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6LPXORYDQk�©mKDQLH

��� �YRGQk SR]QgPN\

0HWoGD VLPXORYDQkKR ©mKDQLD >���@ �6LPXODWHG $QQHDOLQJ � 6$� SDWUm PHG]L WLH VWRFKDVWLFNk RSWLPDOL]D³Qk
DOJRULWP\� NWRUk� DNR QDSRYHGg X© LFK Qg]RY� PDMr ]gNODG YR I\]LNH �QD UR]GLHO RG LQ¬FK VWRFKDVWLFN¬FK
RSWLPDOL]D³Q¬FK DOJRULWPRY� NWRUk PDMr Yi³§LQRX VYRM ]gNODG Y ELROoJLL�� $OJRULWPXV VLPXORYDQkKR ©mKDQLD MH
]DOR©HQ¬ QD DQDOoJLL PHG]L ©mKDQmP WXK¬FK WHOLHV D RSWLPDOL]D³Q¬P SUREOkPRP� 3R³LDWNRP ���W\FK URNRY
.LUNSDWULFN� *HODWW D 9HFFKL >�@ �:DWVRQ 5HVHDUFK &HQWHU RI WKH ,%0� 86$� D QH]gYLVOH ²HUQ¬ >�@ �SpVRELDFL
QD .DWHGUH WHRUHWLFNHM I\]LN\ 0)) 8. Y %UDWLVODYH� GRVWDOL JHQLgOQ\ QgSDG� ©H SUREOkP KÄDGDQLD JOREgOQHKR
PLQLPD Pp©H E\Ô UHDOL]RYDQ¬ SRGREQ¬P VSpVRERP DNR ©mKDQLH WXKkKR WHOHVD� 7HQWR QRY¬ SUmVWXS N KÄDGDQLX
JOREgOQHKR PLQLPD IXQNFLH ERO QD]YDQ¬ VLPXORYDQk ©mKDQLH�

9R I\]LNH ©mKDQLH R]QD³XMH WDN¬ SURFHV Y NWRURP MH WHOHVR XPLHVWQHQk GR SHFH Y\KULDWHM QD Y\VRNr
WHSORWX D SRVWXSQ¬P SRPDO¬P ]QL©RYDQmP WHSORW\ �SR]UL REU� ���� VD RGVWUDÈXMr YQrWRUQk GHIHNW\ WHOHVD� 3UL
Y\VRNHM WHSORWH ³DVWLFH WHOHVD �DWoP\ DOHER PROHNXO\� Vr QgKRGQH XVSRULDGDQk Y SULHVWRUH� WDN©H WHOHVR MH
UR]WRSHQk� 3RWRP VD WHSORWD SRVWXSQH ]QL©XMH� Y§HWN\ ³DVWLFH WHOHVD PDMr PR©QRVÔ GRVWDÔ VD GR URYQRYg©QHM
SRORK\� ³L©H HQHUJLD WHOHVD VD ]QL©XMH� %XGHPH SUHGSRNODGDÔ� ©H SURFHV RFKODG]RYDQLD MH GRVWDWR³QH SRPDO¬�
SRWRP SUH ND©Gr WHSORWX 7 ©mKDQk WHOHVR MH Y WHSHOQHM URYQRYgKH� NWRUg MH SRSmVDQg %ROW]PDQQRYVN¬P
UR]GHOHQmP SUDYGHSRGREQRVWL WRKR� ©H SUL WHSORWH 7 MH WHOHVR Y VWDYH L V HQHUJLRX (L
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NGH VXPgFLD REVDKXMH Y§HWN\ VWDY\ L WHOHVD� $N WHSORWD 7 NOHVg� SRWRP %ROW]PDQQRYVNg GLVWULErFLD
XSUHGQRVWÈXMH VWDY\ V PHQ§RX HQHUJLRX� 9 SUmSDGH� ©H WHSORWD VD EOm©L QXOH� VWDY V PLQLPgOQRX HQHUJLRX Pg
QHQXORYr �MHGQRWNRYr� SUDYGHSRGREQRVÔ� ¨LDÄ� DNR MH GREUH ]QgPH� DN MH RFKODG]RYDQLH WHOHVD SUmOL§ U¬FKOH
�WHOHVX QLH MH XPR©QHQk ]mVNDÔ WHSHOQr URYQRYgKX SUH ND©Gr WHSORWX 7�� GHIHNW\ Y WHOHVH Pp©X ]DPU]QrÔ ]D
Y]QLNX PHWDVWDELOQ\FK §WUXNWrU� NWRUk Vr Y]GLDOHQk RG PULH©NRYHM §WUXNWrU\ V QDMQL©§RX HQHUJLRX�

2EUg]RN ���� =Qg]RUQHQLH I\]LNgOQHM UHDOL]gFLH ©mKDQLD� 7HOHVR VD YOR©m GR SHFH �ÄDY¬ EORN��

NWRUg MH Y\KULDWD QD Y\VRNr WHSORWX 7PD[� 7HSORWD VD SURJUDPRYDFmP ]DULDGHQmP �SUDY¬ EORN�

SRPDO\ ]QL©XMH QD WHSORWX 7PLQ� 7¬PWR VSpVRERP VD RGVWUgQLD §WUXNWrUQH GHIHNW\ Y\VN\WXMrFH VD Y

WHOHVH
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$NR VLPXORYDÔ I\]LNgOQX HYROrFLX V\VWkPX �QDSU� PQRKR³DVWLFRYkKR NU\§WgOX� VPHURP N WHSHOQHM

URYQRYgKH SUH GDQr WHSORWX 7" 0HWURSROLV D VSRO� >�@ QDYUKOL 0RQWH &DUOR PHWoGX� NWRUg VLPXOXMH HYROrFLX

V\VWkPX WDN� ©H JHQHUXMH SRVWXSQRVÔ VWDYRY V\VWkPX QDVOHGXMrFLP VSpVRERP� 1HFK MH GDQ¬ DNWXgOQ\ VWDY

V\VWkPX �XU³HQ¬ SRORKRX ³DVWmF WHOHVD�� SRWRP PDOg QgKRGQg SRUXFKD MH JHQHURYDQg WDN� ©H ³DVWLFH Vr �MHPQH�

SRVXQXWk� 3R]QDPHQDMPH� ©H WgWR SRUXFKD PXVm E\Ô �V\PHWULFNg�� W�M� SUDYGHSRGREQRVÔ WRKR� ©H PDORX

SRUXFKRX VWDY $ VD ]PHQm QD VWDY % PXVm E\Ô URYQDNg DNR ]PHQH PDORX SRUXFKRX VWDYX % QD VWDY $ � $N

UR]GLHO ∆( ( (SHUWXUEHG FXUUHQW= − PHG]L SRUX§HQ¬P VWDYRP D DNWXgOQ\P VWDYRP MH QHJDWmYQ\

�( (SHUWXUEHG FXUUHQW< �� SRWRP SURFHV SRNUD³XMH V QRY¬P SRUX§HQ¬P VWDYRP� 9 RSD³QRP SUmSDGH� DN ∆( ≥ � �

SUDYGHSREQRVÔ DNFHSWRYDQLD SRUX§HQkKR VWDYX� 3U�SHUWXUEHG←FXUUHQW�� MH XU³HQg H[SRQHQFLgORX

H[S �−∆( N71 6 �SR]UL REU� ����

3U PLQ �H[S �SHUWXUEHG FXUUHQW ( N7← = −1 6 1 62 7� ∆ �����

7RWR SUDYLGOR DNFHSWRYDQLD SRUX§HQkKR VWDYX VD QD]¬YD 0HWURSROLVRYR NULWkULXP� 3RGÄD WRKWR NULWkULD�

DSOLNRYDQmP YHÄNkKR SR³WX SRUrFK D DNFHSWRYDQmP LFK GR »DO§LHKR SURFHVX V SUDYGHSRGREQRVÔRX ������

GRVWDQHPH V\VWkPY WHSHOQHM URYQRYgKH� SUL³RP GLVWULErFLD SUDYGHSRGREQRVWL UR]OR©HQLD VWDYRY VD DV\PSWRWLFN\

EOm©L N %ROW]PDQQRYHM GLVWULErFLL ������ 7gWR IRUPD 0RQWH &DUOR PHWoG\ VD QD]¬YD Y §WDWLVWLFNHM I\]LNH

0HWURSROLVRY DOJRULWPXV >�@� . WRPX� DE\ VPH IRUPDOL]RYDOL 0HWURSROLVRY DOJRULWPXV �SR]UL $OJRULWPXV ����

]DYHGLHPH QDVOHGXMrFL IRUPDOL]PXV �NWRU¬ MH YKRGQ¬ SUH DSOLNgFLX VLPXORYDQkKR ©mKDQLD QD PLQLPDOL]gFLX

IXQNFLm�� 6WDY V\VWkPX QHFK MH XU³HQ¬ VWDYRYRX SUHPHQRX [ �YR Y§HREHFQRVWL YHNWRU REVDKXMrFL PQRKR

QH]gYLVO¬FK UHgOQ\FK SUHPHQQ¬FK� D HQHUJLRX I�[�� 3URFHV SRUXFK\ VWDYX [ QD LQ¬ VWDY [� MH IRUPgOQH

UHSUH]HQWRYDQ¬ VWRFKDVWLFN¬P RSHUgWRURP� [
 2SHUWXU�[� � 6WRFKDVWLFN¬ FKDUDNWHU WRKWR RSHUgWRUD VSR³mYD Y

QgKRGQHM ]PHQH VWDYX [ QD VWDY [��

$NR X© EROR SR]QDPHQDQk� 0HWURSROLVRY DOJRULWPXV >�@ SURGXNXMH GLVWULErFLX SUDYGHSRGREQRVWL

VWDYRY� NWRUg VD DV\PSWRWLFN\ EOm©L %ROW]PDQQRYVNHM GLVWULErFLL �����
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NGH VXPgFLD REVDKXMH Y§HWN\ VWDY\ [� 3UH MHGQRGXFKRVÔ� %ROW]PDQQRYD NRQ§WDQWD N EROD WHUD] Y\QHFKDQg �SR]UL

URYQLFH ����D�E�� IRUPgOQH� WgWR NRQ§WDQWD EROD SUHVXQXWg GR WHSORW\ 7�

2EUg]RN ���� 3ULHEHK 0HWHURSROLVRYKR NULWkULD 3U PLQ���H[S���I��I��7�� SUH Up]QH WHSORW\ 7� NGH I

MH IL[Qg IXQN³Qg KRGQRWD �I �� D I� MH QH]gYLVOg SUHPHQQg EUDQg ] LQWHUYDOX >����@� 3UH NOHVDMrFH

KRGQRW\ WHSORW\ 7 D SUH I�!I � SUDYGHSRGREQRVÔ 3U →� DN 7→��
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0HWURSROLVRY DOJRULWPXV Pp©H E\Ô SRX©LW¬ SUH SR³mWD³RYr VLPXOgFLX ©mKDQLD� 9 WRPWR SUmVWXSH MH

VLPXORYDQk ©mKDQLH FKgSDQk DNR SRVWXSQRVÔ 0HWURSROLVRY¬FK DOJRULWPRY UHDOL]RYDQ¬FK SUH SRVWXSQRVÔ YKRGQH

VD ]QL©XMrFLFK WHSOpW� SUL³RP Y¬VWXSQ¬ VWDY [RXW ] SRVOHGQkKR 0HWURSROLVRYKR DOJRULWPX VOr©L DNR YVWXSQ¬ VWDY

[LQ SUH QDVOHGXMrFL 0HWURSROLVRY DOJRULWPXV� 7gWR SURFHGrUD MH LQLFLDOL]RYDQg WDN� ©H WHSORWD 7 VD SROR©m URYQg

PD[LPgOQHM WHSORWH 7PD[ D 0HWURSROLVRY DOJRULWPXV VD DSOLNXMH WDN GOKR �NPD[ NUgW� NGH NPD[ MH SDUDPHWHU

0HWURSROLVRYKR DOJRULWPX�� D© MH GRVLDKQXWg WHSHOQg URYQRYgKD� 3RWRP VD WHSORWD ]Qm©L �QDSU� SUDYLGORP

7� α�8QH[SHFWHG (QG RI )RUPXOD7 � NGH � �<< <α � D ]QRYX VD DSOLNXMH 0HWURSROLVRY DOJRULWPXV� SUL³RP VD

SUHGSRNODGg� ©H VD GRVLDKQH WHSHOQg URYQRYgKD� $OJRULWPXV MH XNRQ³HQ¬ YWHG\� NH» WHSORWD 7 GRVLDKOD

PLQLPgOQX KRGQRWX 7PLQ � SUH NWRUr X© ©LDGQ\ VWDY V Y\§§RX IXQNFLRQgOQRX KRGQRWRX QLH MH DNFHSWRYDQ¬ �VNRUR

QXORYg SUDYGHSRGREQRVÔ DNFHSWRYDQLD�� �=DPU]QXW¬� VWDY [RXW VD SRWRP FKgSH DNR Y¬VOHGQk ULH§HQLH� SR]UL

DOJRULWPXV ����

3UmNODG ���� ,PSOHPHQWXMWH DOJRULWPXV VLPXORYDQkKR ©mKDQLD� SR]UL DOJRULWPXV ���� $OJRULWPXV §SHFLILNXMWH SUH

IXQNFLX Q�SUHPHQQFK� NWRUk VX ELQgUQH UHSUH]HQWRYDQk� 2SHUgWRU PXWgFLH 2PXW MH SRWRP WRWR©Q V SRGREQP

RSHUgWRURP ] JHQHWLFNkKR DOJRULWPX� SR]UL ������ D DOJRULWPXV ����

-HGHQ ]R ]gNODGQ¬FK SUREOkPRY VLPXORYDQkKR ©mKDQLD MH §SHFLILNgFLD WHSOpW 7PD[ � 7PLQ D SUDYLGOD SUH

]QL©RYDQLH WHSORW\ 7� 9 OLWHUDWrUH EROL QDYUKQXWk Up]QH VFKkP\� DNR XU³LÔ WLHWR SDUDPHWUH VLPXORYDQkKR ©mKDQLD

>���@� 3UHWR©H QgSOÈRX WHMWR NDSLWRO\ QLH MH §WXGRYDÔ GHWDLOQr WHoULX VLPXORYDQkKR ©mKDQLD� EXGHPH SRX©mYDÔ

QDMMHGQRGXFK§m SUmVWXS SUH RFKODG]RYDQLH �PXOWLSOLNDWmYQ\ SUmVWXS SRPRFRX SDUDPHWUD α� D SR³LDWR³Qg WHSORWD

MH ]YROHQg WDN� DE\ SULEOL©QH ��� VWDYRY SRUX§HQ¬FK VWDYRY EROR DNFHSWRYDQ¬FK 0HWURSROLVRY¬P DOJRULWPRP�

+ODYQ¬ FLHÄ VLPXORYDQkKR ©mKDQLD MH KÄDGDÔ JOREgOQH ULH§HQLH RSWLPDOL]D³QkKR SUREOkPX
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NGH I�[� MH UHgOQD IXQNFLD GHILQRYDQg QDG GRPkQRX ' �NWRUg MH REY\NOH NRQH³Qg D GLVNUkWQD�� D [RSW MH KRGQRWD

YHNWRUD QH]gYLVO¬FK SUHPHQQ¬FK� NWRUg RGSRYHGg JOREgOQHPX PLQLPX IXQNFLH I�[� QDG GRPkQRX '� 3UHPHQQg

SURFHGXUH 0HWURSROLVBDOJRULWKP�LQSXW�[LQL�NPD[�7�RXWSXW�[RXW��
EHJLQ N� �� [� [LQL�

ZKLOH N�NPD[ GR

EHJLQ N� N���
[¶� 2SHUWXU�[��
3U� PLQ���H[S���I�[¶��I�[���7���
LI UDQGRP�3U WKHQ [� [¶�

HQG�
[RXW� [�

HQG�

$OJRULWPXV ���� ,PSOHPHQWgFLD 0HWURSROLVRYKR DOJRULWPX� 3URFHGrUD MH LQLFLDOL]RYDQg WDN� ©H SR³LDWR³Q¬ VWDY VD

SROR©L URYQ¬ YVWXSQkPX VWDYX [LQL� RSDNXMH VD NPD[ NUgW �WRWR ³mVOR PXVmPH E\Ô GRVWDWR³QH YHÄNk NWRPX� DE\ VD

GRVLDKOD WHSHOQg URYQRYgKD�� V\PERO2SHUWXU PRGLILNXMH DNWXgOQ\ VWDY [ QD [�� $NFHSWRYDQLH QRYkKR VWDYX MH ULH§HQk

SRPRFRX 0HWURSROLVRYKR NULWkULD UHDOL]RYDQkKR SUH WHSORWX 7� 3R VNRQ³HPm 0HWURSROLVRYKR DOJRULWPX� Y¬VWXSQ¬

VWDY [RXW MH SRVOHGQ¬ VWDY [�

SURFHGXUH 6LPXODWHGBDQQHDOLQJ�LQSXW�7PLQ�7PD[�NPD[�α�RXWSXW�[RSW��
EHJLQ [LQL� UDQGRPO\ JHQHUDWHG VWDWH YHFWRU�

7� 7PD[�
ZKLOH 7!7PLQ GR

EHJLQ 0HWURSROLVBDOJRULWKP�[LQL�[RXW�NPD[�7��
[LQL� [RXW�

7� α7�
HQG�

[RSW� [RXW�

HQG�

$OJRULWPXV �� �� ,PSOHPHQWgFLD VLPXORYDQkKR ©mKDQLD � YVWXSQk SDUDPHWUH Vr 7PLQ� 7PD[� NPD[� α� Y¬VWXSQ¬ SDUDPHWHU MH
[RSW� $OJRULPXV MH LQLFLDOL]RYDQ¬ QgKRGQ¬P JHQHURYDQmP SR³LDWR³QkKR VWDYX [LQL D PD[LPgOQRX WHSORWRX 7PD[� :KLOH�

F\NOXV VD RSDNXMH WDN GOKR� SRNLDÄ SODWm 7 ! 7PLQ� � WHSORWD 7 VD ]QL©XMH SRPRFRX SDUDPHWUD α Y]ÔDKRP 7� α∗7� 3R
XNRQ³HQm ZKLOH�F\NOX Y¬VOHGQ¬ VWDY [RXW MH SRYD©RYDQ¬ ]D Y¬VOHGQk ULH§HQLH R]QD³HQk [RSW�
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[ MH WHUD] FKgSDQg DNR VWDYRY¬ YHNWRU K\SRWHWLFNkKR I\]LNgOQHKR V\VWkPX D KRGQRWD IXQNFLH I�[� Y\MDGUXMH MHKR

�HQHUJLX�� 3RWRP� Y\§§LH XYHGHQ¬ RSWLPDOL]D³Q¬ SUREOkP ����� Pp©H E\Ô rVSH§QH §WXGRYDQ¬ PHWoGRX

VLPXORYDQkKR ©mKDQLD� 3DUDPHWHU �WHSORWD� EXGH Y WRPWR SUmVWXSH KUDÔ rORKX ULDGLDFHKR SDUDPHWUD PHWoG\�

���� 9]ÔDK N §WDWLVWLFNHM I\]LNH

9 SUHGFKgG]DMrFHM ³DVWL WHMWR NDSLWRO\ EROD QD]QD³HQg WHVQg DQDOoJLD PHG]L ©mKDQmP WXKkKR WHOHVD �YR

Y§HREHFQRVWL� I\]LNgOQHKR V\VWkPX REVDKXMrFHKR PQRKR ³DVWmF� NWRUk PHG]L VHERX LQWHUDJXMr� D ULH§HQmP

RSWLPDOL]D³QkKR SUREOkPX ������ )\]LNgOQ\ SURFHV ©mKDQLD Pp©H E\Ô rVSH§QH PRGHORYDQ¬ QD SR³mWD³L SRPRFRX

0HWURSROLVRYKR DOJRULWPX� 7HQWR DOJRULWPXV MH ]DOR©HQ¬ QD §WDWLVWLFNHM I\]LNH� NWRUg Pp©H E\Ô FKgSDQg DNR

FHQWUgOQD GLVFLSOmQD SUH I\]LNX WXKHM Ig]H� 8Ng©HPH� ©H H[LVWXMH YHÄPL WHVQ¬ Y]ÔDK PHG]L RSWLPDOL]D³Q¬P

SUREOkPRP ����� D §WDWLVWLFNRX I\]LNRX� 7gWR DSOLNgFLD VLPXORYDQkKR ©mKDQLD QLH MH ]DXMmPDYg OHQ DNR XU³LWg

DQDOoJLD� DOH WLH© DM DNR YKRGQ¬ UgPHF SUH §WrGLXP NRQYHUJHQ³Q¬FK YODVWQRVWm VLPXORYDQkKR ©mKDQLD�

=gNODGQ¬ SUHGSRNODG §WDWLVWLFNHM I\]LN\ >�@ MH� ©H I\]LND PQRKR³DVWLFRY¬FK V\VWkPRY MH NRPSDWLELOQg VR

§WDWLVWLFN¬PL VrERUPL D ©H ³DVRYk VWUHGQk KRGQRW\ PHFKDQLFN¬FK YHOL³mQ V\VWkPX Y UgPFL PLNURVNRSLFNHM

URYQRYgK\ Vr URYQk RGSRYHGDMrFLP VWUHGQ¬P KRGQRWgP QDG VrERUPL� 9 §WDWLVWLFNHM I\]LNH EROL GHILQRYDQk

YKRGQk YHOL³LQ\ SRSLVXMrFH I\]LNgOQH YODVWQRVWL V\VWkPX� D WLH© EROR XNg]DQk� DNR SR³mWDÔ WLHWR YHOL³LQ\ SRPRFRX

URYQRYg©QHKR UR]GHOHQLD VWDYRY V\VWkPX� 8ND]XMH VD� ©H Y WHSHOQHM URYQRYgKH UR]GHOHQLH SUDYGHSRGREQRVWL MH

XU³HQk %ROW]PDQQRY¬P UR]GHOHQmP ����D�E�� 9]ÔDK PHG]L §WDWLVWLFNRX I\]LNRX D RSWLPDOL]D³Q¬P SUREOkPRP

����� Pp©H E\Ô WHUD] §WXGRYDQ¬ YR YHÄPL §SHFLILFNHM URYLQH� 3UHGSRNODGDMPH� ©H PgPH K\SRWHWLFN¬ I\]LNgOQ\

V\VWkP Y WHSHOQHM URYQRYgKH� NWRUkKR YQrWRUQk VWDY\ [ �SUHPHQQk ] REODVWL '� PDMr GLVWULErFLX SRGÄD Y]ÔDKX

����D�E� �IRUPgOQH HNYLYDOHQWQ¬ V ����D�E��� SRWRP SUH WHQWR RSWLPDOL]D³Q¬ SUREOkP Pp©HPH GHILQRYDÔ Up]QH

I\]LNgOQH YHOL³LQ\ SRGREQ¬P VSpVRERP DNR Y §WDWLVWLFNHM I\]LNH�

8YD©XMHP IXQNFLX I GHILQRYDQr QDG GLVNUkWQRX D NRQH³QRX GRPkQRX '

I ' $ 5� → ⊂ + �����

NGH $ MH GRPkQD �GLVNUkWQD D NRQH³Qg SRGPQR©LQD 5� REVDKXMrFD QH]gSRUQk UHgOQH ³mVOD� IXQN³Q¬FK KRGQpW I�

5R]GHOHQLH SUDYGHSRGREQRVWL VWDYX [ �W�M� SUHPHQQHM [ ] '� � NWRUk MH Y¬VOHGNRP 0HWURSROLVRYKR DOJRULWPX

UHDOL]RYDQkKR SUH WHSORWX 7� MH XU³HQk Y]ÔDKPL ����D�E�� 3UH QD§H »DO§LH rYDK\ EXGH YKRGQk SR]QDÔ KXVWRWX

IXQN³Q¬FK KRGQpW \ I�[� � NWRUg MH XU³HQg

WDNWR
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NGH ' \ '1 6 ⊂ MH PQR©LQD REVDKXMrFD Y§HWN\ [ '∈ SUH NWRUk SODWm \ I�[�
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D _'�\�_ MH MHM NDUGLQDOLWD� -H MDVQk� ©H YHOL³LQD 4�7� XU³HQg ����E� MH LGHQWLFNg V MHM DQDOoJRP ����E��

1DVOHGXMrFH �PDNURVNRSLFNk � YHOL³LQ\ Vr GHILQRYDQk

��� 6WUHGQg KRGQRWD IXQNFLH I�[�
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7gWR IRUPXOD Pp©H E\Ô MHGQRGXFKR RGYRGHQg GHULYRYDQmP EX» ��� DOHER ���� Y]KÄDGRP N WHSORWH 7�

+XVWRWD IXQN³Q¬FK KRGQpW ��D�E� Y\KRYXMH W¬PWR DV\PSWRWLFN¬P SRGPLHQNDP
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NGH \RSW I�[RSW� MH RSWLPgOQD KRGQRWD IXQNFLH I�[� RGSRYHGDMrFD ERGX XU³HQkPX ��� DNR JOREgOQH PLQLPXP�

'UXK¬ DV\PSWRWLFN¬ Y]ÔDK �����E� MH YHÄPL GpOH©LW¬ SUH PHWoGX VLPXORYDQkKR ©mKDQLD� SRGÄD WHMWR IRUPXOH DN

WHSORWD 7 VD EOm©L N QXOH �FH] URYQRYg©QH VWDY\�� SRWRP SUDYGHSRGREQRVÕ YVN\WX VWDYX RGSRYHGDMrFHPX

JOREgOQHPX PLQLPX MH MHGQRWNRYg�

3DUFLgOQD GHULYgFLD I
7

Y]KÄDGRP N WHSORWH 7 MH XU³HQg Y]ÔDKRP ������� SRWRP
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NOHVg V DN WHSORWD 7 WDNWLH© NOHVg� SRPRFRX �����D�E� GRVWDQHPH
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3UH GLVSHU]LX ����� GRVWDQHPH
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'pND] W¬FKWR SRGPLHQRN MH MHGQRGXFKR UHDOL]RYDQ¬ VXEVWLWrFLRX ����� GR ������ D SRWRP DV\PSWRWLFNRX ]PHQRX

WHSORW\ EX» 7→∞ DOHER 7→0 � 'UXKg YODVWQRVÔ �����E� YR I\]LNH MH ]QgPD DNR WUHWm ]gNRQ WHUPRG\QDPLFN¬�

9 SUmSDGH VLPXORYDQkKR ©mKDQLD� HQWURSLD Pp©H E\Ô LQWHUSUHWRYDQg DNR NYDQWLWDWmYQD PLHUD VWXSÉD RSWLPDOLW\�

9 GpVOHGNX SODWQRVWL ������ SDUFLgOQD GHULYgFLD HQWURSLH Y]KÄDGRP N WHSORWH 7 MH XU³HQg WDNWR
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9 GpVOHGNX SODWQRVWL WRKWR Y]ÔDKX D DV\PSWRWLFNHM YODVWQRVWL �����D� GLVSHU]LH� WHSHOQg NDSDFLWD &�7� VSÂÈD WLHWR
GYH DV\PSWRWLFNk SRGPLHQN\
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7R ]QDPHQg� ©H &�7� PXVm PDÔ SUH ��7�∞ DVSRÈ MHGQR PD[LPXP D DN WHSORWD DV\PSWRWLFN\ VD EOm©L N QXOH
DOHER N QHNRQH³QX� WHSHOQg NDSDFLWD &�7� VD EOm©L N QXOH�

���� 0RGHORYk Y¬SR³W\
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� �= → ⊂ +� �: ? � V GHILQL³Q¬P RERURP REVDKXMrFLP ELQgUUQH YHNWRU\ GÂ©N\ 1� MH

GHILQRYDQk WDNWR
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NGH _[_ Σ[L MH /� QRUPD YHNWRUD [∈^���`1� �≤_[_≤1� 3DUDPHWHU S MH RKUDQL³HQ¬ SRGPLHQNRX �≤S≤1� 3UH S�1
WgWR IXQNFLD Pg GYH PLQLPD� SUYk PLQLPXP MH I�[� �� SUH _[_ �� GUXKk �JOREgOQH� PLQLPXP MH I�[� �� SUH
_[_ 1� 3UH S 1� IXQNFLD Pg OHQ MHGQR �W�M� JOREgOQH� PLQLPXP I�[� �� SUH _[_ �� 0QR©LQD $ IXQN³Q¬FK KRGQpW
REVDKXMH QH]gSRUQk FHOk ³mVOD� SUL³RP $ ^����������IPD[`� NGH IPD[ PD[�S���1�S���� 3ULHEHK WHMWR IXQNFLH SUH
1 �� D SUH S � D S � MH ]Qg]RUQHQ¬ QD REUg]NX ���� 3DUDPHWHU S XU³XMH VWXSHÈ GHFHSWmYQRVWL �IDOR§QRVWL� WHMWR
IXQNFLH� $N MH S R WURFKX PHQ§LH DNR 1� SRWRP IXQNFLD REVDKXMH GOKk �rSiWLH� ]D³mQDMrFH Y _[_ � D NRQ³LDFH Y
_[_ S� ]D W¬PWR rSiWmP �SUH S��≤_[_≤1� IXQNFLD U¬FKOH NOHVg N QXOH �SR]UL REU� ���� GLDJUDP %�� 7gWR YODVWQRVÔ
IXQNFLH I�[� VD QD]¬YD GHFHSWmYQRVÕ� SUHGVWDYXMH REWLD©QX rORKX SUH HYROX³Qk PHWoG\ DN PDMr KÄDGDÔ JOREgOQH
PLQLPXP�

2SHUgWRU 2SHUWXUE ] 0HWURSROLVRYKR DOJRULWPX WUDQVIRUPXMrFL ELQgUQ\ YHNWRU [∈^���`1 QD LQ¬ ELQgUQ\

YHNWRU [�∈^���`1 MH Y WRPWR SUmSDGH UHDOL]RYDQ¬ SRPRFRX RSHUgWRUD PXWgFLH 2
PXW

3PXW1 6
�WHUPLQROoJLD MH SUHY]DWg

] JHQHWLFNkKR DOJRULWPX�
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NGH MHGQRWOLYk NRPSRQHQW\ [� Vr XU³HQk WDNWR
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NGH 3PXW MH SUDYGHSRGREQRVÔ �PXWgFLH� SUHPHQQHM [L �SUH ∀L� QD MHM NRPSOHPHQW �DN UDQGRP�3PXW� DOHER QLH

�RVWDWQk SUmSDG\�� D UDQGRP QgKRGQk ³mVOR ] LQWHUYDOX >���� V URYQRPHUQ¬P UR]GHOHQmP SUDYGHSRGREQRVWL�

3UDYGHSRGREQRVÔ 3PXW MH YHÄPL PDOg ���3PXW���� � Y RSD³QRP SUmSDGH E\ PXWD³Q¬ RSHUgWRU SURGXNRYDO

VWDY\� NWRUk Vr YHÄPL Y]GLDOHQk RG SpYRGQkKR VWDYX [�

)LJXUH ���� 3ULHEHK IXQNFLH ������ SUH 1 �� D S �� �� 3UH S � IXQNFLD REVDKXMH �GOKk� rSiWLH ]D NWRU¬P MH

REODVÔ SUXGNkKR VSgGX GR JOREgOQHKR PLQLXPD�
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. WRPX� DE\ VPH PRKOL Y\SR³mWDÔ PDNURVNRSLFNk YHOL³LQ\ GHILQRYDQk Y SUHGFKgG]DMrFHM NDSLWROH ���

PXVmPH SR]QDÔ NDUGLQDOLW\ PQR©mQ '�\� SUH IXQNFLX ������� 7DN QDSU� SUH 1 �� D SUH S � D S �� WLHWR

NDUGLQDOLW\ Vr XU³HQk WDNWR

S � � _'���_ �� _'���_ ��� _'���_ ��� _'���_ ���� _'���_ ���� _'���_ ���

S � � _'���_ �� _'���_ ��� _'���_ ��� _'���_ ��� _'���_ ���� _'���_ ����

_'���_ ���� _'���_ ���� _'���_ ���

3ULHEHK\ PDNURVNRSLFN¬FK YHOL³mQ SUH IXQNFLX I�[� §SHFLILNRYDQr NRQ§WDQWDPL 1 �� D S ������� Vr ]Qg]RUQHQk

QD REU� ���� GLDJUDP\ $ � (� $NR Y\SO¬YD ] WRKWR REUg]NX� Y§HWN\ DV\PSWRWLFNk YODVWQRVWL� NWRUk EROL

SUHGSRYHGDQk Y SUHGFKgG]DMrFHM ³DVWL WHMWR NDSLWRO\ SUH PDNURVNRSLFNk YHOL³LQ\ Vr VSOQHQk� 0HQRYLWH� VWUHGQg

KRGQRWD �I!7→ � SUH 7→ �� 7R ]QDPHQg� ©H SUH PDOk WHSORW\ VWDY V QXORYRX IXQN³QRX KRGQRWRX MH GRPLQDQWQ¬

V MHGQRWNRYRX SUDYGHSRGREQRVÔRX Y¬VN\WX�

3UH VLPXORYDQk ©mKDQLH UHDOL]RYDQk QD SR³mWD³L� Y¬SR³HW PDNURVNRSLFN¬FK YHOL³mQ Pp©H E\Ô

XVNXWR³QHQ¬ SRPRFRX SULEOL©Q¬FK KXVWpW IXQN³Q¬FK KRGQpW� NWRUk Vr DSUR[LPRYDQk Y¬VN\WRP IXQN³Q¬FK

KRGQpW DNFHSWRYDQ¬PL 0HWURSROLVRY¬P DOJRULWPRP SUH IL[Qr WHSORWX 7� 1HFK χ7�\� MH SR³HW Y¬VN\WRY VWDYX [ �

NWRU¬ RGSRYHGg IXQN³QHM KRGQRWH \ D NWRUk VD Y\VN\WXMr Y 0HWURSROLVRYRP DOJRULWPH SUH GDQr WHSORWX 7� 3RWRP�

KXVWRWD Z7�\� Pp©H E\Ô SULEOL©QH XU³HQg WDNWR

2EUg]RN ���� 3ULHEHK\ PDNURVNRSLFN¬FK YHOL³mQ Y\SR³mWDQ¬FK WHRUHWLFN\ SRPRFRX IRUPrO �������� SUH SDUDPHWUH S ������ �

�GLDJUDP\ $ � (��
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3UH NPD[ GRVWDWR³QH YHÄNk� WgWR DSUR[LPgFLD E\ PDOD SRVN\WRYDÔ Y¬VOHGN\� NWRUk Vr YHÄPL EOm]NH N SUHVQ¬P

KRGQRWgP Z7�\�� 3ULHEHK\ PDNURVNRSLFN¬FK YODVWQRVWm �������� V KXVWRWDPL DSUR[LPRYDQ¬PL Y]ÔDKRP ������ Vr

]Qg]RUQHQk QD REU� ���� GLDJUDP\ $ � (� 3DUDPHWUH VLPXORYDQkKR ©mKDQLD SRX©LWk YR Y¬SR³WRFK PDOL WLHWR

KRGQRW\

NPD[ ��
�� 3PXW ���� 7PD[ �� 7PLQ ����� DQG α ���� ������

2EUg]RN ���� 3ULHEHK PDNURVNRSLFN¬FK YHOL³mQ Y\SR³mWDQ¬FK SRPRFRX PHWoGRX VLPXORYDQkKR ©mKDQLH� NWRUg MH

§SHFLILNRYDQg SDUDPHWUDPL ������� 3UH SUmSDG V QDMYi³§RX GHFHSWmYQRVÔRX �S ��� ILQgOQ\ VWDY [RSW RGSRYHGg MHGQRWNRYHM

IXQN³QHM KRGQRWH �ORNgOQH PLQLPXP�� W�M� PHWoGD QHEROD VFKRSQg SRVN\WQrÔ JOREgOQH PLQLPXP�



�

9LGmPH� ©H VLPXORYDQk ©mKDQLH SUH S ���� D � SRVN\WXMH VSUgYQH Y¬VOHGN\ SUH VWUHGQr KRGQRWX �I!7 �W�M�
�I!7→� SUH 7→��� ©LDÄ SUH S � �IXQNFLD I�[� Pg QDMYi³§m VWXSHÈ GHFHSWmYQRVWL� PHWoGD VLPXORYDQkKR ©mKDQLD
QLH MH VFKRSQg SRVN\WQrÔ NRUHNWQ¬ Y¬VOHGRN� �GRVWDOL VPH �I!7→� SUH 7→��� 7R ]QDPHQg� ©H SUH S �
VLPXORYDQk ©mKDQLH MH VFKRSQk QgMVÔ OHQ VXERSWLPgOQH ULH§HQLH [ ������������� _[_ �� SUH NWRUk SODWm I�[� ��
([LVWXMH LQWHUYDO NULWLFN¬FK WHSOpW >�������@� QDG W¬PWR LQWHUYDORP PHWoGD SRVN\WXMH KXVWRW\ VWDYX \ � � NWRUk Vr
EOm]NH WHRUHWLFN¬P KRGQRWgP� DY§DN YR YQrWUL LQWHUYDOX Y¬VN\W VWDYRY V \ � ERO VNRUR QXORY¬� 7R ]QDPHQg� ©H
SUH QL©§LH WHSORW\ 0HWURSROLVRY DOJRULWPXV QLH MH VFKRSQ¬ NUHRYDÔ VWDY\ V \ � �Y GpVOHGNX §LURNHM EDULkU\
IXQNFLRQgOQ\FK KRGQpW� SR]UL REU� ���� GLDJUDP %�� 7gWR VNXWR³QRVÔ MH LQGLNRYDQg QDSU� Y\VRN¬PL PD[LPDPL
SUH GLVSHU]LX D §SHFLILFNk WHSOR� NWRUk Pp©X E\Ô I\]LNgOQH LQWHUSUHWRYDQk DNR �Ig]RYk SUHFKRG\� PHG]L
NRQILJXUgFLDPL� NWRUk Vr VHSDURYDQk Y\VRN¬PL EDULkUDPL IXQN³Q¬FK KRGQpW� 7R ]QDPHQg� ©H WLHWR GYH
PDNURVNRSLFNk YHOL³LQ\ Pp©X E\Ô SRX©LWk DNR YKRGQ¬ LQGLNgWRU WRKR W¬FK WHSHOQ¬FK LQWHUYDORY� NGH ]QL©RYDQLH
WHSORW\ 7 PXVm E\Ô YHÄPL PDOk� DE\ VD rVSH§QH SUHNRQDO Y\§§LH ]PLHQHQ¬ �Ig]RY¬ SUHFKRG��

8YHGLHPH QLHNRÄNR Y\VYHWÄXMrFLFK SR]QgPRN N VLPXORYDQkPX ©mKDQLX DSOLNRYDQkPX QD GHFHSWmYQX
IXQNFLX I�[� V KRGQRWRX SDUDPHWUX S �� 8Ng]DOL VPH� ©H VLPXORYDQk ©mKDQLH V SDUDPHWUDPL ������ MH
QHVFKRSQk QgMVÔ VSUgYQH ULH§HQLH� 9R Y§HREHFQRVWL� WgWR QHVFKRSQRVÔ Pp©H E\Ô MHGQRGXFKR SUHNRQDQg WDN� ©H
SUDYGHSRGREQRVÔ 3PXW VD SRGVWDWQH ]Y¬§L� QDSU� 3PXW ���� $Y§DN SRWRP VLPXORYDQk ©mKDQLH QHPp©H E\Ô
FKgSDQk DNR HYROX³Qg RSWLPDOL]D³Qg PHWoGD� SUHKÄDGgYDQLH SULHVWRUX ULH§HQm MH YLDF QgKRGQk DNR V\VWHPDWLFNk�
6LPXORYDQk ©mKDQLH MH SUH Y\VRNk KRGQRW\ SUDYGHSRGREQRVWL 3PXW UHGXNRYDQk QD �VOHSk� KÄDGDQLH� 3UH PDOk
GLPHQ]LH WHQWR SUmVWXS Pp©H E\Ô rVSH§Q¬� SUH YHÄNk GLPHQ]LH MH WHQWR SUmVWXS rSOQH EH]QgGHMQ¬� 9 QDVOHGXMrFHM
³DVWL WHMWR NDSLWRO\ XYHGLHPH GYH Up]QH PRGLILNgFLH §WDQGDUGQHM YHU]LH VLPXORYDQkKR ©mKDQLD WDN� ©H EXGH
VFKRSQ¬ SRVN\WQrÔ VSUgYQH ULH§HQLH DM SUH Y\VRNR GHFHSWmYQH IXQNFLH D Vr³DVQH EXGH ]DFKRYDQ¬ HYROX³Q¬
FKDUDNWHU PHWoG\�

����� 6LPXORYDQk ©mKDQLH V HOLWL]PRP

9 RULJLQgOQHM YHU]LL VLPXORYDQkKR ©mKDQLD Y¬VOHGQ¬ VWDY ] DSOLNgFLH 0HWURSROLVRYKR DOJRULWPX �UHDOL]RYDQkKR
SUL WHSORWH 7� VOr©L DNR SR³LDWR³Q¬ VWDY QDVOHGXMrFHKR 0HWURSROLVRYKR DOJRULWPX �UHDOL]RYDQkKR SUL ]Qm©HQHM
WHSORWH α7�� 7HQWR ]gNODGQ¬ SUHGSRNODG VLPXORYDQkKR ©mKDQLD EXGH WHUD] PRGLILNRYDQ¬ WDN� ©H 0HWURSROLVRY
DOJRULWPXV MH LQLFLDOL]RYDQ¬ QDMOHS§mP ULH§HQmP� NWRUk EROR ]mVNDQk Y SULHEHKX SUHGFKgG]DMrFHM KLVWoULH PHWoG\
�W�M� SUH HSRFK\ VLPXORYDQk ©mKDQLH V Y\§§mPL WHSORWDPL DNR Vr³DVQg WHSORWD�� WDNrWR MHGQRGXFKr PRGLILNgFLX
VLPXORYDQkKR ©mKDQLD EXGHPH QD]¬YDÔ VLPXORYDQk ©mKDQLH V HOLWL]PRP >�@ � 0RGLILNgFLD SURFHGrU
0HWURSROLVBDOJRULWKP D 6LPXODWHGBDQQHDOLQJ� NWRUk EROL XYHGHQk Y SUHGFKgG]DMrFHM ³DVWL WHMWR NDSLWRO\ MH
UHDOL]RYDQg Y $ORJLWPRFK ��� D ����

9R Y§HREHFQRVWL� VLPXORYDQk ©mKDQLH V HOLWL]PRP QHVSÂÈD GpOH©LWr SRGPLHQNX PHWoG\� D WR ©H
NRQ§WDQWD NPD[ MH GRVWDWR³QH YHÄNg D SUH GLVNUkWQH NURN\ WHSORW\ 0HWURSROLVRY DOJRULWPXV MH Y WHSHOQHM
URYQRYgKH �W�M� VWDY\ PDMr GLVWULErFLX SRGÄD %ROW]PDQQD ������� 3UHWR©H Y ND©GRP NURNX ]Qm©HQLD WHSORW\
0HWURSROLVRY DOJRULWPXV MH LQLFLDOL]RYDQ¬ QDMOHS§mP ULH§HQmP� NWRUk EROR ]D]QDPHQDQk Y FHOHM SUHGFKgG]DMrFHM
KLVWoULL DOJRULWPX� Pp©H QDVWDÔ WDNg VLWXgFLD �PHQRYLWH SUH QL©§LH WHSORW\� � ©H Y¬VOHGQk ULH§HQLH SURGXNRYDQk
SRVOHGQ¬P EHKRP 0HWURSROLVRYKR DOJRULWPX RGSRYHGg ORNgOQHPX PLQLPX� NWRUk MH SRGVWDWQH RGOL§Qk RG
JOREgOQHKR PLQLPD�

SURFHGXUH (OLWLVPB0HWURSROLVBDOJRULWKP�LQSXW �[LQ�NPD[�7�
RXWSXW�[RSW��

EHJLQ N� �� [� [LQ� [RSW� [LQ�
ZKLOH N�NPD[ GR

EHJLQ N� N���
[¶� 2SHUWXU�[��
3U� PLQ���H[S���I�[¶��I�[���7���
LI UDQGRP�3U WKHQ

EHJLQ [� [¶�
LI I�[¶��I�[RSW� WKHQ [RSW� [¶�

HQG�
HQG�

HQG�
$OJRULWKP ���� ,PSOHPHQWgFLD 0HWURSROLVRYKR DOJRULWPX VR ]DKUQXW¬P HOLWL]PRP� $NR YVWXSQk SDUDPHWUH Vr

[LQ� NPD[� 7� $DOJRULWPXV MH LQLFLDOpL]RYDQ¬ YVWXSQ¬P YHNWRURP [LQ� QDMOHS§LH ULH§HQLH MH XOR©HQk GR [RSW�

Y¬VOHGQg KRGQRWD WRKWR YHNWRUD VOr©L DNR Y¬VWXSQ¬ SDUDPHWHU SURFHGrU\�



��

1XPHULFNk Y¬VOHGN\ ]mVNDQk VLPXORYDQ¬P ©mKDQmP V HOLWL]PRP SUH IXQNFLX ������ §SHFLILNRYDQr
KRGQRWDPL 1 �� D S ������ � Vr ]Qg]RUQHQk QD REU� ��� SUH VWUHGQr KRGQRWX �I ! D §SHFLILFNr WHSORWX�
GLDJUDPL $ D %� 9LGmPH� ©H SUH S � �QDMGHFHSWmYQHM§m WYDU IXQNFLH� ]PHQ\ QD SULHEHKX Vr YHÄPL GUDPDWLFNk�
3UH VWUHGQk WHSORW\ 0HWURSROLVRY DOJRULWPXV ERO QHVFKRSQ¬ XGU©DÔ QHQXORYr GLVWULErFLX VWDYX V QXORYRX
IXQN³QRX KRGQRWRX� 3UHWR©H QDMOHS§LH ULH§HQLH V QXORYRX IXQN³QRX KRGQRWRX MH ]D]QDPHQDQk X© Y SUY¬FK
HWDSgFK VLPXORYDQkKR ©mKDQLD� 0HWURSROLVRY DOJRULWPXV SURGXNXMH SUH PDOk WHSORW\ �7����� DNFHSWRYDQk VWDY\
V QXORYRX IXQN³QRX KRGQRWRX� NWRUk RGSRYHGDMr JOREgOQHPX PLQLPX�

6ODE§LD YHU]LD VLPXORYDQkKR ©mKDQLD V HOLWL]PRP MH ]DOR©HQg QD SR©LDGDYNH� ©H 0HWURSROLVRY
DOJRULWPXV MH LQLFLDOL]RYDQ¬ QDMOHS§mP ULH§HQmP ]mVNDQ¬P OHQ Y SUHGFKgG]DMrFRP NURNX D QLH Y FHOHM
SUHGFKgG]DMrFHM KLVWoULL DOJRULWPX� ¨LDÄ� WHQWR SUmVWXS N QDMGHFHSWmYQHM§HM IRUPH RSWLPDOL]RYDQHM IXQNFLH SUH
S � QHERO rVSH§Q¬ Y SUHNRQDQm YHÄNHM EDULkU\ VR VSgGRP GR ORNgOQHKR PLQLPD �V MHGQRWNRYRX IXQN³QRX
KRGQRWRX�

����� 3DUDOHOQk VLPXORYDQk ©mKDQLH

7gWR YHU]LD VLPXORYDQkKR ©mKDQLD EROD V rVSHFKRP SRX©LWg SUH ULH§HQLH NRPSOLNRYDQ¬FK NRPELQDWRULgOQ\FK
JUDIRYR�WHRUHWLFN¬FK SUREOkPRY >���@� NGH §WDQGDUGQg YHU]LD VLPXORYDQkKR ©mKDQLD QLH MH VFKRSQg SRVN\WQrÔ
VSUgYQH JOREgOQH ULH§HQLH� =gNODGQg LGHD SDUDOHOQkKR VLPXORYDQkKR ©mKDQLD VSR³mYD Y Vr³DVQRP DSOLNRYDQm
VLPXORYDQkKR ©mKDQLD QD PQR©LQX 3 VWDYRY [�[��[������ NWRUk Vr �V\QFKURQL]RYDQk� WDN� ©H 0HWURSROLVRYk
DOJRULWP\ EH©LDFH QDG QLPL PDMr URYQDNr WHSORWX� . WRPX� DE\ VWDYL PHG]L VHERX LQWHUDJRYDOL� ]DYLHGOD VD
PHG]L VWDYPL RSHUgFLD NUm©HQLD SRGREQ¬P VSpVRERP DNR Y JHQHWLFN¬FK DOJRULWPRFK� 1HFK [�[�∈3 Vr GYD
QgKRGQk Y\EUDQk VWDY\� RSHUgFLD NUm©HQLD Y\WYRWm ] W¬FKWR GYRFK �URGL³RYVN¬FK� VWDYRY GYD QRYk VWDY\ �
SRWRPNRY

�]�]�� 2FURVV
�[�[�� ������

SURFHGXUH (OLWLVPB6LPXODWHGBDQQHDOLQJ�LQSXW �7PLQ�7PD[�NPD[�α�
RXWSXW�[RSW��

EHJLQ [RSW� UDQGRPO\ JHQHUDWHG VWDWH YHFWRU�
7� 7PD[�
ZKLOH 7!7PLQ GR

EHJLQ )RUFHGB0HWURSROLVBDOJRULWKP�[RSW�NPD[�7��
7� α7�

HQG�
HQG�
$OJRULWKP �� �� ,PSOHPHQWgFLD VLPXORYDQkKR ©mKDQLD V HOLWL]PRP� 9VWXSQk SDUDPHWUH GR SURFHGrU\ Vr 7PLQ� 7PD[�

NPD[� α D Y¬VWXSQ¬ SDUDPHWHU MH [RSW� 6WDY [RSW � LQLFLDOL]RYDQ¬ QgKRGQH� ]D]QDPHQgYD QDMOHS§LH ULH§HQLH Y\VN\WXMrFH

VD Y FHOHM KLVWoULL DOJRULWPX�

2EUg]RN �� �� 3ULHEHK VWUHGQHM KRGQRW\ �I ! D §SHFLILFNkKR WHSOD� NWRUk EROL VSR³mWDQk SRPRFRX VLPXORYDQkKR ©mKDQLD V HOLWL]PRP�

9¬VOHGQ¬ VWDY [RSW RGSRYHGg SUH Y§HWN\ KRGQRW\ SDUDPHWUD S JOREgOQHPX PLQLPX V QXORYRX IXQN³QRX KRGQRWRX �SULSRPHÈPH� ©H

§WDQGDUGQg YHU]LD VLPXORYDQkKR ©mKDQLD SRVN\WXMH SUH S � OHQ ORNgOQH PLQLPXP V MHGQRWNRYRX IXQN³QRX KRGQRWRX�
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NGH U MH QgKRGQH Y\EUDQ¬ ERG NUm©HQLD� ��U�1�

)LJXUH ���� 6FKHPDWLFNk ]Qg]RUQHQLH SDUDOHOQkKR VLPXORYDQkKR ©mKDQLD� 1D
MHGQRWOLYk VWDY\ �]Qg]RUQHQg ³LHU\PL EORNPL� Vr DSOLNRYDQk QH]gYLVOk
0HWURSROLVRYH DOJRULWP\ V URYDQDNRX WHSORWRX 7� ¦LSN\ ]Qg]RUÈXMr� ©H VWDY\
PHG]L VHERX LQWHUDJXMr V PDORX SUDYGHSRGEQRVÔRX 3FURVV�

SURFHGXUH 3DUDOOHOB0HWURSROLVBDOJRULWKP�LQSXW� 3LQL�NPD[�7�
RXWSXW� 3RXW��

EHJLQ N� �� 3� 3LQL�
ZKLOH N!NPD[ GR

EHJLQ N� N���
LI UDQGRP�3FURVV WKHQ

EHJLQ VHOHFW UDQGRPO\ [∈3�
[¶� 2SHUWXU�[��
3U� PLQ���H[S���I�[¶��I�[���7���

LI UDQGRP�3U WKHQ 3� �3?^[`�∪^[¶`�
HQG HOVH

EHJLQ VHOHFW UDQGRPO\ [�[¶∈3�
�]�]¶�� 2FURVV�[�[¶��
3U�� PLQ���H[S���I�]��I�[���7���
3U�� PLQ���H[S���I�]¶��I�[¶���7���

LI UDQGRP�3U� WKHQ 3� �3?^[`�∪^]`�
LI UDQGRP�3U� WKHQ 3� �3?^[¶`�∪^]¶`�

HQG�
HQG�
3RXW� 3�

HQG�

$OJRULWPXV ���� ,PSOHPHQWgFLD SDUDOHOQkKR 0HWURSROLVRYKR DOJRULWPX� 9VWXSQk SDUDPHWUX Vr 3LQL

�SR³LDWR³Qg PQR©LQD VWDYRY� �NPD[�7� Y¬VWXSQ¬ SDUDPHWHU MH 3RXW �NRQH³Qg PQR©LQD VWDYRY�� 9RQNDM§m ZKLOH
F\NOXV VD RSDNXMH NPD[ NUgW� 3UDYGHSRGREQRVÔ 3FURVV XU³XMH QgKRGQ¬ Y¬EHU MHGQRGXFKHM SRUXFK\ Y\EUDQkKR

VWDYX [ DOHER ³L Y\NRQg NUm©HQLH QDG GYRMLFRX QgKRGQH Y\EUDQ¬FK VWDYRY [ D [� � 'YRMLFD QRY¬FK VWDYRY�

NWRUk Vr SURGXNRYDQk NUm©HQmP� MH DNFHSWRYDQg GR PQR©LQ\ VWDYRY SRPRFRX 0HWURSROLVRYKR NULWkULD

DSOLNRYDQkKR QH]gYLVOH QDG GYRPD GYRMLFDPL VWDYRY �[�]� D �[��]���
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3URFHV LQWHUDNFLH GYRFK QgKRGQH Y\EUDQ¬FK VWDYRY [�[�∈3 Y UgPFL 0HWURSROLVRYKR DOJRULWPX MH

XU³HQg SUDYGHSRGREQRVÔRX ��3FURVV
���� 7gWR SUDYGHSRGREQRVÔ XU³XMH SURFHV Y¬PHQ\ � W�M� QDPLHVWR PXWgFLH

VWDYX [∈3 LQWHUDNFLD GYRFK VWDYRY [�[�∈3 SRPRFRX RSHUgWRUD NUm©HQLD ������ MH XVNXWR³QHQg� 3RWRP� SUREOkP�

³L QRYk VWDY\ ] D ]� Vr DNFHSWRYDQk MH ULH§HQ¬ SRPRFRX 0HWURSROLVRYKR NULWkULD ��� DSOLNRYDQkKR VHSDUgWQH SUH

SgU\ �[�]� D �[��]�� ]YOg§Ô� 7DN QDSUmNODG� DN 0HWURSROLVRYH NULWkULXP DNFHSWXMH QRY¬ VWDY ] � SRWRP PQR©LQD 3

MH REQRYHQg WDN� ©H VWDU¬ VWDY [ MH VXEVWLWXRYDQ¬ QRY¬P VWDYRP ]� IRUPgOQH 3� �3?^[`�∪^]`� 9¬VOHGQk ULH§HQLH

MH XU³HQg DNR QDMOHS§LH ULH§HQLH ] PQR©LQ\ 3
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NGH 3 MH PQR©LQD ULH§HQm UH]XOWXMrFD ] GRNRQ³HQkKR VLPXORYDQkKR ©mKDQLD� 3URFHGrU\ 0HWURSROLVBDOJRULWKP D

6LPXODWHGBDQQHDOLQJ Pp©X E\Ô MHGQRGXFKR PRGLILNRYDQk SUH SRWUHE\ SDUDOHOQkKR VLPXORYDQkKR ©mKDQLD� SR]UL

DOJRULWP\ ��� D ����

3UmNODG ���� )RUPXOgFLRX VLPXORYDQkKR ©mKDQLD VPH ]DYÍ§LOL FHOr SOHMgGX HYROX´QFK RSWLPDOL]D´QFK

DOJRULWPRY� ��� KRUROH]HFN DOJRULWPXV �Up]QH YHU]LH� V X´HQmP� PHWoGD ]DNg]DQkKR SUHKODGgYDQLD� HYROX´Qk

SURJUDPRYDQLH�� ��� JHQHWLFNk HOJRULWP\ D ��� VLPXORYDQk ©mKDQLH� =YROWH VL XU´LWk PRGHORYk rORK\ D QD WFKWR

WHVWXMWH HIHNWmYQRVÕ Y\§§LH XYHGHQFK PHWoG D Y\NRQDMWH LFK SRURYQDQLH�

/LWHUDWrUD

>�@ 3� -� 0� YDQ /DDUKRYHQ DQG (� +� /� $DUWV� 6LPXODWHG $QQHDOLQJ� 7KHRU\ DQG $SSOLFDWLRQV� 5HLGHO�
'RUGUHFKW �������

>�@ 5� +� -� 0� 2WWHQ DQG /� 3� 3� 3� YDQ *LQQHNHQ� $QQHDOLQJ $OJRULWKP� .OXZHU� %RVWRQ �������
>�@ 6� .LUNSDWULFN� &� '� *HODWW -U� DQG 0� 3� 9HFFKL� 2SWLPL]DWLRQ E\ 6LPXODWHG $QQHDOLQJ� 6FLHQFH ����

������� �������
>�@ -� ²HUQ¬� 7KHUPRG\QDPLFDO $SSURDFK WR WKH 7UDYHOLQJ 6DOHVPDQ 3UREOHP� $Q (IILFLHQW 6LPXODWLRQ

$OJRULWKP� -� 2SW� 7KHRU\ $SSO� ��� ����� �������
>�@ 1� 0HWURSROLV� $� :� 5RVHQEOXWK� 1� 1� 5RVHQEOXWK� $� +� 7HOOHU DQG (� 7HOOHU� (TXDWLRQ RI 6WDWH

&DOFXODWLRQV IRU )DVW &RPSXWLQJ 0DFKLQHV� -� &KHP� 3K\V� ��� ��������� �������
>�@ 0� 7RGD� 5� .XER� DQG 1� 6DLWR� 6WDWLVWLFDO 3K\VLFV� 6SULQJHU 9HUODJ� %HUOLQ �������
>�@ 9� .YDVQL³ND� -� 3RVSmFKDO� 6LPXODWHG $QQHDOLQJ� 0$7&+ �&RPPXQLFDWLRQV LQ 0DWKHPDWLFDO DQG

&RPSXWHU &KHPLVWU\� �� ������� �����
>�@ 6� :� 0DKIRXG� '� (� *ROGEHUJ� $ JHQHWLF DOJRULWKP IRU SDUDOOHO VLPXODWHG DQQHDOLQJ� LQ 3DUDOOHO

3UREOHP 6ROYLQJ IURP 1DWXUH� �� HG� E\ 5� 0DQQHU� %� 0DQGHULFN� SS� �������� 1RUWK�+ROODQG�
$PVWHUGDP �������

>�@ -� 3RVSmFKDO� 9� .YDVQL³ND�)DVW (YDOXDWLRQ RI &KHPLFDO 'LVWDQFH E\ 6LPXODWHG $QQHOLQJ $OJRULWKP� -�
&KHP� ,QI� &RPS� 6FL� �� ������� ��������

SURFHGXUH 3DUDOOHOB6LPXODWHGBDQQHDOLQJ�LQSXW� 7PD[�7PLQ�NPD[�α�
RXWSXW� [RSW��

EHJLQ 3� UDQGRPO\ JHQHUDWHG SRRO RI VWDWHV [�[¶���� �
7� 7PD[�

ZKLOH 7!7PLQ GR

EHJLQ 3LQL� 3�
3DUDOOHOB0HWURSROLVBDOJRULWKP�3LQL�NPD[�7�3RXW��
3� 3RXW�

7� α7�
HQG�
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HQG�
$OJRULWPXV ���� ,PSOHPHQWgFLD SDUDOHOQkKR VLPXORYDQkKR ©mKDQLD� YVWXSQk SDUDPHWUH Vr 7PD[� 7PLQ� NPD[� α�

Y¬VWXSQ¬ SDUDPHWHU MH [RSW� $OJRULWPXV MH LQLFLDOL]RYDQ¬ QgKRGQRX JHQHUgFLRX PQR©LQ\ VWDYRY ] 3� 3R VNRQ³HPm

DOJRULWPX� QDMOHS§m VWDY ] 3 MH YVWXS R]QD³HQ¬ [RSW�


