NRQ{WDQW\

φ�9 [ \→ ∗ + −� � ������ � ������ � ������; @ ������

.D�GÊPX V\QWDNWLFNÊPX VWURPX W SULUDGÎPH IXQNFLX W�[�\������� NGH [�\����� VÛ QH]ÂYLVOÊ

SUHPHQQÊ QDVOHGXMÛFLP UHNXU]ÎYQ\P VSÕVRERP� 1HFK ND�GÞ YUFKRO V\QWDNWLFNÊKR VWURPX MH

R]QDÉHQÞ LQGH[RP� WRWR LQGH[RYDQLH MH UHDOL]RYDWH�QÊ SRPRFRX DOJRULWPX ��� �SR]UL REU� �����

3RWRP L�WHPX YUFKROX PÕ�H E\~ SUHGSÎVDQÂ �DNWLYLWD� [L WDN� �H WHUPLQÂORYÊ YUFKRO\ WLHWR

DNWLYLW\ VÛ URYQÊ RKRGRQRWHQLDP WÞFKWR YUFKRORY �W�M� NRQ{WDQWÂP DOHER QH]ÂYLVOÞP

SUHPHQQÞP� � SRVWXSXMÛF ]GROD QDKRU WLHWR DNWLYLW\ SRVWXSQH SRÉÎWDPH WDN� �H QD ]ÂNODGH

WRSROÔJLH V\QWDNWLFNÊKR VWURPX SRÉÎWDPH DNWLYLW\ WÞFK YUFKRORY� NWRUÊ PDMÛ SUHGFKRGFRY V X�

]QÂP\PL KRGQRWDPL DNWLYÎW� 7HQWR SURFHV NRQÉÎ Y NRUHQH VWURPX� MHKR DNWLYLWD VD URYQÂ

KRGQRWH IXQNFLH W�[�\����� SULUDGHQHM V\QWDNWLFNÊPX VWURPX W �SR]UL REU� �����

[ W [ \
�

= � ����1 6 ������

3UH GDQÞ VÛERU IXQFLRQÂOQ\FK D WHUPLQÂOQ\FK YUFKRORY PÕ�HPH GHILQRYD~ PQR�LQX 7

REVDKXMÛFX Y{HWN\ PR�QÊ QHHNYLYDOHQWQÊ V\QWDNWLFNÊ VWURP\� NWRUÊ PDMÛ SRÉHW YUFKRORY ]

SUHGSÎVDQÊKR LQWHUYDOX D NWRUÊ VÛ RKRGQRWHQÊ V\PEROPL ] SUHGSÎVDQÞFK VÛERURY

7 = { }W W
� �
� � � � � ������

%XGHPH SRX�ÎYD~ QDVOHGXMÛFX NRQYHQFLX� ND�GÞ V\QWDNWLFNÞ VWURP W∈7 MH LGHQWLILNRYDQÞ V MHM

LQWHUSUHWÂFLRX � IXQNFLRX W�[�\������ 7R ]QDPHQÂ� �H PQR�LQD 7 PÕ�H E\~ WLH� DOWHUQDWÎYQH

FKÂSDQÂ DNR PQR�LQD IXQNFLÎ� NWRUÞFK WYDU MH RKUDQLÉHQÞ SRGPLHQNDPL NODGHQÞPL QD

V\QWDNWLFNÊ VWURP\�

2EUÂ]RN ����� .ODVLILNÂFLD IXQNFLRQÂOQ\FK YUFKRORY QD XQÂUQH �$�� ELQÂUQH �%� D WHUFLÂUQH �'�� 8QÂUQ\

YUFKRO PÂ MHGQRKR SUHGFKRGFX� NWRUÊKR KRGQRWD D VD ]REUD]XMH IXQNÉQÛ KRGQRWX IX�D�� %LQÂUQ\ YUFKRO

PÂ GYRFK SUHGFKRVFRY� LFK IXQNÉQÊ KRGQRW\ D D E VÛ ]REUD]HQÊ QD IE�D�E�� 7HUQÂUQ\ YUFKRO PÂ WURFK

SUHGFKRGFRY� KRGQRW\ D� E D F VÛ ]REUD]HQÊ QD IW�D�E�F�� 9R Y{HREHFQRVWL SODWÎ� �H ELQÂUQH� XQÂUQH� ���

YUFKRO\ QLH VÛ �NRPXWDWÎYQH�� W�M� QDSU� SUH ELQÂUQ\ YUFKRO SODWL IW�D�E�≠IW�E�D��

2EUÂ]RN ����� ,OXVWUDWÎYQ\ SUÎNODG LQWHUSUHWÂFLH MHGQR�GXFKÊKR

V\QWDNWLFNÊKR VWURPX� MHGQRWOLYÊ DNWLYLW\ VÛ SRÉÎWDQÊ �]SÅWQÞP {ÎUHQÎP�

SR VWURPH� ]DÉÎQD VD RG WHUPLQÂORYÞFK YUFKRORY D NRQÉÎ VD Y NRUHQH

VWURPX� MHKR DNWLYLWD SULDPR RGSRYHGÂ KRGQRWH IXQNFLH�
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$NR NÔGRYD~ V\QWDNWLFNÊ VWURP\" 3RG�D ������ V\QWDNWLFNÞ VWURP MH GHILQRYDQÞ DNR

NRUHÓRYÞ VWURP� NWRUÊKR YUFKRO\ VÛ RKRGQRWHQÊ ]REUD]HQÎP ������� W �7�φ�� 1HFK 5HDGRY

OLQHÂUQ\ NÔG VWURPX 7 MH FRGH�7� α �α��α������αS�� SRWRP OLQHÂUQ\ NÔG V\QWDNWLFNÊKR VWURPX W

PÕ�H E\~ ]RVWURMHQÞ WDN� �H 5HDGRY NÔG NRUHÓRYÊKR VWURPX MH UR]{ÎUHQÞ R ]REUD]HQLH φ

FRGH W0 5 1 6 1 6 3 84 9= α φ α φ α φ
� � � �
� � � ����� �S S ������

NGH φL MH RKRGQRWHQLH L�WHKR YHUWH[X EXÐ IXQNFLRQÂOQ\P DOHER WHUPLQÂORYÞP V\PERORP� 7ÞPWR

VSÕVRERP VPH GRVWDOL MHGQRGXFKÞ SURVWULHGRN SUH NÔGRYDQLH V\QWDNWLFNÞFK VWURPRY

SRPRFRX 5HDGRYKR OLQHÂUQHKR NÔGRYDQLD NRUHÓRYÞFK VWURPRY� SR]UL REU� �����

0DMPH WUÊQLQJRYÛ PQR�LQX REVDKXMÛFX Q ERGRY �UHJUHVQÛ WDEXONX�

$ [ \ L QWUDLQ L L= =� � ������ ��< A ������

&LH�RP {WDQGDUGQH UHJUHVQHM DQDOÞ]\ MH QÂMV~ WDNÊ RSWLPÂOQH SDUDPHWUH PRGHORYHM IXQNFLH

*�[�Z� � NGH Z VÛ SDUDPHWUH IXQNFLH *� WDNÊ� �H QDVOHGXMÛFD ÛÉHORYÂ IXQNFLD MH

PLQLPDOL]RYDQÂ

( Z * [ Z \
L L

L

Q

0 5 1 6= −
=

∑ �
�
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7ÂWR IXQNFLD PÂ PLQLPXP Y ERGH

Z ( ZRSW
Z

= DUJPLQ 0 5 ������

+RYRUÎPH� �H DGDSWRYDQÂ IXQNFLD *�[�ZRSW� PRGHOXMH WUÊQLQJRYÛ PQR�LQX $WUDLQ

6\PEROLFNÂ UHJUHVLD LGH ÐÂOHM DNR {WDQGDUGQÂ UHJUHVQÂ DQDOÞ]D� KODGÂ Y PQR�LQH 7

WDNÛ IXQNFLX� �H QDVOHGXMÛFD ÛÉHORYÂ IXQNFLD �IXQNFLRQÂO� MH PLQLPDOL]RYDQÂ

( W W [ \
L L

L

Q

0 5 1 6= −
=
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������

SULÉRP WÂWR ÛÉHORYÂ IXQNFLD PÂ PLQLPXP Y �ERGH�

W ( WRSW
W 7

=
∈

DUJPLQ 0 5 ������

2EUÂ]RN ����� 7YRUED NÔGX V\QWDNWLFNÊKR VWURPX W SRPRFRX 5HDGRYKR OLQHÂUQHKR NÔGX

SULUDGHQÊKR NRUHÓRYÊKR VWURPX 7� .ÔG V\QWDNWLFNÊKR VWURPX ]ÎVNDPH ] SÕYRGQÊKR

NÔGX NRUHÓRYÊKR VWURPX WDN� �H ND�GÂ MHKR NRPSRQHQWD MH GRSUHYÂG]DQÂ WLH� DM

RKRGQRWHQÎP SUÎVOX{QÊKR YUFKROX�
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6\PEROLFNÂ UHJUHVLD MH KODYQÞP FLHORP .R]RYKR JHQHWLFNÊKR SURJUDPRYDQLD V

UH{WULNFLRX� �H SRYROHQÊ IXQNFLH VÛ OHQ WLH� NWRUÊ PÕ�X E\~ UHSUH]HQWRYDQÊ V\QWDNWRFÞP

VWURPRP REVDKXMÛFLP SRYROHQÊ IXNFLRQÂOQH D WHUPLQÂORYÊ YUFKRO\�

5LH{HQLH PLQLPDOL]DÉQÊKR SUREOÊPX ������ VD UHDOL]XMH SRPRFRX JHQHWLFNÊKR

DOJRULWPX SUH]HQWRYDQÊKR Y SUHGFKÂG\DMÛFHM NDSLWROH� 6WRFKDVWLFNÊ RSHUÂFLH PXWÂFLH D

NUÎ�HQLD VÛ GHILQRYDQÊ SRGREQÞP VSÕVRERP DNR SUH NRUHÓRYÊ VWURP\� 2SHUÂFLD PXWÂFLH

]PHQÎ V\QWDNWLFNÞ VWURP W QD LQÞ V\QWDNWLFNÞ VWURP W
 � IRUPÂOQH

′ =W W2
PXW

0 5 ������

XUÉLWÂ ÉDV~ V\QWDNWLFNÊKR VWURPX �W�M� V\QWDNWLFNÞ SRGVWURP� MH QDKUDGHQÂ QÂKRGQH

JHQHURYDQÞP V\QWDNWLFNÞP SRGVWURPRP �SR]UL REU� �����

.D�GÊPX V\QWDNWLFNÊPX VWURPX PÕ�HPH MHGQR]QDÉQH SULUDGLW IXQNFLX W�[�\������

SRWRP PXWÂFLX PÕ�HPH IRUPÂOQH FKÂSD~ DNR VWRFKDVWLFNÛ WUDQVIRUPÂFLX IXQNFLH QD LQÛ

IXQNFLX� Y SUÎSDGH LOXVWUDÉQÊKR SUÎNODGX QD REU� ���� WLHWR IXQNFLH PDMÛ WYDU

W [ [ [

W [ [ [ [

0 5 0 5 0 5

0 5 0 52 7 0 5

= + ∗ −

′ = ∗ + ∗ −
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2SHUÂFLD NUÎ�HQLD SUH GYD V\QWDNWLFNÊ VWURP\ MH GHILQRYDQÂ DQDORJLFNÞP VSÕVRERP

DNR SUH NRUHÓRYÊ VWURP\� 0DMPH GYD V\QWDNWLFNÊ VWURP\ W� D W� � VWRFKDVWLFNRX RSHUÂFLRX

NUÎ�HQLD WLHWR GYD VWURP\ VÛ WUDQVIRUPRYDQÊ QD GYD QRYÊ VWURP\ ′W
�
D ′W

�

′ ′ =W W W W
� � � �
� �1 6 1 62

FURVV
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7ÂWR RSHUÂFLD VD UHDOL]XMH WDN� �H Y VWURPRFK QÂKRGQH Y\EHULHPH GYD SRGVWURP\ D WLHWR

QDY]ÂMRP Y\PHQÎPH �SR]UL REU� ������

3RGREQH DNR Y SUHGFKÂG]DMÛFRP SUÎNODGH PXWÂFLH DM SUH NUÎ�HQLH PÕ�HPH KRYRUÎ~� �H

VWRFKDVWLFNÂ RSHUÂFLD NUÎ�HQLD QÂP WUDQVIRUPRYDOD YÞFKRG]LH IXQNFLH W��[� D W��[� QD QRYÊ

IXQNFLH ′W [
�0 5 D ′W [

� 0 5 � 3UH SUÎSDG V\QWDNWLFNÞFK VWURPRY QD REU� ���� WLHWR IXQNFLH PDMÛ WYDU

W [ [ [ [

W [ [ [

W [ [ [ [ [

W [ [ [
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0 5 0 5 4 9
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0 5 4 9 4 9
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2EUÂ]RN ����� ,OXVWUDÉQÞ SUÎNODG PXWÂFLH V\QWDNWLFNÊKR VWURPX W QD LQÞ V\QWDNWLFNÞ VWURP W
 � 9

SUYHM HWDSH PXWÂFLH VD QÂKRGQH Y\EHULH SRGVWURP D WHQWR VD Y GUXKHM HWDSH ]DPHQÎ ]D

KÂKRGQH Y\JHQHURYDQÞ SRGVWURP� )RUPÂOQH PÕ�HPH SRYHGD~� �H VWRFKDVWLFNRX RSHUÂFLRX

PXWÂFLD VD IXQNFLD W�[� SULUDGHQÂ SÕYRGQÊPX VWURPX ]DPHQLOD ]D QRYÛ IXQNFLX W
�[� �
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3UÎNODG ���� ,PSOHPHQWXMH JHQHWLFNÞ DOJRULWPXV �SR]UL DOJRULWPXV ���� WDN� �H FKURPR]ÔP\
EXGÛ XUÉHQÊ DNR 5HDGRYH OLQHÂUQH NÔG\ V RKRGQRWHQÎP YUFKRORY SRG�D ���������� 7RWR
RKRGQRWHQLH QHFK MKH Y\NRQDQÊ WDN� �H V\QWDNWLFÊ VWUXP\ EXGÛ RGSRYHGD~ EXÐ UDFLRQÂOQ\P
SRO\QÔPRP �W�M� IXQNÉQÊ YUFKRO\ VÛ ����� D �� WHUPLQÂORYÊ YUFKRO\ VÛ FHORÉÎVHOQÊ NRQ{WDQW\
DOHER SUHPHQQÂ [� DOHER %RRORYVNÞP IXQNFLÂP �W�M� IXQNÉQÊ YUFKRO\ VÛ RSHUÂFLD DQG� RU� [RU�
D QRW� D WHUPLQÂORYÊ YUFKRO\ VÛ MHGQRWOLYÊ %RRORYVNÊ SUHPHQQÊ�� »ÉHORYÂ IXQNFLD ������ QHFK
MH UR]{ÎUHQÂ R SRNXWRYÞ FOHQ� NWRUÞ EXGH SUHIHURYD~ V\QWDNWLFNÊ VWURP\ V PHQ{ÎP SR{WRP
YUFKRORY

( W W [ \ W
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L

Q

0 5 1 6= − +
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∑
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α

NGH α MH PDOÂ NODGQÂ NRQ{WDQWD D V\PERO _W_ Y\MDGUXMH SRÉHW YUFKRORY Y VWURPH W� 0RGLILNXMHWH
QDSÎVDQÛ LPSOHPHQWÂFLX WDN �H EXGH RGSRYHGD~ KRUROH]HFNÊPX DOJRULWPX DOHER HYROXÉQÊPX
SURJUDPRYDQLX� 3RURYQDMWH HIHNWÎYQRV~ WÞFKWR WURFK UR]GLH�QÞFK PHWÔG SUL NRQ{WUXNFLL IXQNFLÎ�
NWRUÊ UHSURGXNXMÛ SUHGSÎVDQÛ UHJUHVQÛ WDEXONX�

��� 5HNRQ{WUXNFLD VWURPRY V SR�DGRYDQRX YODVWQRV~RX

3UHG QHGÂYQRP DXWRUL WHMWR SXEOLNÂFLH Y\SUDFRYDOL >�@ YHU]LX JHQHWLFNÊKR SURJUDPRYDQLD�
NWRUÂ MH VFKRSQÂ UHNRQ{WUXRYD~ VWURP\ �VÛYLVOÊ DF\NOLFNÊ JUDI\� V SR�DGRYDQÞPL
YODVWQRV~DPL� 3RG YODVWQRV~RX EXGHPH UR]XPLH~ UHÂOQH ÉÎVOR� NWRUÊ MH SULUDGHQÊ VWURPX * ]
PQR�LQ\ SUÎSXVWQÞFK VWURPRY 7� IRUPÂOQH W 5�7 → � »ORKD UHNRQ{WUXNFLH VSRÉÎYD Y WRP� �H
K�DGÂPH Y PQR�LQH SUÎSXVWQÞFK VWURPRY 7 WDNÞ VWURP *� NWRUÊKR YODVWQRV~ W�*� MH EOÎ]ND
SR�DGRYDQHM YODVWQRVWL WUHT� 'HILQXMPH ÛÉHORYÛ IXQNFLX

( W WUHT* *0 5 0 5= − ������

2SWLPÂOQ\ VWURP� NWRUÊKR YODVWQRV~ PLQLPDOL]XMH IXQNFLRQÂO ������ MH XUÉHQÞ DNR ULH{HQLH

QDVOHGXMÛFHKR PLQLPDOL]DÉQÊKR SUREOÊPX

* *
*

RSW (=
∈

DUJPLQ
7

0 5 ������

2EUÂ]RN ����� ,OXVWUDÉQÞ SUÎNODG NUÎ�HQLD GYRFK V\QWDNWLFNÞFK VWURPRY� 9 SUYHM HWDSH Y

ND�GRP VWURPH VD QÂKRGQH Y\EHULH SRGVWURP� Y GUXKHM HWDSH VD WLHWR SRGVWURP\

Y]ÂMRPQH ]DPHQLD� )RUPÂOQH PÕ�HPH SRYHGD~� �H RSHUÂFLRX NUÎ�HQLD VD GYH IXQNFLH

W��[� D W��[� SUHWUDQVIRUPRYDOL QD QRYÊ IXQNFLH ′( )W [
�

D ′ ( )W [
�

�
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5LH{HQLH WRKWR RSWLPDOL]DÉQÊKR SUREOÊPX VD UHDOL]XMH SRPRFRX JHQHWLFNÊKR DOJRULWPX QDG

SRSXOÂFLRX VWURPRY� NWRUÊ VÛ NÔGRYDQÊ SRPRFRX 5HDGRYKR OLQHÂUQHKR NÔGX D RSHUÂFLH

PXWÂFLH D NUÎ�HQLD VD Y\NRQÂYDMÛ VSÕVRERP SRSÎVDQÞP QL�{LH�

$NÞP VSÕVRERP SRSÎVD~ YODVWQRVWL JUDIX * �9�(�" 1DMMHGQRGXFK{Î VSÕVRE MH

SRPRFRX W]Y� WRSRORJLFNÞFK LQGH[RY χ��*�� χ��*������� NWRUÊ VÛ FKDUDNWHUL]RYDQÊ DNR IXQNFLH �

]REUD]HQLD SULUDÐXMÛFH JUDIX UHÂOQH ÉÎVOR� 0HG]L QDM]QÂPHM{LH WRSRORJLFNÊ LQGH[\ SDWULD WLHWR

WRSRORJLFNÊ LQGH[\�

��� :LHQHURY WRSRORJLFNÞ LQGH[ >��@

χ
:

G LM
L M

*3 8 =
<
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NGH VXPÂFLD REVDKXMH Y{HWN\ UÕ]QH GYRMLFH YUFKRORY D V\PERO GLM MH Y]GLDOHQRV~ PHG]L L�WÞP D

M�WÞP YUFKRORP Y JUDIH * �SR]UL REU� ������

��� 5DQGLÉRY WRSRORJLFNÞ LQGH[ >[[@

χ5

Y Y ( Y Y
*0 5

0 5 0 5
=

⋅ ′′ ∈
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YDO YDO�

������

NGH VXPÂFLD REVDKXMH Y{HWN\ KUDQ\ >Y�Y
@∈(�*� �SR]UL REU� ������

3UH OLQHÂUQH VWURP\ �W�M� WDNÞ VWURP� NWRUÞ QHREVDKXMH W]Y� YHWYLDFH YUFKRO\� ND�GÞ

YUFKRO MH EXÐ YDOHQFLH � DOHER �� MHGQRGXFKÞPL ÛYDKDPL �PDWHPDWLFNRX LQGXNFLRX� MH PR�QÊ

]RVWURML~ H[SOLFLWQÊ YÞUD]\ SUH :LHQHURY D 5DQGLÉRY WRSRORJLFNÞ LQGH[

χ
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3RVWXOXMPH� �H YODVWQRV~ W�*� JUDIX * MH SRSÎVDQÂ DNR NRQYH[QÂ NRPELQÂFLD

:LHQHURYKR D 5DQGLÉRYKR LQGH[X

W
5 :

* * *0 5 0 5 0 5 0 5= + −ωχ ω χ� �����D�

2EUÂ]RN ����� 6FKHPDWLFNÊ ]QÂ]RUQHQLH YÞSRÉWX :LHQHURYKR LQGH[X SUH

MHGQRGXFKÞ VWURP ]QÂ]RUQHQÞ GLDJUDPRP $� 'LDJUDP % REVDKXMH PDWLFX

Y]GLDOHQRVWÎ ' � VXPD MHM ]NR�LHN SRG GLDJRQÂORX WYRUÎ :LHQHURY LQGH[�

2EUÂ]RN ����� 9ÞSRÉHW 5DQGLÉRYKR WRSRORJLFNÊKR LQGH[X SUH VWURP ]QÂ]RUQHQÞ

GLDJUDPRP $� NGH MHGQRWOLYÊ KUDQ\ VWURPX VÛ LQGH[RYDQÊ� 9 GLDJUDPH % MH

SULUDGHQÞ NX ND�GHM KUDQH RGSRYHGDMÛFL YÞUD] � YDO YDOY Y( ) ⋅ ′( ) �
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SUH �≤ω≤�� 7ÂWR �YODVWQRV~� SUH OLQHÂUQH JUDI\ PÂ WYDU

W
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-HGHQ ] KODYQÞFK SUREOÊPRY SRSLVRYDQHM UHNRQ{WUXNFLH VWURPRY Y UÂPFL JHQHWLFNÊKR

SURJUDPRYDQLD MH YÞSRÉHW :LHQHURYÞFK D 5DQGLÉRYÞFK WRSRORJLFNÞFK LQGH[RY SUH VWURP\�

NWRUÊ VÛ UHSUH]HQWRYDQÊ 5HDGRYÞP OLQHÂUQ\P NÔGRP� 7LHWR WRSRORJLFNÊ LQGH[\ PÕ�X E\~

MHGQRGXFKR VSRÉÎWDQÊ Y UÂPFL EDFN�WUDFN DQDOÞ]\ NÔGX Y\MDGUHQÊKR $OJRULWPRP ���� WLHWR

MHKR PRGLILNÂFLH VÛ Y\MHGUHQÊ SDVFDORYVNÞPL SVHXGRNÔGPL Y $OJRULWPRFK ��� D ��� �SR]UL

REU� �����

2SHUÂFLH PXWÂFLH D NUÎ�HQLD SUH SUREOÊP UHNRQ{WUXNFLH NRUHÓRYÞFK VWURPRY VÛ LGHQWLFNÊ V

SRGREQÞPL RSHUÂFLDPL XYHGHQÞPL Y NDS� ���� 3UH MHGQRGXFKRV~ SUHGSRNODGDMPH� �H

SDUDPHWHU ω ���� SRWRP YODVWQRV~ W�*� MH XUÉHQÂ DNR DULWPHWLFNÞ SULHPHU WRSRORJLFNÞFK

LQGH[RY χ:�*� D χ5�*� � 1D REUÂ]NRFK ������� VÛ XYHGHQÊ MHGQRGXFKÊ LOXVWUDÉQÊ SUÎNODG\ SUH
PXWÂFLX D NUÎ�HQLH D RGSRYHGDMÛFH ]PHQ\ YODVWQRVWL W�*��

IXQFWLRQ :LHQHUBWRSRORJLFDOBLQGH[�α��UHDO�
EHJLQ χ� �� EUDQFK
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ZKLOH G≥� GR
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EHJLQ EUDQFK
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� LQGH[

G
� L�
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EHJLQ G � G �LM LQGH[ �M
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� GLM� GML� χ� χ�GLM HQG�

GLL� ��

HQG HOVH G� G���

:LHQHUBWRSRORJLFDOBLQGH[� χ�
HQG�

$OJRULWPXV ���� 3VHXGRSDVFDORYVNÂ LPSOHPHQWÂFLD YÞSRÉWX :LHQHURYKR LQGH[X VWURPX ]DGDQÊKR

SRPRFRX 5HDGRYKR OLQHÂUQHKR NÔGX� WHQWR DOJRULWPXV MH MHGQRGXFKRX PRGLILNÂFLRX EDFN�WUDFN

DQDOÞ]\ NÔGX Y\MDGUHQÊKR $OJRULWPRP ���� 9 SULHEHKX DQDOÞ]\ NÔGX VD SRVWXSQH ]RVWURMÎ PDWLFD

Y]GLDOHQRVWÎ �GLM��

IXQFWLRQ 5DQGLFBWRSRORJLFDOBLQGH[�α��UHDO�
EHJLQ χ� �� EUDQFK

�
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� YDO�� �� G� �� L� ��

ZKLOH G≥� GR

LI EUDQFK
G
!� WKHQ

EHJLQ EUDQFK
G
� EUDQFK

G
��� L� L��� G� G���

EUDQFK
G
� α

L
� YDO

G
� αL���

χ� χ���VTUW�YDOG��∗YDOG�
HQG HOVH G� G���

5DQGLFBWRSRORJLFDOBLQGH[� χ�
HQG�

$OJRULWPXV ���� 3VHXGRSDVFDORYVNÂ LPSOHPHQWÂFLD YÞSRÉWX 5DQGLÉRYKR LQGH[X

VWURPX ]DGDQÊKR SRPRFRX 5HDGRYKR OLQHÂUQHKR NÔGX� WHQWR DOJRULWPXV MH

MHGQRGXFKRX PRGLILNÂFLRX EDFN�WUDFN DQDOÞ]\ NÔGX Y\MDGUHQÊKR $OJRULWPRP ����
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2EUÂ]RN ����� 9 SULHEHKX DQDOÞ]\ NRUHÓRYÊKR VWURPX �GLDJUDP $� VÛ LGHQWLILNRYDQÊ KUDQ\ JUDIX�

9 SULHEHKX ND�GÊKR NURNX WHMWR LGHQWLILNDFLH Y\NRQÂ VD ÉLDVWRÉQÞ YÞSRÉHW 5DQGLÉRYKR D

:LHQHURYKR LQGH[X �GLDJUDP %��

2EUÂ]RN ����� ,OXVWUDÉQÞ SUÎNODG PXWÂFLH NRUHÓRYÊKR VWURPX� SRGVWURP VXVHGQÞ V QÂKRGQH Y\EUDQÞP

YUFKRORP �]DNUÛ�NRYDQÞ� VD Y\PHQÎ ]D QÂKRGQH Y\JHQHURYDQÞP SRGVWURPRP� +RGQRW\ WRSRORJLFNÞFK

LQGH[RY D SUÎVOX{QÂ YODVWQRV~ VÛ XYHGHQÊ SRG JUDIPL�



��

3UÎNODG ���� *HQHWLFNÞ DOJRULWPXV ] SUHGFKÂG]DMÛFHKR SUÎNODGX ��� PRGLILNXMWH WDN� �H

ÛÉHORYÂ IXQNFLD ������ EXGH QDKUDGHQÂ ÛÉHORYRX IXQNFLRX ������� SULÉRP {SHFLILNXMH

SR�DGRYDQÛ YODVWQRV~ VWURPX QHMDNÞP ]YROHQÞP MHGQRGXFKÞP VSÕVRERP

��� .ÔGRYDQLH IXQNFLÎ SRPRFRX DF\NOLFNÞFK RULHQWRYDQÞFK

JUDIRY

8YHGLHPH DOWHUQDWÎYQ\ SUÎVWXS NX NÔGRYDQLX IXQNFLÎ SRPRFRX DF\NOLFNÞFK RULHQWRYDQÞFK

JUDIRY >�����@� NWRUÊ Y WHMWR VÛYLVORVWL PÕ�X E\~ FKÂSDQÊ DNR ]RY{HREHFQHQLH NRUHÓRYÞFK

VWURPRY� NWRUÊ EROL SRGUREQH GLVNXWRYDQÊ Y NDSLWROH ����

2EUÂ]RN ����� ,OXVWUDÉQÞ SUÎNODG NUÎ�HQLD GYRFK NRUHÓRYÞFK VWURPRY� 9 ND�GRP VWURPH MH QÂKRGQH Y\EUDQÞ

YUFKRO �]DNUÛ�NRYDQÞ�� SUÎVOX{QÊ SRGVWURP\ VL NRUHÓYÊ VWURP\ PHG]L VHERX Y\PHQLD� 3UÎVOX{QÊ KRGQRW\

WRLSRORJLFNÞFK LQGH[RY D RGSRYHGDMÛFLFK YODVWQRVWÎ VÛ XYHGHQÊ SRG JUDIGPL�

2EUÂ]RN ����� 2ULHQWRYDQÞ JUDI REVDKXMÛFL SÅ~ YUFKRORY D {HV~ RULHQWRYDQÞFK KUÂQ� 0QR�LQD YUFKRORY 9

REVDKXMH SÅ~ YUFKRORY� 9 ^Y��Y��Y��Y��Y�`� PQR�LQD KUÂQ REVDKXMH {HV~ RULHQWRYDQÞFK KUÂQ�

( ^H��H��H��H��H��H�`� 2ULHQWRYDQÂ H∈( MH XUÉHQÂ SRPRFRX XVSRULDGDQHM GYRMLFH GYRFK YUFKRORY Y�Y
∈( �

H �Y�Y
�� +RYRUÎPH� �H RULHQWRYDQÂ KUDQD H ]DÉÎQD Y R YUFKROH Y �KUDQD H Y]FKÂG]D ] YUFKROX Y� D NRQÉÎ

YR YUFKROH Y
 �KUDQD H YFKÂG]D GR YUFKROX Y
�� *UDI MH DF\NOLFNÞ� QHREVDKXMH F\NOLFNÛ FHVWX� NWRUÂ E\ VD

VNODGDOD ] SRVWXSQRVWL URYQDNR RULHQWRYDQÞFK KUÂQ�
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lWXGXMPH RULHQWRYDQÞ JUDI [3] (hrany grafu sú orientované)* �9�(�� kde
9 ^Y��Y������YS` MH QHSUÂ]GQD PQR�LQD YUFKRORY D ( ^H��H������HT` MH PQR�LQD KUÂQ� SR]UL REU�
����� 2ULHQWRYDQÞ JUDI VD QD]ÞYD DF\NOLFNÞ YWHG\� DN QHH[LVWXMH RULHQWRYDQÂ F\NOLFNÂ FHVWD
REVDKXMÛFD SRVWXSQRV~ URYQDNR RULHQWRYDQÞFK KUÂQ�

,QGH[RYDQLH YUFKRORY RULHQWRYDQÊKR JUDIX * MH UHDOL]RYDQÊ SRPRFRX ]REUD]HQLD ϕ�
NWRUÊ SULUDGÎ ����]QDÉQH ND�GÊPX YUFKROX FHOÊ ÉÎVOR

ϕ �9 S→ ��� ���� �; @ ������

&HOÊ ÉÎVOR ϕ�Y� VD QD]ÞYD LQGH[ YUFKROX Y� 1HFK RULHQWRYDQÞ JUDI * MH LQGH[RYDQÞ SRPRFRX
]REUD]HQLD ϕ� SRWRP PDWLFD VXVHGQRVWL $ �$LM�∈^���`

S×S MH XUÉHQÂ WDNWR
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3RPRFRX WRKWR MHGQRGXFKÊKR LOXVWUDÉQÊKR SUÎNODGX PÕ�HPH X]DYULH~� �H YKRGQH LQGH[RYDQÊ
RULHQWRYDQÊ DF\NOLFNÊ JUDI\ VÛ XUÉHQÊ SRPRFRX PDWÎF VXVHGQRVWL� NWRUÊ REVDKXMÛ QHQXORYÊ
HOHPHQW\ OHQ SRG KODYQRX GLDJRQÂORX �QDG GLDJRQÂORX D YÉÎWDQH GLDJRQÂO\ VÛ OHQ QXORYÊ
HOHPHQW\��

9HWD ��� >�@� 2ULHQWRYDQÞ JUDI * �9�(� MH DF\NOLFNÞ YWHG\ D OHQ YWHG\� DN MHKR
YUFKRO\ PÕ�X E\~ LQGH[RYDQÊ WDN� �H SODWÎ

∀ ∈ >Y Y ( Y Y� 
 
0 5 0 5 0 5� ϕ ϕ ������

,QGH[RYDQLH ϕ� NWRUÊ Y\KRYXMH SRGPLHQNH ������ VD QD]ÞYD NDQRQLFNÊ LQGH[RYDQLH� 3RG�D
YHW\ �� ND�GÞ RULHQWRYDQÞ DF\NOLFNÞ JUDI PÕ�H E\~ NDQRQLFN\ LQGH[RYDQÞ� -HGQRGXFKÞ
LOXVWUDÉQÞ SUÎNODG NDQRQLFNÊKR LQGH[RYDQLD RULHQWRYDQÊKR DF\NOLFNÊKR JUDIX MH XYHGHQÞ QD
REU� ����� NGH YUFKRO\ VÛ X� WDN R]QDÉHQÊ� DE\ SRGPLHQND ������ ER�D VSOQHQÂ� 9UFKRO\
NDQRQLFN\ LQGH[RYDQÊKR JUDIX PÕ�X E\~ UR]GHOHQÊ QD WUL GLVMXQNWQÊ PQR�LQ\�

��� 9VWXSQÊ YUFKRO\� WLHWR YUFKRO\ VXVHGLD OHQ V Y\FKÂG]DMÛFLPL KUDQDPL�
��� 3UHFKRGQÊ YUFKRO\� WLHWR YUFKRO\ VÛÉDVQH VXVHGLD WDN V Y]FKÂG]DMÛFLP� DNR DM V

YFKÂG]DMÛFRX KUDQRX�
��� 9ÞVWXSQÊ YUFKRO\� WLHWR YUFKRO\ VXVHGLD OHQ V YFKÂG]DMÛFLPL KUDQDPL�

7LHWR WUL GÕOH�LWÊ SRMP\ PÕ�X E\~ LOXVWURYDQÊ JUDIRP ] REU� ����� YUFKRO\ Y�� Y� VÛ YVWXSQÊ
YUFKRO\ Y�� Y� VÛ SUHFKRGQÊ� ]DWLD� ÉR YUFKRO Y� MH YÞVWXSQÞ�

.DQRQLFN\ LQGH[RYDQÞ RULHQWRYDQÞ DF\NOLFNÞ JUDI VD QD]ÞYD V\QWDNWLFNÞ JUDI� 7HQWR
GUXK RULHQWRYDQÞFK JUDIRY PÂ YH�NÞ YÞ]QDP SUH LPSOHPHQWÂFLX V\PEROLFNHM UHJUHVLH� SUHWR�H
WLHWR JUDI\ PÕ�X VOÛ�L~ DNR HIHNWÎYQD UHSUH]HQWÂFLD IXQNFLÎ � SURJUDPRY� lWXGXMPH ]QRYX
RULHQWRYDQÞ JUDI QD REU� ����� .D�GÞ SUHFKRGQÞ DOHER YÞVWXSQÞ YUFKRO MH RKRGQRWHQÞ UHÂOQ\P
ÉÎVORP� NWRUÊ MH XUÉHQÊ DNR KRGQRWD IXQNFLH SULUDGHQHM YUFKROX� DUJXPHQW\ WHMWR IXQNFLH VÛ
IXQNÉQÊ KRGQRW\ YUFKRORY VSRMHQÊ V XYD�RYDQÞP YUFKRORP� SR]UL REU� ����� 3RG�D WHMWR
NRQYHQFLH� MHGQRWOLYÊ YUFKRO\ JUDIX QD REU� ���� VÛ RKRGQRWHQÊ WDNWR

[ F [ F [ I [ [ I [ [ [ [ I [ [
� � � � � � � � � � � � � � � �

= = = = =� � � � � � �1 6 1 6 1 6DQG ������
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3UH V\QWDNWLFNÊ JUDI\� LGÛF SRVWXSQH ] YVWXSQÞFK YUFKRORY �RKRGQRWHQÊ �YVWXSQÞPL�
NRQ{WDQWDPL� FH] SUHFKRGQÊ YUFKRO\ GR YÞVWXSQÊKR YUFKROX SRÉÎWDMÛ VD UHNXUHQWQH IXQNÉQÊ
KRGQRW\ YUFKRORY� NRQFRYÂ IXQNÉQÂ KRGQRWD YÞVWXSQÊKR YUFKROX MH FKÂSDQÂ DNR QHMDNÊ
RKRGQRWHQLH JUDIX DNR WDNÊKR� ,QÞPL VORYDPL� V\QWDNWLFNÊ JUDI\ UHDOL]XMÛ ]REUD]HQLH
YVWXSQÞFK NRQ{WÂQW QD NRQHÉQÛ IXQNÉQÛ KRGQRWX YÞVWXSQÊKR YUFKROX

[ F F
� � �

= * � ����1 6 ������

$NR NÔGRYD~ V\QWDNWLFNÊ JUDI\" $NR X� EROR QD]QDÉHQÊ Y SUYHM ÉDVWL WHMWR SRGNDSLWRO\�
PDWLFD VXVHGQRVWL Y\MDGUHQÂ GROQRX WURMXKROQÎNRYRX PDWLFRX UHSUH]HQWXMH XQLYHU]ÂOQ\
SURVWULHGRN SUH NÔGRYDQLH V\QWDNWLFNÞFK JUDIRY� = YHW\ � D ] Y\{{LH XYHGHQÊKR NRPHQWÂUX
Y\SOÞYD QDVOHGXMÛFD YHWD�

9HWD ���� *UDI * MH V\QWDNWLFNÞ JUDI YWHG\ D OHQ YWHG\� DN PDWLFD VXVHGQRVWL $ MH
GROQR�WURXKROQÎNRYRX PDWLFRX� SULÉRP ND�GÞ ULDGRN D� QD SUYÞ REVDKXMH DVSRÓ
MHGHQ MHGQRWNRYÞ HOHPHQW 
�
�

3RGPLHQND� �H Y ND�GRP ULDGNX D� QD SUYÞ MH DVSRÓ MHGHQ HOHPHQW 
�
 RGSRYHGÂ
SRGPLHQNH� �H V\QWDNWLFNÞ JUDI REVDKXMH SUÂYH MHGHQ YÞVWXSQÞ YUFKRO� $N Y VWÆSFL SRG
GLDJRQÂORX VÛ OHQ QXORYÊ HOHPHQW\ 
�
� SRWRP Y RGSRYHGDMÛFL YUFKRO MH YVWXSQÞ �W�M�
QHREVDKXMH SUHGFKRGFRY�� 3RÉHW RULHQWRYDQÞFK KUÂQ MH XUÉHQÞ SRPRFRX YVWXSQÞFK �SRÉHW
KUÂQ� NWRUÊ YFKÂG]DMÛ GR YUFKROX� D YÞVWXSQÞFK YDOHQFLÎ �SRÉHW KUÂQ� NWRUÊ Y]FKÂG]DMÛ ]
YUFKROX� Y{HWNÞFK YUFKRORY JUDIX

T YDO Y YDO Y
LQ

Y 9

RXW

Y 9

= =
∈ ∈
∑ ∑0 5 0 5 ������

3RX�LWLH PDWÎF VXVHGQRVWL SUH NÔGRYDQLH DF\NOLFNÞFK RULHQWRYDQÞFK JUDIRY PÂ MHGQR
YÂ�QH RKUDQLÉHQLH� D WR VNXWRÉQRV~� �H PDWLFD VXVHGQRVWL REVDKXMH SRWUHEQÛ LQIRUPÂFLX R

2EUÂ]RN ����� .D�GÞ SUHFKRGQÞ D YÞVWXSQÞ YUFKRO V\QWDNWLFNÊKR JUDIX MH
RKRGQRWHQÞ IXQNÉQRX KRGQRWRX V DUJXPQHWDPL RGSRYHGDMÛFLP IXQNÉQÞP
KRGQRWÂP YUFKRORY� NWRUÊ VÛ LQFLGHQWQÊ V KUDQDPL Y\FKÂG]DMÛFLPL ] QLFK D
YFKÂG]DMÛFLPL GR XYD�RYDQÊKR YUFKROX� 9UFKRO\� NWRUÊ VÛ YVWXSQÊ VÛ RKRGQRWHQÊ
NRQ{WDQWDPL�

2EUÂ]RN ����� ,OXVWUDÉQÞ SUÎNODG NÔGRYDQLD V\QWDNWLFNÊKR JUDIX SRPRFRX VWÆSFRYHM WDEX�N\�
6\QWDNWLFNÞ JUDI * MH NÔGRYDQÞ PDWLFRX VXVHGQRVWL $� WÂWR PDWLFD MH Y ÐDO{RP NURNX �NRQGHQ]RYDQÂ�
GR WYDUX VWÆSFRYHM WDEX�N\ 7FROXPQ�
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�WRSROÔJLL� JUDIX * YR YH�PL �]ULHGHQHM IRUPH�� W�M� GRPLQDQWQÂ ÉDV~ MHM HOHPHQWRY VÛ QXORYÊ
HOHPHQW\ 
�
� 3UHWR REUÂWLPH QD{X SR]RUQRV~ QD �NRQGHQ]RYDQÛ� PDWLFX VXVHGQRVWL
UHSUH]HQWRYDQÛ SRPRFRX VWÆSFRYHM WDEX�N\ 7FROXPQ � SR]UL REU� �����

6WÆSFRYÂ WDEX�ND 7FROXPQ {SHFLILNXMH SRORK\ HOHPHQWRY 
�
 Y VWÆSFRFK PDWLFH VXVHGQRVWL
$� 9 L�WRP ULDGNX WHMWR WDEX�N\ VÛ XYHGHQÊ SRORK\ HOHPHQWRY 
�
 Y RGSRYHGDMÛFRP L�WRP VWÆSFL
PDWLFH VXVHGQRVWL� = WHMWR GHILQÎFLH VWÆSFRYHM WDEX�N\ SULDPR Y\SOÞYD MHM HNYLYDOHQWQRV~ V
PDWLFRX VXVHGQRVWL� 6\QWDNWLFNÞ JUDI * XUÉHQÞ VWÆSFRYRX WDEX�NRX 7FROXPQ XPR�ÓXMH
MHGQRGXFKÞ UHNXUHQWQÞ YÞSRÉHW IXQNÉQHM KRGQRW\ YÞVWXSQÊKR YUFKROX� SR]UL REU� ���� D
DOJRULWPXV ����

3UH SRWUHE\ V\PEROLFNHM UHJUHVLH� MHGQRWOLYÊ YUFKRO\ V\QWDNWLFNÊKR JUDIX PXVLD E\~ H{WH
RKRGQRWHQÊ IXQNFLDPH Y VÛKODVH V LFK YVWXSQRX YDOHQFLRX �DULWRX�� W�M� L�WÊPX YUFKROX MH
SULUDGHQÂ IXQNFLD IL� 7ÂWR SR�LDGDYND VD MHGQRGXFKR UHDOL]XMH WDN� �H VWÆSFRYÂ WDEX�ND 7 MH
UR]{ÎUHQÂ R QRYÞ W]Y� ��WÞ VWÆSHF� 7HQWR SUÎVWXS EXGH LOXVWURYDQÞ V\QWDNWLFNÞP JUDIRP QD REU�
����� SULÉRP MHKR YUFKRO\ EXGÛ WHUD RKRGQRWHQÊ MHGQRGXFKÞPL DOJHEUDLFNÞPL RSHUÂFLDPL�
SR]UL REU� �����

7ÞPWR VSÕVRERP VWÆSFRYÊ WDEX�N\ VÛ SOQH {SHFLILNRYDQÊ� SUHGVWDYXMÛ MHGQRGXFKÞ D
HIHNWÎYQ\ SUÎVWXS NX NÔGRYDQLX V\QWDNWLFNÞFK JUDIRY� 0R�QR SRYHGD~� �H SUHGVWDYXMÛ
YÞ]QDPQÊ ]RY{HREHFQHQLH SUÎVWXSX V\QWDNWLFNÞFK VWURPRY SUH NÔGRYDQLH MHGQRGXFKR
Y\SRÉLWDWH�QÞFK IXQNFLÎ � SURFHGÛU� 1D ]ÂYHU WHMWR SRGNDSLWRO\ XNÂ�HPH MHGQRGXFKÞ SRVWXS�
DNR SRX�L~ V\QWDNWLFNÊ JUDI\ SUH SRWUHE\ V\PEROLFNHM UHJUHVLH UHDOL]RYDQHM SRPRFRX
HYROXÉQÞFK DOJRULWPRY� =RY{HREHFQHQÞ SRMHP VWÆSFRYHM WDEX�N\ EXGH SRX�LWÞ DNR
�FKURPR]ÔP� � HOHPHQWÂUQD LQIRUPDÉQÂ MHGQRWND HYROXÉQÊKR DOJRULWPX D EXGÛ XNÂ]DQÊ
HOHPQWÂUQH RSHUÂFLH PXWÂFLH D NUÎ�HPLD QDG WÞPLWR HQWLWDPL�

2EUÂ]RN ����� ,OXVWUDÉQÞ SUÎNODG YÞSRÉWX IXQNÉQÞFK KRGQÕW V\QWDNWLFNÊKR JUDIX * XUÉHQÊKR
SRPRFRX VWÆSFRYHM WDEX�N\ 7FROXPQ� 3RVWXSXMÛF ]GROD�KRUH FH] Y{HWN\ ULDGN\ WDEX�N\ � IXQNÉQÊ
KRGQRW\ VÛ UHNXUHQWQH SRÉÎWDQÊ SRPRFRX SUHGFKÂG]DMÛFLFK IXQNÉQÞFK KRGQÕW�

2EUÂ]RN ����� ,OXVWUDÉQÞ SUÎNODG YÞSRÉWX IXQNÉQÞFK KRGQÕW V\QWDNWLFNÊKR JUDIX * ] REU� ����� NWRUÊKR
MHGQRWOLYÊ YUFKRO\ VÛ WHUD] RKRGQRWHQÊ DOJHEUDLFNÞPL RSHUÂFLDPL� 6WÆSFRYÂ WDEX�ND 7 Y WRPWR SUÎSDGH
MH UR]{ÎUHQÂ R QRYÞ ��WÞ VWÆSHF� NWRUÞ {SHFLILNXMH IXQNFLH SULUDGHQÊ MHGQRWOLYÞP YUFKRORP� 9ÞVOHGQÊ
RKRGQRWHQLH V\QWDNWLFNÊKR JUDIX MH IXQNÉQÂ KRGQRWD YÞVWXSQÊKR YUFKROX ��D�F[��D�F[��



��

2EUÂWPH QD{X SR]RUQRV~ Y SUYRP NURNX QD WDNÞ VSÕVRE XUÉHQLD VWÆSFRYHM WDEX�N\�
DE\ MHM JHQHURYDQLH EROR GRVWDWRÉQH VWRFKDVWLFNÊ D SULWRP QHY\�DGRYDOR NRPSOLNRYDQÞ
RSUDYQÞ SURFHV WUDQVIRUPÂFLH QÂKRGQH JHQHURYDQHM WDEX�N\ QD VHPDQWLFN\ NRUHNWQÞ WYDU�
%XGHPH SUHGSRNODGD~� �H SRÉHW ULDGNRY Y WDEX�NH MH XUÉHQÞ ÉÎVORP �]DGDQRX NRQ{WDQWRX�

SPD[� D PD[LPÂOQD YVWXSQÂ YDOHQFLD YUFKRORY V\QWDNWLFNÊKR JUDIX MH Y
LQ

PD[ � 3RWRP VWÆSFRYÂ

WDEX�ND MH PDWLFD W\SX S YDO
LQPD[

PD[× + �3 8 � W�M� REVDKXMH SPD[ ULDGNRY D YDO
LQ

PD[ + �3 8 VWÆSFRY

�NWRUÊ VÛ LQGH[RYDQÊ �������� � �YDO
LQ

PD[ + � � � 3RX�LMHPH URYQDNÛ NRQYHQFLX DNR Y REU� �����

NGH ��WÞ VWÆSHF QXPHULFN\ NÔGXMH W\S\ IXQNFLÎ SULUDGHQÞFK MHGQRWOLYÞP YUFKRORP� ��YÞ VWÆSHF
Y\MDGUXMH YVWXSQÛ YDOHQFLX YUFKROX� W�M� SRÉHW YUFKRORY � SUHGFKRGFRY Y V\QWDNWLFNRP JUDIH�
.RQHÉQH� ��KÞ D ��WÎ VWÆSHF REVDKXMÛ LQGH[\ SUHGFKRGFRY� LFK SRÉHW �YÉÎWDQH QXO\� MH XUÉHQÞ
HOHPHQWDPL ��YÊKR VWÆSFD �YVWXSQÞPL YDOHQFLDPL�� 3UHWR�H YUFKRO\ V\QWDNWLFNÊKR JUDIX PXVLD
E\~ LQGH[RYDQÊ NDQRQLFN\� SUH HOHPHQW\ L�WÊKR ULDGNX �7L�� 7L�� PXVLD Y\KRYD~ SRGPLHQNDP

L 7 S L 7 S 7 7
L L L L

+ ≤ ≤ + ≤ ≤ ≠� �
� � � �PD[ PD[� D ������

*UDI XUÉHQÞ WDNWR GHILQRYDQRX WDEX�NRX QHY\KRYXMH ]ÂNODGQHM SRGPLHQNH SUH XUÉHQLH
V\QWDNWLFNÊKR JUDIX� DM NHÐ MH RULHQWRYDQÞ DF\NOLFNÞ JUDI� PÕ�H REVDKRYD~ YLDF DNR MHGHQ
YÞVWXSQÞFK YUFKRORY�

IXQFWLRQ (YDOB7DEOH�LQSXW � L� � UHDO�

EHJLQ LI 7L� � WKHQ

EHJLQ ^LQSXW YHUWH[`
(YDOB7DEOH� FL

HQG HOVH

LI 7L� � WKHQ

EHJLQ ^LQWHUPHGLDWH RU RXWSXW XQDU\ YHUWH[`
(YDOB7DEOH� IL�(YDOB7DEOH�7L���

HQG HOVH

LI 7L� � WKHQ

EHJLQ ^LQWHUPHGLDWH RU RXWSXW ELQDU\ YHUWH[`
(YDOB7DEOH� IL�(YDOB7DEOH�7L���(YDOB7DEOH�7L���

HQG�

HQG�

$OJRULWPXV ���� ,PSOHPHQWÂFLD Y SVHXGRSDVFDOH YÞSRÉWX IXQNÉQHM KRGQRW\ YÞVWXSQÊKR YUFKROX
SRPRFRX SURFHGÛU\ � IXQNFLH V UHNXU]LRX� NWRUÂ SÕVREÎ QDG VWÆSFRYRX WDEX�NRX 7� �7LM� � )XQNFLD MH
LQLFLDOL]RYDQÂ SUÎND]RP (YDOB7DEOH���� MHM DNWLYÂFLD NRQÉÎ QD YVWXSQRP YUFKROH� W�M� 7L� ��
3UHGSRNODGÂPH� �H Y V\QWDNWLFNRP JUDIH ND�GÞ YUFKRO PÂ PD[LPÂOQH GYRFK SUHGFKRGFRY
�YDOLQ

PD[ �� � WDEX�ND 7 PÂ WUL VWÆSFH D S ULDGNRY� $N MH WÂWR IXQNFLD DSOLNRYDQÂ QD WDEX�NX ] REU� �����
DNR YÞVWXS GRVWDQHPH URYQDNÛ IXQNÉQÛ KRGQRWX YÞVWXSQÊKR YUFKROX� DNR MH XYHGHQÂ QD REUÂ]NX�
)XQNFLH I�� I�� ���VÛ SULUDGHQÊ MHGQRWOLYÞP YUFKRORP� UHSUH]HQWXMÛ SR�DGRYDQÊ IXQNÉQÊ RSHUÂFLH
�VÛÉHW� SOXV� NUÂW� ]PHQD ]QDPLHQND� ����� 9 SUÎSDGH YVWXSQÞFK YUFKRORY� WLHWR IXQNFLH RGSRYHGDMÛ
GDQÞP NR{WDQWÂP�
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1ÂKRGQH JHQHURYDQLH VWÆSFRYÞFK WDEXOLHN WDN� DE\ EROL VSOQHQÊ SRGPLHQN\ ������ MH
DOJRULWPLFN\ LPSOHPHQWRYDQÊ DOJRULWPRP ���� 7DNWR JHQHURYDQÂ WDEX�ND WLH� XUÉXMH
V\QWDNWLFNÞ JUDI� DN EHUHPH Y ÛYDKX OHQ SRGJUDI Y\WYRUHQÞ UHNXUHQWQÞP ULH{HQÎP
Y\FKÂG]DMÛFHKR ] YÞVXSQÊKR YUFKROX 
�
� SR]UL REU� ����� 9 WDNWR ]RY{HREHFQHQRP SUÎVWXSH
NX NRQ{WUXNFLL D LQWHUSUHWÂFLL VWÆSFRYHM WDEX�N\ PÕ�H QDVWD~ VLWXÂFLD� �H YÅÉ{LD ÉDV~ WDEX�N\ QLH

SURFHGXUH *HQHUB6\QWDFWLFB*UDSK�LQSXW � SPD[� YDOLQ
PD[� RXWSXW 7��

EHJLQ IRU L� � WR SPD[ GR

EHJLQ 7L�� UDQGRP�YDOLQ
PD[����

FDVH 7L� RI

� � EHJLQ ^LQSXW YHUWH[`
7L�� JHQHUBW\SHBIXQFWLRQ����

HQG�
� � EHJLQ ^XQDU\ LQWHUPHGLDWH�RXWSXW YHUWH[`

7L�� JHQHUBW\SHBIXQFWLRQ����
7L�� L���UDQGRP�SPD[�L��

HQG�

� � EHJLQ ^ELQDU\ LQWHUPHGLDWH�RXWSXW YHUWH[`
7L�� JHQHUBW\SHBIXQFWLRQ����
UHSHDW

7L�� L���UDQGRP�SPD[�L��
7L�� L���UDQGRP�SPD[�L��
XQWLO 7L� 7L��

HQG�
�
�

HQG ^RI FDVH`�
HQG ^RI IRU`�

HQG�

$OJRULWPXV ���� ,PSOHPHQWÂFLD QÂKRGQHM JHQHUÂFLH VWÆSFRYHM WDEX�N\ REVDKXMÛFHM SPD[ ULDGNRY D �YDOLQ
PD[���

VWÆSFRY� )XQNFLD UDQGRP�Q� MH QÂKRGQÞ JHQHUÂWRU FHOÞFK ÉÎVHO ] LQWHUYDOX >��Q��@ V URYQRPHUQRX
SUDYGHSRGREQRV~RX� F\NOXV UHSHDW�XQWLO MH DSOLNRYDQÞ WDN GOKR� D� QÂKRGQH JHQHURYDQÊ HOHPHQW\ 7L�� 7L�

Y\KRYXMÛ SRGPLHQNH ������� )XQNFLD JHQHUDBW\SHBIXQFWLRQ�YDOLQ� QÂKRGQH JHQHUXMH W\S IXQNFLH L�WÊKR
YUFKROX Y ]ÂYLVORVWL RG KRGQRW\ YVWXSQHM YDOHQFLH XUÉHQHM YDOLQ 7L�� 9 SUÎSDGH� �H 7L� �� SRWRP WÂWR IXQNFLD XUÉXMH
QÂKRGQH �YVWXSQÛ NRQ{WDQWX��

2EUÂ]RN ����� ,OXVWUDWÎYQ\ SUÎNODG QÂKRGQH JHQHURYDQHM VWÆSFRYHM WDEX�N\ REVDKXMÛFHM �� ULDGNRY D � VWÆSFH
�SPD[ �� D YDOLQ

PD[ ��� +YLH]GLÉNRX R]QDÉHQÊ YUFKRO\ VÛ DNWÎYQH SUL NRQ{WUXNFLL V\QWDNWLFNÊKR JUDIX
REVDKXMÛFHKR YÞVWXSQÞ YUFKRO 
�
� 2VWDWQÊ YUFKRO\ VD SRGLH�DMÛ QD NRQ{WUXNFLL LQÊKR �DOHER LQÞFK� V\QWDNWLFNÞFK
JUDIRY� NWRUÞFK YÞVWXSQÊ YUFKRO\ VÛ LQÊ DNR YUFKRO 
�
� 1DNUHVOHQÞ V\QWDNWLFNÞ JUDI WLH� Y]QLNQH DNWLYÂFLRX
IXQNFLH (YDOB7DEOH��� ] DOJRULWPX ���� = WÞFKWR GÕYRGRY PÕ�HPH SRNODGD~ QÂKRGQH JHQHURYDQÛ WDEX�NX ]D
NRUHNWQÞ SUÎVWXS N XUÉHQLX V\QWDNWLFNÞFK IXQNFLÎ� DM NHÐ MH QXWQÊ SR]QDPHQD~� �H YH�NÂ ÉDV~ WDEX�N\ PÕ�H E\~
QHY\X�LWÂ SUL NRQ{WUXNFLL V\QWDNWLFNHM IXQNFLH�
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MH Y\X�LWÂ SUH NRQ{WUXNFLX V\QWDNWLFNÞFK IXQNFLÎ� ,QÂÉ SRYHGDQÂ� UHGXQGDQFLD LQIRUPÂFLH Y
QÂKRGQH JHQHURYDQÞFK VWÆSFRYÞFK WDEX�NÂFK MH YÅÉ{LD DNR WÞFK� NWRUÊ VÛ ]DOR�HQÊ QD SULDPHM
DQDOÔJLL V PDWLFRX VXVHGQRVWL �NGH MH UHGXQGDQFLD QXORYÂ��

0XWÂFLD WDEX�N\ MH FKÂSDQÂ DNR RSHUÂFLD� NWRUÂ VWRFKDVWLFN\ ]PHQÎ YVWXSQÛ WDEX�NX
QD QRYÛ � YÞVWXSQÛ WDEX�NX

′ =7 72
PXW 0 5 ������

SULÉRP VWRFKDVWLÉQRV~ WHMWR WUDQVIRUPÂFLH MH Y\MDGUHQÂ SUDYGHSRGREQRV~RX 3PXW SULÉRP
QDVOHGXMÛFD SRGPLHQND MH VSOQHQÂ

OLP
3

PXW

PXW

2
→

=
�

7 70 5 ������

0R�QÂ LPSOHPHQWÂFLD PXWÂFLH� NWRUÂ Y\KRYXMH SRGPLHQNH ������� MH Y\MDGUHQÂ DOJRULWPRP ���
D REU� �����

.UÎ�HQLH GYRFK WDEXOLHN 7� D 7� MH VWRFKDVWLFNÂ WUDQVIRUPÂFLD� NWRUÂ Y\WYÂUH GYH QRYÊ
WDEX�N\ 7
� D 7
�

′ ′ =7 7 7 7
� � � �
� �1 6 1 62

FURVV
������

6WRFKDVWLÉQRV~ WHMWR RSHUÂFLH Y WRP� �H W]Y� ERG NUÎ�HQLD VD Y\EHULH QÂKRGQH D RG WRKWR ERGX

VL WDEX�N\ Y\PHQLD VYRMH ULDGN\� SR]UL REU� �����

SURFHGXUH 0XWDWLRQB7DEOH�LQSXW � 7� RXWSXW � 7
��

EHJLQ IRU L� � WR SPD[ GR

LI UDQGRP�3PXW WKHQ

EHJLQ

PXWDWLRQBRIBURZ�L��

HQG HOVH

EHJLQ ^FRS\ RI ZKROH URZ`

IRU M� � WR 7L��� GR

7
LM� 7LM�

HQG�

HQG�

$OJRULWPXV ���� -HGQD ] PR�QÞFK LPSOHPHQWÂFLÎ PXWÂFLH WDEX�N\ 7 QD QRYÛ WDEX�NX 7
�

3DUDPHWHU 3PXW XUÉXMH SUDYGHSRGREQRV~ ]PHQ] ULDGNX Y WDEX�NH� MHGQRWOLYÊ PR�QRVWL

WHMWR HOHPHQWÂUQHM WUDQVIRUPÂFLH ULDGNX VÛ ]QÂ]RUQHQÊ QD REU� ����� 7DNWR

LPSOHPHQWRYDQÂ VWRFKDVWLFNÂ WUDQVIRUPÂFLD � PXWÂFLD WDEX�N\ 7 Y\KRYXMH SRGPLHQNH

������� W�M� DN SUDYGHSRGREQRV~ 3PXW VD EOÎ�L N QXOH� SRWRP WÂWR WUDQVIRUPÂFLD SUHVWÂYD

PXWRYD~ YVWXSQÛ WDEX�NX�

2EUÂ]RN ����� 6FKHPDWLFNÊ ]QÂ]RUQHQLH PXWÂFLH Y\EUDQÊKR ULDGNX �V SUDYGHSRGREQRV~RX 3PXW�

SR]UL DOJRULWPXV ����� 5R]OL{XMÛ VD WUL UÕ]QH SUÎSDG\ Y\EUDQÊ V URYQDNRX SUDYGHSRGREQRV~RX� 9

SUÎSDGH $ VD PXWXMH ��WÞ HOHPHQW ULDGNX� NWRUÞ SRSLVXMH W\S IXQNFLH� W�M� QÂKRGQH VD JHQHUXMH

SRPRFRX IXQNFLH JHQHUBW\SHBIXQFWLRQ�7L�� ] DOJRULWPX ���� 2VWDWQÊ HOHPHQW\ Y ULDGNX

]RVWÂYDMÛ QH]PHQHQÊ� 9 SUÎSDGH % PXWXMH ��YÞ HOHPHQW ULDGNX SRSLVXMÛFL YVWXSQÛ YDOHQFLX

RGSRYHGDMÛFHKR YUFKROX� 9 WRPWR SUÎSDGH MH SRWUHEQÊ ]PXWRYD~ DM RVWDWQÊ ]RVWÂYDMÛFH HOHPHQW\

ULDGNX� 9 SRVOHGQRP SUÎSDGH & VD PXWXMÛ HOHPHQW\ ULDGNX� NWRUÊ SRSLVXMÛ SUHGFKRGFRY YUFKROX�
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-H GÕOH�LWÊ SR]QDPHQD~� �H RSUÂFLD NUÎ�HQLD QHPHQÎ FKDUDNWHU WDEXOLHN� W�M� DN YVWXSQÊ WDEX�N\

7� D 7� VÛ LQWHUSUHWRYDWH�QH V\QWDNWLFNÞPL JUDIPL� SRWRP DM YÞVWXSQÊ WDEX�N\ 7
� D 7
� PDMÛ

WÛWR GÕOH�LWÛ YODVWQRV~�

3UÎNODG ���� 0RGLILNXMWH LPSOHPHQWÂFLX ] SUÎNODGX ��� WDN� DE\ PLHVWR OLQHÂUQHKR NÔGX VD
SR�ÎYDOL VWÆSFRYÊ WDEXON\�

��� ,OXVWUDWÎYQH SUÎNODG\ V\PEROLFNHM UHJUHVLH

6\PEROLFNÛ UHJUHVLX EXGHPH LOXVWURYD~ SRPRFRX GYRFK UÕ]Q\FK YÞSRÉWRY� D WR NRQ{WUXNFLH

ERRORYVNHM IXQNFLH SUH W]Y� SUREOÊP SDULW\ D V\PHWULH D NRQ{WUXNFLH ��UR]PHUQHM IXQNFLH UHÂOQHM

SUHPHQQHM� NWRUÊ VÛ ]DGDQÊ SRPRFRX UHJUHVQHM WDEXON\�

3DULWD D V\PHWULD ELQÂUQ\FK YHNWRURY

1HFK α = α α α
� �
� �����

Q1 6 MH Q�UR]PHUQÞ ELQÂUQ\ YHNWRU� KRYRUÎPH� �H WHQWR YHNWRU MH SÂUQHM

�QHSÂUQHM� SDULW\ DN REVDKXMH SÂUQ\ SRÉHW �QHSÂUQ\ SRÉHW� MHGQRWLHN� SÂUQD SDULWD MH

GHILQRWRULFN\ SRX�LWÂ DM SUH ELQÂUQ\ YHNWRU REVDKXMÛFL VDPÊ QXO\� 7ÂWD FKDUDNWHULVWLND

ELQÂUQ\FK YHNOWRURY PÕ�H E\~ FKÂSDQÂ DNR ERRORYVNÂ IXQNFLD� NWRUÂ ]REUD]XMH QH]ÂYLVOÊ

ELQÂUQH SUHPHQQÊ α α α
� �
� �����

Q
QD ELQÂUQX ]ÂYLVOÛ SUHPHQQÛ �� SUH SÂUQX SDULWX D � SUH

QHSÂUQX SDULWX�

\
Q

= SDULW\ � �����α α α
� �1 6 ������

3UH Q ����� MH IXQNFLD SDULW\ Y{HWNÞFK PR�QÞFK ELQÂUQÞFK YHNWRURY XUÉHQÂ UHJUHVQÞPL

WDEXONDPL XYHGHQÞPL Y 7DE� ���� 3DULWD ELQÂUQHKR YHNWRUD PÕ�H E\~ IRUPÂOQH Y\MDGUHQÂ WDNWR

SDULW\

PRG

α0 5 = +
�

�
�

�

�
�

=
∑�

� �

α
L

L

Q

������

7R ]QDPHQÂ� �H SDULWD ELQÂUQHKR YHNWRUD α MH XUÉHQÂ DNR MHGHQ SOXV PRGXOR � SRÉWX MHGQRWLHN

Y ELQÂUQRP YHNWRUH α� 7DN QDSUÎNODG� DN α REVDKXMH SÂUQ\ SRÉHW MHGQRWLHN� SRWRP PRGXOR �

WRKWR SRÉWX MH QXOD� ÉL�H SRG�D Y\{{LH XYHGHQHM GHILQÎFLH SDULWD MH URYQÂ SDULW\�α� ��� ��
6\PHWULD ELQÂUQHKR YHNWRUD α = α α α

� �
� ����� Q1 6 MH GHILQRYDQÂ QDVOHGXMÛFLP VSÕVRERP

2EUÂ]RN ����� 6FKHPDWLFNÊ ]QÂ]RUQHQLH RSHUÂFLH NUÎ�HQLD PHG]L GYRPD WDEX�NDPL� %RG

NUÎ�HQLD VD QÂKRGQH Y\EHULH� SRWRP VL WDEX�N\ PHG]L VHERX Y\PHQLD ULDGN\� NWRUÊ OH�LD SRG

ERGRP NUÎ�HQLD�



��

V\PPHWU\

� ����

α0 5
2 7

2 7
=

= =%

&
K

'
K

− +� ��

�

�
DN SUH

RVWDWQÊ SUÎSDG\

α α
L Q L

L N

������

NGH Q �N DOHER Q �N��� 9HUEÂOQH IRUPXORYDQÊ� ELQÂUQ\ YHNWRU α PD MHGQRWNRYÛ V\PHWULX

YWHG\� DN PÂ �VWUHG V\PHWULH�� 3UH Q ����� MH IXQNFLD V\PHWULH Y{HWNÞFK PR�QÞFK ELQÂUQÞFK

YHNWRURY XUÉHQÂ UHJUHVQÞPL WDEXONDPL XYHGHQÞPL Y 7DE� ����

%RRORYVNÛ IXQNFLX SDULW\ PÕ�HPH Y\MDGUL~ SRPRFRX QHJÂFLH �QRW� D Y\OXÉRYDFLHKR

DOHER �H[FOXVLYH RU� [RU� �SR]UL 7DE���� SUH GHILQÎFLX WÞFKWR IXQNFLÎ� QDVOHGXLMÛFLP MHGQRGXFKÞP

VSÕVRERP

SDULW\ QRW [RU [RU [RU

[RU [RU [RU [RU QRW

Q Q

Q Q

α α α α α α

α α α α
� � � �

� � �

� ����� ���

���

1 6 2 7

2 7 2 7

=

= −

������

3UH Q≥�� 3UH Q ����� GRVWDQHPH

SDULW\ QRW [RU

[RU QRW

α α α α
α α

� � � �

� �

�1 6 2 7=
=

�����D�

SDULW\ QRW [RU [RU

[RU [RU QRW

α α α α α α

α α α
� � � � � �

� � �

� �1 6 2 7

2 7 2 7

=

=
�����E�

SDULW\ QRW [RU [RU [RU

[RU [RU [RU QRW

α α α α α α α α

α α α α
� � � � � � � �

� � � �

� � �1 6 2 7

2 7 2 7

=

=
�����F�

7DEXOND ���� 5HJUHVQÊ WDEXON\ SUH SDULWX D V\PHWULX ELQÂUQ\FK YHNWRURY GLPHQ]LH

Q �����

1R� Q � Q � Q �

α� α� \SDU \V\PP α� α� α� \SDU \V\PP α� α� α� α� \SDU \V\PP

� � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � �

� � � � � � � � � � � �

� � � � � � � � � � � �

� � � � � � � � � � � �

� � � � � � � � � � � �

� � � � � � �

�� � � � � � �

�� � � � � � �

�� � � � � � �

�� � � � � � �

�� � � � � � �

�� � � � � � �

�� � � � � � �

7DEXOND ���� +RGQRW\ XQÂUQHM IXQNFLH QRW D ELQÂUQ\FK

IXQNFLÎ RU� [RU D DQG�

[� [� QRW [� [� RU [� [� [RU [� [� DQG [�

� � � � � �

� � � � � �

� � � � � �

� � � � � �
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'LDJUDPDWLFNÂ YL]XDOL]ÂFLD WÞFKWR YÞUD]RY SRPRFRX V\QWDNWLFNÞFK VWURPRY MH ]QÂ]RUQHQÂ QD

REU� �����

%RRORYVNÂ IXQNFLD V\PPHWU\ MH XUÉHQÂ SRPRFRX ������� SUHSLV SRPRFRX ORJLFNÞFK

IXQNFLÎ PÂ WHQWR MHGQRGXFKÞ WYDU

V\PPHWU\

QRW [RU RU [RU RU RU [RU Q N

QRW [RU RU [RU RU RU [RU Q N

Q

N N N N

N N N N

α α α
α α α α α α

α α α α α α
� �

� � � � � �

� � � � � �

� �

�

� �����

���

���

4 9
4 9 4 9 4 9 4 9

4 9 4 9 4 9 4 9

=
= +

=

− +

− +

�
�

�
�

�
�

�
�

%

&
K
K

'
K
K

SUH

SUH

������

3UH Q ����� WÂWR IXQNFLD PÂ WYDU

V\PPHWU\ QRW [RUα α α α
� � � �
�1 6 2 7= �����D�

V\PPHWU\ QRW [RUα α α α α
� � � � �
� �1 6 2 7= �����E�

V\PPHWU\ QRW [RU RU [RUα α α α α α α α
� � � � � � � �
� � �1 6 2 7 2 73 8= �����F�

6\QWDNWLFNÊ VWURP\ SULUDGHQÊ WÞPWR YÞUD]RP PDMÛ WYDU ]QÂ]RUQHQÞ QD 2EU� �����

2EUÂ]RN ����� 6\QWDNWLFNÊ VWURP\ SUH %RRORYVNÛ IXQNFLX SDULW\ Y\MDGUHQÛ YÞUD]PL �����D�E��
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2EUg]RN ����� =Qg]RUQHQLH V\QWDNWLFN¬FK VWURPRY SURGXNRYDQ¬FK JHQHUWLFN¬P SURJUDPRYDQmP SUH V\PEROLFNr
UHJUHVLX SDULW\ ELQgUQ\FK YHNWRURY GLPHQ]LH Q �� 9§HWN\ WLHWR VWURP\ PDMr QXORYr KRGQRWX r³HORYHM IXQNFLH
������� SHQDOL]D³Q¬ ³OHQ ] SUmNODGX ����� ]Y¬KRGÈXMH WLH VWURP\� NWRUk PDMr PHQ§m SR³HW YUFKRORY� 3RVOHGQ¬ VWURP
MH WRWR©Q¬ VR VWURPRP QD REU� ������� WDN©H Pp©HPH NRQ§WDWRYDÔ� ©H Y WRPWR MHGQRGXFKR SUmSDGH V\PEROLFNHM
UHJUHVLH� JHQHWLFNk SURJUDPRYDQLH SRVN\WXMH RSWLPgOQ\ Y¬VOHGRN�

Obrázok 5.32. Syntaktické stromy pre paritu binárnych vektorov dimenzie n=4. Posledný strom je WRWR©Q¬ VR

VWURPRP QD REU� ����� Y WRPWR §SHFLgOQRP SUmSDGH� JHQHWLFNk SURJUDPRYDQLH RSiÔ SRVN\WXMH VSUgYQ\ Y¬VOHGRN�

2EUÂ]RN ����� 6\QWDNWLFNÊ VWURP\ %RRORYVNÞFK YÞUD]RY Y\MDGUXMÛFLFK V\PHWULX ELQÂUQ\FK

UH~D]FRY SRGÎD YÞUD]RY �������
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9 GÕVOHGNX WRWR� �H ELQÂUQD RSHUÂFLD [RU MH NRPXWDWÎYQD D DVRFLDWÎYQD� %RRORYVNÊ
IXQNFLH ����� D ������ VÛ LQYDULDWQÊ Y]K�DGRP N �XERYROQHM SHUPXWÂFLL ELQÂUQÞFK SUHPHQQÞFK
α�� α�� ���� αQ� 7R ]QDPHQÂ QDSUÎNODG� �H V\QWDNWLFNÞ VWURP SUH Q � QD 2EU� ���� GHILQXMH
URYQDNÛ %RRORYVNÛ IXQNFLX SUH Y{HWNÞFK �� �� SHUPXWÂFLÎ SUHPHQQÞFK α�� α�� α�� α�� �

1HFK PQR�LQ\ SRYROHQÞFK YUFKRORY PDMÛ WRWR ]OR�HQLH�
��� WHUPLQÂOQH YUFKRO\ ^ α�� α�� α�� α��` �
��� XQÂUQ\ YUFKRO ^ QRW ` �
��� ELQÂUQH YUFKRO\ ^ DQG � RU � [RU ` �

3RWRP QR�LQD 7 REVDKXMH WDNÊ NRUHÓRYÊ VWURP\� NWRUÞFK YUFKRO\ SDWULD GR Y\{{LH XYHGHQÞFK
WURFK PQR�ÎQ YUFKRORY� *HQHWLFNÞ DOJRULWPXV �SR]UL DOJRULWPXV ���� MH WHUD] PRGLILNRYDQÞ WDN�
]H SRSXOÂFLD FKURPR]ÔPRY REVDKXMH V\QWDNWLFNÊ VWURP\ ] PQR�LQ\ 7 � NWRUÊ SUL LQLFLDOL]DFLL
DOJRULWPX EROL QÂKRGQH JHQHURYDQÊ� .D�GÞ V\QWDNWLFNÞ VWURP � FKURPR]ÔP RGSRYHGÂ
%RRORYHM IXQNFLL� SULÉRP KRGQRWD ÛÉHORYHM IXQNFLH �IXQNFLRQÂOX� ������ SULUDGHQÂ WRPXWR
V\QWDNWLFNÊPX VWURPX MH SRÉÎWDQÊ SUH GDQÛ UHJUHVQÛ WDEXONX �SR]UL 7DE� ����� *HQHWLFNÞ
DOJRULWPXV REVDKRYDO SRSXOÂFLX ]OR�HQÛ ] ��� FKURPR]ÔPRY �V\QWDNWLFNÞFK VWURPRY
]DNÔGRYDQÞFK SRPRFRX 5HDGRYKR NÔGX�� 3UÂYGHSRGREQRV~ RSHUÂFLH NUÎ�HQLD 3FURVV ����
RSHUÂFLD PXWÂFLH VD DSOLNXMH DQ ND�GÞ VWURP Y]VWXSXMÛFL ] NUÎ�HQLD V SUDYHGHSRGREQR~RX
3PXW ���� »ÉHORYÂ IXQNFLD PDOD PRGLILNRYDQÞ WYDU ] SUÎNMODGX ���� SULÉRP SHQDOL]DÉQÂ
NRQ{WDQWD α ����� 9ÞVOHGN\ ]ÎVNDQÊ WRXWR YHU]LRX JHQHWLFNÊKR SURJUDPRYDQLD SUH ERRORYVNÊ
IXQNFLH SDULW\ D V\PHWULH VÛ XYHGHQÊ QD REU� ���� D �����

2EUÂ]RN ����� ,OXVWUDÉQÊ SUÎNODG\ V\QWDNWLFNÞFK JUDIRY ] SULHEHKX JHQHWLFNÊKR

DOJRULWPX� SRVOHGQ] JUDI PÂ QXORYÛ ÛÉHORYÛ IXQNFLX D SUHWR SUHVQH UHSURGXNXMH

UHJUHVQÛ WDEXONX�
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5DFLRQÂOQ\ SRO\QÔP

9 NDSLWROH ��� VPH SRSÎVDOL NÔGRYDQLH IXQNFLÎ SRPRFRX VWÆSFRYÞFK WDEXOLHN� SULÉRP NÔGRYDQÊ
IXQNFLH Y WRPWR SUÎSDGH VÛ SRGVWDWQH Y{HREHFQHM{LH DNR Y SUÎVWXSH NÔGRYDQLD SRPRFRX
NRUHÓRYÞFK VWURPRY� %XGHPH SUHGSRNODGD~� �HY WRPWR SUÎSDGH PQR�LQ\ SRYROHQÞFK YUFKRORY
PDMÛ WRWR ]OR�HQLH�

��� WHUPLQÂOQH YUFKRO\ ^ FHOÊ NODGQÊ ÉÎVOD D SUHPHQQÂ [` �
��� XQÂUQ\ YUFKRO ^ ]PHQD ]QDPLHQND ` �
��� ELQÂUQH YUFKRO\ ^ VÛÉHW� UR]GLH�� SRGLH� D VÛÉLQ ` �

*HQHWLFNÞ DOJRULWPXV REVDKRYDO SRSXOÂFLX ��� FKURPR]ÔPRY �VWÆSFRYÞFK WDEXOLHN� SULÉRP
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>�@ -� .R]D� *HQHWLF 3URJUDPPLQJ� 2Q WKH 3URJUDPPLQJ RI &RPSXWHUV E\ 0HDQV RI
1DWXUDO 6HOHFWLRQ� 0,7 3UHVV� &DPEULGJH� 0$� �����

>�@ -� .R]D� *HQHWLF 3URJUDPPLQJ �,,�� $XWRPDWLF 'LVFRYHU\ RI 5HXVDEOH 3URJUDPV� 0,7
3UHVV� &DPEULGJH� 0$� �����

>�@ )� +DUDU\� *UDSK 7KHRU\� $GGLVRQ :HVOH\� 5HDGLQJ� 0$� �����
>�@ 5�&� 5HDG� &RGLQJ RI 8QODEHOHG 7UHHV� LQ 5�&� 5HDG �HG��� *UDSK 7KHRU\ DQG

&RPSXWLRQJ� $FDGHPLF 3UHVV� 1HZ <RUN� �����
>�@ 9� .YDVQLÉND� -� 3RVSÎFKDO� &RQVWUXFWLYH (QXPHUDWLRQ RI $F\FOLF 0ROHFXOHV� &ROOHFW� RI

&]HFK� &KHP� &RPP� ��������� �����
>�@ 9� .YDVQLÉND� -� 3RVSÎFKDO� 6LPXODWHG $QQHDOLQJ &RQVWUXFWLRQ RI 0ROHFXODU *UDSKV ZLWK

5HTXLUHG 3URSHUWLHV� -� &KHP� ,QI� &RPS� 6FL� ��������� ����
>�@ 9� .YDVQLÉND� -� 3RVSÎFKDO� 0� 3HOLNÂQ� 5HDG
V /LQHDU &RGHV DQG (YROXWLRQDU\

&RPSXWDWLRQ 2YHU 3RSXODWLRQV RI 5RRWHG 7UHHV� ,QWHOOLQJHQW WHFKQRORJLHV �,,��
3URFHHGLQJV RI WKH ��VW 6ORYDN 1HXUDO 1HWZRUN 6\PSRVLXP� +HUODQ\� 1RYHPEHU �����

>�@ 0� 3HOLNÂQ� *HQHWLFNÊ SURJUDPRYDQLH� 3UÂFD SUH l92©� &+7) 678� 0ÂM �����
>�@ 0� 3HOLNÂQ� 9� .YDVQLÉND� -� 3RVSÎFKDO� 5HDG
V /LQHDU &RGHV DQG (YROXWLRQDU\

&RPSXWDWLRQ 2YHU 3RSXODWLRQV RI 5RRWHG 7UHHV� *HQHWLF 3URJUDPPLQJ 
��� 6WDQIRUG�
-XO\ ������ �����

>��@ +� :LHQHU� 6WUXFWXUDO 'HWHUPLQDWLRQ RI 3DUDIILQ %RLOLQJ 3RLQWV� -� $P� &KHP� 6RF�
��������� ���

>��@ 0� 5DQGLü� 2Q &KDUDFWHUL]DWLRQ RI 0ROHFXODU %UDQFKLQJ� -� $P� &KHP� 6RF�
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>��@ 9� .YDVQLÉND� -� 3RVSÎFKDO� 6LPSOH ,PSOHPHQWDWLRQ RI *HQHWLF 3URJUDPPLQJ E\ &ROXPQ

7DEOHV� 3URFHHGLQJV RI 0HQGHO 
��� �UG ,QWHUQDWLRQDO 0HQGHO &RQIHUHQFH RQ *HQHWLF

$OJRULWKPV� 2SWLPL]DWLRQ 3UREOHPV� )X]]\ /RJLF� 1HXUDO QHWZRUNV� 5RXJK 6HWV� %UQR�

-XQH ������ �����

>��@ 9� .YDVQLÉND� -� 3RVSÎFKDO� 6LPSOH ,PSOHPHQWDWLRQ RI *HQHWLF 3URJUDPPLQJ E\ &ROXPQ

7DEOHV� 7R EH SXEOLVKHG LQ /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH� 6SULQJHU 9HUODJ� %HUOLQ
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