Midterm Exam

THIS IS A TAKE-HOME-and-open-everything-but-don't-get-help-from-
other-people exam, due in class Wednesday, November 9. There is no time

Good luck to all. limit. USE FOUR BLUE BOOKS, one for each of the four problems, SHOWING
— Friendly TA

ALL YOUR WORK (so that partial credit can be given for incomplete answers).
PLEASE SIGN YOUR NAME ON THE COVER OF EACH BLUE BOOK.

Problem 1: A floored binomial sum. (10 points)

a Let ty(r)= ([TTILJ/rzTJ) Prove the identity

k+r T T+1

)

itk(r)tnfk(s) _ talrds)  taards+ )
k=0

for all integers n > 0 and all real r and s such that the denominators
don't vanish. Hint: See Table 202.

b  Generalize part (a) by proving a similar identity that is valid when

) = ()

and m is any positive integer.

Problem 2: Lucasian greatest common divisors. (30 points)

a  The Lucas numbers (Ly,Lq,L,,...) are defined in exercise 6.28. Prove
the following formulas analogous to (6.108):

Lutk = Felngr + Fe—1lan;
Lotk LyFns1 + Li—1Fn;
5Fn+k = I—kI—nJr] + I—k71 I—n .

(These identities hold for all integers k and n, but you may assume that
k>0andn>0.)
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b Let LL(m,n) = ged(Ly,, L), LF(m,n) = ged(Ly,, Fn), and FL(m,n) =
gcd(Fyn, Ly ). Establish the following recurrence relations:

ged(2,L,,) ifm=0,
LL(m,n) = { LL(n mod m,m) if [n/m| is even,
FL(n mod m,m) if [n/m] is odd.
ged(2,Fy) ifm =0,
LF(m,n) = < FL(n mod m,m) if |n/m] is even,
LL(n mod m,m) if [n/m]| is odd.
| La ifm=0,
FLim,n) = { LF(n mod m, m) otherwise.

¢ Now prove some formulas analogous to (6.111), for all positive integers
m and n, letting P(n) denote the largest power of 2 that divides n:

_ Lng( n) if P(m) = P(n);
ged(Lim, Ln) = { [3\ ged(m,n ] otherwise.

ged(Lyn, Fn) = {Lg‘”“‘“‘“’ i P(m) <P(n);
my ' -

1+ [3\ ged(m, n)] otherwise.

Problem 3: An election for the birds. (25 points)

The penguins in the United States of Antarctica are having an election
to determine who will be Big Bird. Elections in that part of the world are
very peculiar because of a strange tradition called the Electoral University.
Here’s how the system works:

1

w

Each penguin belongs to one of 50 states, and there are exactly
2k? — 1 penguins in state k, for 1 < k < 50.

There are two candidates for Big Bird, named Duck and Quail.
Every penguin votes for either Duck or Quail.

The candidate who receives the most votes in state k gets k votes in
the Electoral University.

The candidate who receives the most votes in the Electoral Univer-
sity becomes Big Bird.

a Find the minimum total number of penguin votes that are necessary to
become Big Bird. (In other words, find a number p such that Big Bird
always gets at least p votes from individual penguins, and such that a
total of only p — 1 penguin votes is never enough to win.)

b  Generalize the problem to the case of 4n + 2 states instead of 50. Give a
closed formula for the minimum total number of penguin votes necessary,
as a function of n.

This reminds me of
Handout No. 16.

Brackets, not paren-
theses, are being
used for Iverson’s
convention here.

Fowl!
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Problem 4: Sequences of the year. (35 points)

One of the questions on the International Mathematical Olympiad for
1987 was to prove that there is no sequence (fo,f1,f2,...) of nonnegative
integers such that ff, =n + 1987 for alln > 0.

Another year has gone by, so we need to ask a different question. Let’s say
that a timely sequence is a sequence (fp,fq,f2,...) of nonnegative integers
such that

fs. = n+ 1988, integer n > 0.

n

a  Prove that quite a few timely sequences exist, by finding all constants
a and b such that the following sequence is timely:

= {n—i—a, if n is even;
™ 7 In+b, ifnisodd.

b  Prove that the elements of a timely sequence are always distinct; i.e., if
fm = fn then m =n.
c  Prove that

fni19gg = fn + 1988

in any timely sequence.
d Use the result of ¢ to conclude that there exist 1988 constants ap, aj,
..., Q1987 such that we have

n+ ag, if n mod 1988 = 0;
n+as, if n mod 1988 = 1;
fn = :
n+ ajeg7, if n mod 1988 = 1987.

e Let A be the set of all n such that 0 < n < 1988 and f,, < 1988; let B
be the set of all n such that 0 < n < 1988 and f,, > 1988. Prove that if
n € A then f,, € B.

f  Prove that the sets A and B each contain 994 elements.

g Show that the sum 211;807 fi has the same value for all timely sequences.
What is that value?

h (Bonus problem—work it only when you have finished the rest of the
exam!) How many different timely sequences are possible, exactly?



