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¡�rXo�mybh¤��Xf5f�_`eXi�_�pduvps_`�1~X]�bJbh�ku{�1~X]�bJl�}/p4rX~Kbho�m[_�p�b x*]�b u{o�e�_`eXivl�} u1}¥rXeCjhf�_�l{e;�[rX~�~;lyp�bd� b1u{ogbJiy_`mcbhe�f�tCb�mTuT]`r^b p¨l�}qu*fF� l{¤ xk_`��bheCp4_�l{eCu{]�}ªr�eCjhf�_�l{e;\�¡K\#u{fdf�tCb}?l{rXodp�u{�1~X]�b�~KlT_`e[fVpDp4t^l �qe,w[�Áf5tCbJp�l{]`_�x	jh_`oVjh]�b p�_`e�ÔQ_`i^� ² � � ��Ø�bJ�/u{e[f¨fVl��Xff�t^b p�b;}�lTrXoK~KlT_`e[fVp¬�q_`f5tJu/}ªrXe^jhf�_�l{e;\%£K\{xkogu �qeD}ªoVlT�Òf5tCb�p5bhf¯\�²Ï\{l�}Xp5b j lTe^xk¤ x�bhicoVb b}ªr�eCjhf�_�l{eCpn�¬Ø	b p4t^l �	f5tCbhogb&u�fF� lT¤?xk_`��bheCp4_�l{eCu{]c~Cu{ogu{wKlT]`_�j&p4rXo4}?uyj b�u{w;l myb�f5tCbl© ª \
© ¬ ~X]�u{eCbdf�tCu{f �Xfgp f5tCb�~;l{_`e[fgpn��� t�_�pq~Cu{ogu{w;l{]`_�jH}¥rXeCjhf�_�l{e;\P£;\�_�pDl{rXoqt[�[~;l{f�t^b p4_�pu{w;l{rXf�f�tCbq}ªrXeCjhf5_�lTeK\;¡K\Xf5tCu{f/~�oglkxkrCj b x�f�tCb�}?l{rXoqp�u{�1~X]�b ph�Q�Fe*f5tX_�pqj ucp5bT\&£M§»¡u{fqf�tCbq}?l{rXoqp�u{�1~X]�b ph\[wXrXfq� b�eCb b x�eClTf tCunmcbdogb ¢yrX_`oVb x�bh�kuyjhf/��uTfVj�t^b pn�

�FeAf�tCb�lTf5tCbhoJp�bhf5f�_`eXiX\�fgbho���b xtSkU�X�S%_�PgSº� W�X¯P��É P5R{SgU�W¥U[ZT\/�/b*ps_`�1~X]`��tCu mybvuf�oVuT_`e�_`eXi.p�bhf¨l�}/mcb jhfVlToVp��q_`f�t^lTrXf�}ªrXe^jhf�_�l{eÁmTu{]`rCb p�}�lTodf�t^bh�£��� tCbJ~XoVlTwX]�bh��_`ef�t�_�p�j ucp5bT\�fF�|~�_�j uT]`]`�T\ _�p�fglÁ~^uTo5f�_`f�_�l{e�f�tCbzf�oVuT_`eX_`e�i,p�bhfJ_`e[fglÏp4rXw^p�bhfgph\�³ ª \`���\
³¢¼&\K_`e	p5lT��b�uT~X~�ogl{~Xo�_�u{fgbd� u �T�v©¥Ø	b�j u{e,p4f5_`]`]#ogbhi[u{ogx*f�t^b�~Xogl{wX]�bh� uypDl{eCbJl�}
Ü4Ý[Þ¥ßFàVá âcãVÞ¥äYà Ý	Þªà*å1æ�ã5çTä�Ý�è¨é^èsænß�Ý[ä�Ý{ê�ëì,íhî¯î�ï�ð&ñ`ò�óDôyõ#ð&ñ`ò�óFó?ö�÷Xõ�ø�ò`ò&ùFñ`ú�ûTü4óHùFýnó?ýVùFþ�ýhÿ�õ
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h(X)
h

Ξ = {X1, X2, . . . Xi, . . ., Xm}

Training Set:

X =

x1
.
.
.
xi
.
.
.
xn

h ∈ H

ÔQ_`iyrXoVb ² � ³|Ù �Hev�Fe�~XrXf�¤ Ú rXf�~Xr�f/Ôkr�eCjhf�_�l{e

]�b u{o�eX_`eXi�u£}¥rXeCjhf�_�l{eA	(f�tCb�mTu{]`rCb.l�}�f�tCb1}¥rXeCjhf�_�l{e�_�p�f5tCb�eCuT��b�l�}df5tCb*p4rXw^p�bhffgl*�qt�_�j�t�u{e	_`e�~XrXfJmcb jhfVlTo�wKbh]�lTe�i|ph�Ê«ÃÂ�eCp4r�~;bho5m|_�p5b xÁ]�b u{o�eX_`e�i.��bhf�t^lkxXp�tCunmcbu{~X~X]`_�j u{f�_�l{e�_`e.fVuT�kl{eClT�z_�j�~XoVlTw�]�bh��p&_`e.�qtX_�j�t._`fH_�p�xXb p4_`oVb x1fVlJ_`e[mcbhe[f�� u �kp�fVljh]�uyp�p4_Ö}¥��xXu{fgu�_`e[fVl���b u{eX_`eXiT}ªr�]Cj uTfVbhi|l{o�_�b ph�
Ø	b*p4tCu{]`] uT]�p5lÁxXb p�jho5_`w;b���bhf5tClkxXp�f5tCu{f�u{ogbz_`e[fgbho5��b xk_�u{fgbJwKbhfF� b bhe	p4r�~;bho5¤m[_�p�b x*u{eCx�rXeCp4r�~;bho5m|_�p5b x�]�b u{o�eX_`e�i^�
Ø	b��z_`ict[f�bh_`f�tCbho�w;b�f�o��[_`eXi*fVl���eCx,u*eCbh��}ªrXeCjhf5_�lTeK\�£;\�l{o¨fVl���lkxk_Ö}ª�Áu{ebh�[_�p4f5_`eXi	l{eCbT�A�He�_`e|fVbhogb psf�_`eXi,ps~;b jh_�u{] j ucp5b1_�p�f�tCu{f�l{}Dj�tCu{eXiy_`eXi,u{e�bh�[_�p4f�_`e�i}ªr�eCjhf�_�l{eJ_`e[fglduTe1b ¢yrX_`m{uT]�bhe[f�l{eCb f�t^uTf#_�p&j lT�z~XrXfVuTf5_�lTeCu{]`]`�D��lToVb(bh�zjh_�bhe|f �#� t�_�pfF�[~;b l�}�]�b u{o�eX_`e�iD_�p�p�l{��bhf�_`��b pKj uT]`]�b xyX�_�P�Pr,Z�S%_�]�b u{o�eX_`e�i^����mybho���p4_`�z~X]�b bh�kuT�z¤~X]�b�l�}/p4~Kb b xk¤�r�~.]�b uTo5eX_`eXi*_`e[mcl{]`mcb p�xXb xkrCjhf5_�lTe.~�oglkj b p�p5b pn��Ô|ogl{� f�t^b�}?l{o��JrX]�uyp

ÄHÅtÆ u{eCx ÆÇÅgÈ \{� bqj u{e�xXb xkrCj b È _Ö}�� bquToVb(iy_`mcbhe Ä ��Ôkogl{� f�t�_�p#xXb xkrCjhf5_`mcb~XoVlkj b p�pn\¬�/b�j u{e�jhoVb uTfVbJf�tCb�}?l{o��JrX]�u Ä�ÅÉÈ Q=u.eCbh� }?l{o��JrX]�u*w�rXfJlTeCb�f�tCu{fxXlkb pHeClTfdp�u{eCjhf�_�l{e,u{e[�.��l{ogbJj l{eCjh]`rCp4_�l{eCpHf�tCu{eÁf�t^lcp5b�f�tCu{f¨j l{rX]�x.wKb�xXbho5_`mcb x}ªoVlT� f�tCbD}?l{o��Jr�]�ucpqf5tCu{f��/b�~Xogbhm[_�l{rCp4]`�*tCuyx¬��®�rXf��q_`f�tÁf5tX_�p�eCbh�Ó}�lTo5�JrX]�u�� bj u{eÁxXbho�_`myb È ��l{ogbd¢cr�_�j�a[]`�T\Qiy_`mcbhe Ä \^f5tCuTe.� b�j l{rX]�x.tCunmcbJxXl{eCbdw;bg}�lToVbT�HØ	bj u{e�j lTe[f5oguyp4f�p4~Kb b xk¤ªrX~A]�b u{o�eX_`eXi��q_`f�tÅ��bhf�t^lkxXp�f�tCu{f1jhoVb uTfVb1i[bhe[rX_`eCbh]`�AeCbh�}ªr�eCjhf�_�l{eCpRQ=l{eCb pHf�tCu{f¨�z_`ict[fdic_`myb�x|_Ö§Kbhogbhe[fdogb psrX]`fgp�u�}ªfgbho�]�b uTo5eX_`eXi.f5tCuTeÏf�tCbh�xk_�x*wKbg}?l{ogbT�(Ø	b�p�u �*f5tCuTfqf5tCb�]�uTf5fgbhoq��bhf5tClkxXp�_`e[mcl{]`mcb�WYU[^S^ÈnÆ¥W+�{P�]�b uTo5eX_`eXiX����pl{~X~;lyp�b x�fgl�x�b xkrCjhf�_�l{e;\yf5tCbhogb�uToVb�eClvÈ�Ñ�SgS5P5ÈnÆ�_`eCxkrCjhf5_�lTeCp�Q=lTe�]`��rCp�bg}¥rX]KlTeCb ph�
Ü4Ý[Þ¥ßFàVá âcãVÞ¥äYà Ý	Þªà*å1æ�ã5çTä�Ý�è¨é^èsænß�Ý[ä�Ý{ê�ëì,íhî¯î�ï�ð&ñ`ò�óDôyõ#ð&ñ`ò�óFó?ö�÷Xõ�ø�ò`ò&ùFñ`ú�ûTü4óHùFýnó?ýVùFþ�ýhÿ�õ
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h sample f-value

Ô;_`icrXoVb ² � �kÙ � crXo5}�ucj bHf�tCu{fqÔQ_`fgpqÔXl{rXoÊG�l{_`e[fgp
2&3µ�(3�� Ë|E¹�0Ìq:8�.GKBC:&�&LX>
® b j uTr^p�b#��ucj5tX_`eCb�]�b uTo5eX_`eXiq��bhf�tClkxXp^xXbho�_`myb&}¥ogl{��p�lq��uTe[�¨x|_Ö§Kbhogbhe[fKf�oVucx|_`f�_�l{eCpn\_`fgp�fgbho5�1_`eCl{]�l{ic�z_�pDo5_Ö}?bJ�q_`f5t,p4�[eCl{e[�|��pn\Ku{eCx.� bJ�q_`]`]&w;b�rCps_`eXi���lyp4fDl�} f5tCbh�_`e�f�tX_�p�wKlklTaC�QÔ�lToqbh�kuT�z~X]�bT\yf5tCbq_`eX~Xr�f(myb jhfgl{o(_�p j u{]`]�b x�w[��udmTu{o�_�bhfF�1l�};eCu{��b pn�kl{��bdl{}#f�tCb p5b¨u{ogb Ù W¥U
_�SXÆl�{P�ÈnÆ�Ñ{SV\A_kRyÆªÆ?PgSVU!�{P�ÈnÆ�Ñ{SV\�Í P5RyÆ+SkS5P��{P5ÈnÆ?Ñ�Sg\�X R
�`_^É Pg\�PWÎ,ZR^�`_CÉ Pg\^uTe^xvW¥U�X¯ÆªRTUCÈ�Pg� � tCbHj lT�z~;l{eCbhe[fgph\%©#® \�l{}¬f�t^b _`eX~XrXf�mcb jhfVlTo uToVb mTu{o�_�l{rCp4]`�j u{]`]�b x¿ÍnP5RyÆ)SkS5PWXh\#RyÆ�ÆYSgWªÐ�SXÆ?PWXh\#WYU
_[SXÆ���R{SgWªRcÐhÉ PWXh\KuTe^x	È5Ñ^�`_�Ñ�U�PgUCÆYXh�

� tCb#mTu{]`rCb pKl�}kf5tCb�j l{�1~Kl{eCbhe[fgpXj u{e¨wKb#l�}�f�tXoVb bQ��u{_`eDfF�[~Kb pn�;� tCbh���1_`iyt[fKw;bogb u{]`¤ªmTuT]`r^b x1e[rX�JwKbhogph\kxk_�p5jhogbhfgbh¤ªmTu{]`rCb x�e[rX�JwKbhogph\kl{o�È5RyÆ?PªZ[Ñ{SVW?È4RTÉl��RTÉ�S^PWXh� �Dpqu{ebh�kuT�z~X]�b�_`]`]`r^p4f�oVuTf5_`eXi�j u{fgbhi[lTo5_�j uT]Xm{uT]`rCb ph\k_`ek}?l{o���u{f�_�l{e�u{wKlTrXf u�psf�rCxXbhe[f �1_`iyt[fwKbqogbh~XoVb p�bhe[fgb x�w[�zf�tCbqm{uT]`rCb p l�};f�tCb�u{f�f5o�_`wXr�fgb p�ÈgÉ`RKXTX�Ï{��RRÐ Ñ�STÏ�X�PWÎ^Ï#R,^� W�X¯PgSg�(�~Cu{o�f5_�jhrX]�uToqpsf�rCxXbhe[f � lTrX]�x*f5tCbhe*w;b�ogbh~�ogb p�bhe[fVb x�w[�vu�mcb jhfVlToqp4r^j�tÁuyp Ù ©�p�l{~XtCl{¤��l{ogbT\^t�_�p4fgl{o��T\¬��u{]�bT\�tX_`iyic_`eCpV«g����xXxk_`f5_�lTeCu{]`]`�T\Qj u{fgbhi[lTo5_�j uT]KmTu{]`rCb pH��u �.wKb*Ñ{S�Z
cPgS5P�Á©�ucpq_`e!Ñ
X���R{É¥É�Ï��zP�{W)S&�hÏ�É`R{SªZ[PTÒT«�lTohSkU�Ñ�Sr[PgS5PrÁ©?uyp�_`eÏf�tCb�bh�kuT�z~X]�bq±FrCpsfiy_`mcbhe¬«V� Ú }&j l{rXogp5bT\[�z_`�|f5rXogb p�l�}�uT]`]�f�t^b p�b�fF�[~Kb p l{}&m{uT]`rCb p u{ogb�~;lyp�ps_`wX]�bT�

�Fe	u{]`]�j ucp5b pn\^_`fd_�pD~Klyp�p4_`w�]�b�fglzogbh~XoVb p�bhe[fqf�tCb�_`e�~XrXfD_`eÏrXeCl{ogxXbhoVb x1}?l{o�� w[�]`_�p4f5_`eXi*f�tCbdeCu{��b pHl{}�f�tCbJu{f�f5o�_`wXrXfVb p fgl{i|bhf5tCbhoq�q_`f�t£f�tCbh_`o�mTuT]`r^b pn��� tCb�myb jhfgl{o}?l{o���uyp�psrX��b p^f�tCu{fKf�tCb�u{f�f�o5_`wXrXfVb p¬u{ogb&lToVxXbhogb xduTe^xDiy_`mcbheJ_`�z~X]`_�jh_`f�]`�dw[��u/}�lTo5�£��Dp&uTezbh��u{�1~�]�b/l�}Ku{e£RyÆ�ÆYSVW�Ð�SXÆ�P�Z���RTÉ�S^P�ogbh~XoVb p�bhe[fgu{f�_�l{e;\n�/bq�z_`ict[f#t^u mcb Ù ©ª��uT±4l{o ÙtX_�psfgl{o��T\kp5bh� Ù ��uT]�bT\[jh]�uyp�p Ù p�l{~XtCl{��l{ogbT\{ucx|m|_�p5bho Ù tX_`iyic_`eCph\ku{i|b Ù ²�1 «V�QØ�b��q_`]`]�w;brCps_`eXi�f�t^b�mcb jhfVlTo(}�lTo5� bh�kjh]`rCps_`mcbh]`�T�
��eJ_`�1~Kl{o�fgu{e[fQp4~Kb jh_�uT]`_ � u{f�_�l{e¨r^p�b p#® lkl{]�b uTe�mTu{]`rCb pn\{�qt�_�j�t�j u{eJw;b�oVbhi|u{ogxXb xuyp/u�p4~Kb jh_�uT]Cj uyp�bHl{}&bh_`f5tCbho/x|_�p�jhogbhfVb e[rX�Jw;bhoVp�© ² \ � «&lTo�l�}�j uTfVbhi|l{o�_�j u{]kmTu{o�_�u{wX]�b p

Ü4Ý[Þ¥ßFàVá âcãVÞ¥äYà Ý	Þªà*å1æ�ã5çTä�Ý�è¨é^èsænß�Ý[ä�Ý{ê�ëì,íhî¯î�ï�ð&ñ`ò�óDôyõ#ð&ñ`ò�óFó?ö�÷Xõ�ø�ò`ò&ùFñ`ú�ûTü4óHùFýnó?ýVùFþ�ýhÿ�õ



»{½�½|½Å¾Q¹(¶�º�ÂD¿FÂ¿¾�¿FÂD·:�q¸�ÀR�¿�/¸#·a�/¸sÁm��Â�´q¸#¿�� Â¨Ã 1

©%Ó�STS^Pg\�Ô;R{É X�P�«V�
2&3µ�(3�� Õ!Ìq:&�0Ì/:k>
� tCbzlTrXf5~XrXf���u �.wKb�u*ogb u{]�e[rX�JwKbho¯\C_`e��qt�_�j�t�j ucp5bJf�t^bJ~Xoglkj b p5pDbh�JwKlkxk�[_`eXif�t^b�}¥rXeCjhf�_�l{e;\�£;\^_�p�j uT]`]�b x*u:ÍTSkU�ÈnÆYW?Ñ�U�PWX ÆYW)��RyÆ?Ñ�Sg\�u{eCx�f�tCb�l{rXf�~Xr�f/_�p�j uT]`]�b x.u{eÑ%SXÆÖ_�SXÆl��RTÉ�S^PqlToJPWX ÆYW)��RyÆ?Pg�

��]`fgbho5eCu{f�_`mcbh]`�T\�f5tCbÁl{rXf�~Xr�f���u ��wKbÁuAj uTfVbhi|l{o�_�j u{]qmTu{]`rCbT\�_`eÒ�qtX_�j5tÓj uyp�bf�t^b�~Xoglkj b p5pqbh�Jw;lkxk�[_`eXi�£,_�p�mTu{o�_�l{rCp4]`�Áj u{]`]�b xÁu�ÈgÉ`R%XºXnW Ç PgSV\#u.S5P�È5Ñ4ZTUXW�×¯PgSg\�l{o¨uÈ5RyÆ�P�Z[Ñ�SgWY×�PgSV\�uTe^x*f�tCb�l{rXf�~Xr�f�_`fgp5bh]Ö}�_�pDj u{]`]�b xÁu.É`RcÐ�PgÉÖ\�uÏÈgÉ RKXºXn\KuÏÈ5RyÆ�P�Z[Ñ�ST]{\�lToDu
cP�ÈgW�XhW?Ñ�UX�q¡�]�uyp�ps_`�Cbhogp t^u mcbduT~�~X]`_�j uTf5_�lTe�_`e.uJe[rX�JwKbhoHl�}�ogb j l{iyeX_`f�_�l{e1~XoVlTw�]�bh��pn\}?l{o�bh�kuT�z~X]�bz_`eAf�tCb�ogb j l{iceX_`f5_�lTe�l�}�tCu{eCxk¤ª~Xo�_`e[fgb x�j5tCuToVucjhfVbhogph�Á� tCb�_`eX~�rXfJ_`ef�t^uTf�j uyp�b�_�p�p�l{��b�p4rX_`fVuTw�]�bDoVbh~Xogb p5bhe|fVuTf5_�lTe�l{}#f�tCb�~Xo�_`e[fVb xvj5tCu{oguyjhfgbho \ku{eCx�f�tCbjh]�uyp�p4_`�^bho/��uT~^p(f5tX_�p _`eX~Xr�fq_`e|fVl�l{eCbDl�}4\^p�un�y\ qI. j u{fgbhi[lTo5_�b pn�
�(b jhfgl{o�¤ªmTu{]`rCb x lTrXf5~XrXfVp�u{ogb�uT]�p5l�~Klcp5p4_`wX]�b£�q_`f�t j l{�1~KlTe^bhe|fVp�wKbh_`eXi�oVb uT]e[rX�JwKbhogp�lTo�j u{fgbhi[lTo5_�j uT]�mTuT]`r^b pn�
��eA_`�1~Kl{o�fgu{e[f�ps~;b jh_�u{] j ucp5b1_�p�f�tCu{f�l{}D®/lkl{]�b u{eÅl{rXf5~XrXf�mTu{]`rCb pn�	�Fe�f�tCu{fj uyp�bT\�uzf�ogu{_`eX_`eXiz~Cu{f�fgbho5e�t^u m[_`eXi*mTuT]`r^b ² _�pdj uT]`]�b x.u�_�ÑKXhW�ÆYW)�{P�W¥U�X¯ÆªRTUCÈ�Pg\�uTeCx.uf�oVuT_`e�_`eXi�p�u{�1~X]�b�tCu m[_`eXi�m{uT]`rCb � _�pQj u{]`]�b x�u¨U�PªZcRcÆYW)�{P�W¥U&X ÆªRTU�È5Pg�&Ø�tCbhe�f5tCb#_`eX~�rXf_�p�uT]�p5l�® lkl{]�b uTeK\{f�tCbqjh]�uyp�ps_`�Cbho�_`�z~X]�bh��bhe[fgp�uaØ�Ñ Ñ�É�P4RTUaÍTSkU�ÈnÆYW?Ñ�UX�&Ø	bHp4f�r^xk��f�tCb® lklT]�b u{e1j uyp�b�_`e�p5lT��bqxXbhfgu{_`]kwKb j uTrCp5b�_`f u{]`]�l ��p�rCp#fVlD��uTaybq_`�1~KlTo5fgu{e[fQi|bheCbhoVuT]~KlT_`e[fgpd_`e�u.ps_`�1~X]`_`�Cb x�p5bhf�f�_`e�i^���#b uTo5eX_`eXiÁuÁ® lkl{]�b uTeÁ}ªrXeCjhf5_�lTe�_�pJp�l{��bhf5_`��b pj u{]`]�b x	È5Ñ{UCÈ�Pµ_�Æ É�P4RTSVUXWYU[ZT\Ku{eCx�f�tCbq}ªrXeCjhf5_�lTe�_�p�j u{]`]�b x*u.È�Ñ�U�È�Pµ_�ÆY�

2&3µ�(3\Ù ¶JLX9�<FE�<FE�M~Ú�GKM(<�Û GK>
� tCbhoVbquToVbqp�bhmcbhoVuT]k� u �kp�_`e1�qtX_�j5t1f5tCb f�oVuT_`e�_`eXi�p5bhf¯\4³ \kj u{e�wKb rCp�b xJfVld~Xoglkxkr^j buÁt[�[~KlTf5tCb p4_ � b xÁ}ªrXe^jhf�_�l{e;���FeAf�t^bÏÐ5RcÆ�ÈW����bhf5tClkx¬\;f�tCb�bhe[f�_`ogbzf�oVuT_`e�_`eXi,p�bhf�_�pu mTu{_`]�u{wX]�bÁu{eCxArCp5b xAuT]`]Du{f�l{eCj b�fgl�j l{�1~XrXfVb1f5tCb1}ªrXe^jhf�_�l{e;\Ê£K�Ò� mTu{o�_�u{f�_�l{el�}&f�tX_�pH��bhf5tClkx1r^p�b pqf5tCb¨bhe[f5_`ogbdf�oVuT_`eX_`e�i�p�bhfHfgl���lkxk_Ö}ª��u�jhr�o�ogbhe[fqt[�[~;l{f�t^b p4_�p_`fgbhoVuTf5_`mcbh]`�*rXe[f�_`]&uTeÁuyj j bh~Xfgu{wX]�b�t[�|~Kl{f�tCb ps_�pq_�pDl{wXfgu{_`eCb x¬��®��Áj l{e|f5oguyp4f \X_`e£f�tCbW¥UCÈgS5PT�zPgUCÆ�R{É^��bhf5tClkx¬\{� b¨p5bh]�b jhfqlTeCbH��bh�JwKbho�u{fHu�f�_`��b }ªogl{��f�tCb/f�ogu{_`eX_`eXi�p5bhfu{eCx*rCp�b�f�t�_�pq_`eCp4fVuTe^j b¨u{]�lTe^bDfVl���lkx|_Ö}ª��uzjhrXo�oVbhe[fqt|�[~KlTf5tCb p4_�ph� � tCbhe.u{eClTf5tCbho��bh�JwKbho¨l�}/f�tCb�f�ogu{_`eX_`eXiÁp5bhf�_�pJp�bh]�b jhfgb x�\Qu{eCx	p5l.lTeK�.� tCbzp�bh]�b jhf�_�l{e,��bhf�tClkxj u{e�wKbDoVuTe^xXlT� ©ª�q_`f5t�oVbh~X]�uyj bh��bhe[fn«�lTo _`fDj u{evjh�kjh]�b�f�tXoVlTr�ictzf�tCbHf�ogu{_`eX_`eXi�p5bhf_`fgbhoVuTf5_`mcbh]`�T�£� }Hf�tCbzbhe[f�_`ogb�f�oVuT_`eX_`e�iÁp�bhfJwKb j lT��b p�u mTu{_`]�uTw�]�bvl{eCb���bh�JwKbho¨u{f�uf�_`��bT\�f�tCbhe*� b��1_`iyt|f�u{]�p�lzrCp5b¨u{e._`eCjhogbh��bhe[fgu{]¬��bhf�tClkx�Q=p5bh]�b jhf4_`eXiJu{eCx*rCp4_`e�if�oVuT_`e�_`eXi�p�bhfQ��bh�Jw;bhoVpCuypKf�tCbh�duTo5o�_`mcbT� ©?�H]`fgbho5eCuTf5_`mcbh]`�T\¯uTf#u{e[�¨p4fVuTi[b�u{]`][f�oVuT_`eX_`e�ip�bhf���bh�JwKbhogpQp�l�}?u{o�u m{uT_`]�u{wX]�b�j l{rX]�x�wKb rCp�b x�_`e�uv�swCu{fgj5tC��~XoVlkj b p�ph�Ê«`Âdp4_`eXi�f�tCbf�oVuT_`e�_`eXi�p�bhf ��bh�JwKbhogp&ucp f5tCbh�1wKb j l{��bqu mTu{_`]�u{wX]�bD_�pHj uT]`]�b x�uTe�Ñ�UXÉÊW¥U�Pq��bhf�tClkx��
Ü4Ý[Þ¥ßFàVá âcãVÞ¥äYà Ý	Þªà*å1æ�ã5çTä�Ý�è¨é^èsænß�Ý[ä�Ý{ê�ëì,íhî¯î�ï�ð&ñ`ò�óDôyõ#ð&ñ`ò�óFó?ö�÷Xõ�ø�ò`ò&ùFñ`ú�ûTü4óHùFýnó?ýVùFþ�ýhÿ�õ



²�� ´#µD¶D·�¸#¹�º¼»{½�·�º�¹�¾Q¿FÀÁ¿FÂD¶�º�¿F¹/Ã
Ú eX]`_`eCb#��bhf�tClkx�pk�1_`iyt[f;wKbQrCp5b x¬\h}?l{o;bh�ku{�1~X]�bT\n�qtCbheDf5tCbQeCbh�[fKf�oVuT_`e�_`eXi _`eCp4fVuTeCj b_�p p�l{��b/}¥rXeCjhf5_�lTe1l�};f�tCbHjhrXo�oVbhe|f&t[�|~Kl{f�tCb ps_�p�u{eCx�f5tCbq~XoVbhm|_�l{rCp&_`eCp4fVuTe^j bTQ=ucp�_`f� lTrX]�x*wKb��qtCbhevuzjh]�ucp5p4_`�Cbhoq_�p/rCp�b xzfgl�x�b jh_�xXb¨l{e.u�oVlTwKlTf ° p�eCbh�[fHuyjhf�_�l{e*ic_`mybhe_`fgp&jhrXo�oVbhe[f�p�bhf�l�}Kp5bheCp�l{o��d_`eX~Xr�fgpn��� tCb eCbh�[f�p5bhf�l�}Kp�bhe^p�l{o��d_`eX~XrXfVp#�q_`]`]CxXbh~KbheCxl{ev�qt�_�j�t.uyjhf�_�l{e�� ucpHp�bh]�b jhfgb x��
2&3µ�(3�Ü Ý»��<?>|G
kl{��bhf5_`��b p�f�tCb myb jhfgl{ogpQ_`ezf�tCb�f5ogu{_`eX_`eXi�p�bhf�u{ogbqj l{o�o5rX~Xfgb x�w[��eCl{_�p�bT��� tCbhogb u{ogbfF� l1a[_`eCxXpdl�}�eCl{_�p�bT�MÞ#É`RKXTX�U�Ñ�W�X¯P�ogu{eCxXl{�1]`�*uT]`fVbhogpqf5tCbdmTu{]`rCbJl{}�f�tCbD}¥rXeCjhf�_�l{eA	RyÆ�ÆYSgWªÐ�SXÆ?P1U�Ñ�W�X¯P�oVuTeCx�lT�z]`�vu{]`fgbhoVpqf�tCb�m{uT]`rCb p�l{}�f�tCb�j l{�1~KlTe^bhe|fVp l{}�f�tCb�_`eX~�rXfmcb jhfVlTo �Q�Fe�bh_`f�tCbho�j ucp5bT\{_`f(� l{rX]�x1wKb _`eCu{~X~XoVlT~Xo5_�uTfVb�fVld_`eCp4_�psf(f5tCuTf�f�tCb t[�[~;l{f�t^bh¤p4_ � b x�}ªrXeCjhf5_�lTezuTiyogb b ~XoVb jh_�p�bh]`���q_`f�tzf�tCb m{uT]`rCb p�l�}Kf5tCbqp�u{�1~X]�b p�_`e1f5tCb f�oVuT_`eX_`e�ip�bhf �
2&3µ�(3�ß àvGKL;�º��L�Û 9�EHB¬GâáMãQ9���Ì�9;:^<���E
� mcbhe�f�tCl{rXiyt¨f5tCbhogb�_�pQeCl�j l{o�oVb jhfQuTeCps�/bhoK_`eJ_`eCx|rCjhf�_`myb�]�b u{o�eX_`e�i^\¯_`f#_�pQ_`�z~;l{o�fVuTe[ffglvtCu mcb���bhf�tClkxXp�fgl£bhmTuT]`r^uTfVb�f�t^b1oVb p4rX]`fJl�}�]�b uTo5eX_`eXiX�ÏØ	b��q_`]`]�xk_�p5jhrCp�p�f5tX_�p��u{f�fVbho#_`e*��l{ogbqxXbhfVuT_`]^]�uTfVbho¯\yw�rXf¯\cwXo�_�b�wX�T\|_`evpsrX~Kbho�m[_�p�b xJ]�b u{o�e�_`eXi�f�tCbq_`e^xkrCj b x}ªr�eCjhf�_�l{e�_�p�rCpsrCu{]`]`��bhm{uT]`rCu{fgb x�l{e�u¨p5bh~Cu{ogu{fgb�p5bhf�l�}�_`eX~Xr�fgp#u{eCx¨}ªr�eCjhf�_�l{eJmTu{]`rCb p}?l{oQf�t^bh�Ój u{]`]�b xdf�tCbqÆ?PWX Æ¥WYU[Z0X¯PnÆX����t[�[~;l{f�tCb ps_ � b xH}¥rXeCjhf�_�l{eD_�p�p�u{_�x¨fVlqZ[PgU�PgS4R{ÉÖWY×�P�qtCbhe._`fdicr^b p�p�b p � bh]`]�l{eÁf�t^b¨fVb p4f5_`eXi�p5bhf¯��® lTf5tÁ��b u{eX¤?p�¢yrCu{ogb xk¤?bho�oVlTo uTe^x*f�tCbfgl{fgu{]Ce[rX�JwKbhoql{}&bho5ogl{ogp�uToVb¨j l{�1��lTe���b uyp4rXoVb pn�

���Tä ���0�J% "Á0�"��æåç��èv+Á0n%��� êé 02�h 
�#l{eXi�w;bg}�lToVbqeCl �=f�tCbHogb uyxXbho(t^ucp�rXeCx�lTrXw�fgb xk]`�Juyp4acb x��qt[�1_�p ]�b u{o�e�_`eXiJu�}ªrXe^jh¤f�_�l{e1~Klyp�p4_`w�]�bquTf uT]`]¥Û£¡ bho�fgu{_`eX]`�T\T}�lTo bh�kuT�z~X]�bT\yf�t^bhogbqu{ogbqu{e1rXeCj l{rXe[fgu{wX]�b�e[rX�1¤wKbho�l�}Hxk_Ö§KbhoVbhe[f�}¥rXeCjhf5_�lTeCp�tCu m[_`eXi£mTuT]`r^b p�f�tCu{f�u{iyogb bJ�q_`f5t�f5tCb�}�lTr�o�p5uT�z~X]�b pp4t^l �qeÁ_`e	Ô;_`i^� ² � � �dØ�t[�.� lTr�]�x,u�]�b uTo5eX_`eXiz~Xoglkj b xkr�ogb�t^uT~X~Kbhe.fgl�p�bh]�b jhfHf�tCb¢yrCuyxkogu{f�_�j l{eCbqp4tCln�qe1_`e1f5tCu{f��XiyrXogb�Û��Fe�l{ogx�bho#fgld��u{acb f5tCu{f�p�bh]�b jhf5_�lTe�� bqtCuyxu{fD]�b uyp4fDfVl1]`_`�z_`fzRh_^SgW�Ñ{SVW�f�tCbJp5bhfDl�} t[�[~;l{f�t^b p�b p fgl�¢yrCuyxkogu{f�_�jD}ªr�eCjhf�_�l{eCp�u{eCxf�t^bhe1fgl�_`e^p4_�p4fqf5tCu{f(f5tCbDl{eCbq� b¨j5tClyp�bH~Cucp5p�b x�f�tXoVlTrXiyt�u{]`]C}?l{rXoqp�u{�1~X]�bq~Kl{_`e|fVpn�� tX_�p&a[_`eCx�l�}�R`_CSVW?Ñ�SVW^_`e�}?l{o���uTf5_�lTeJ_�p�j uT]`]�b x.ÐhW�RKXn\�u{eCxJrCp5bg}ªrX]X]�b u{o�e�_`eXi¨�q_`f5tCl{rXfwX_�uyp _�pq_`�1~Klyp�p4_`w�]�bT�

Ø	b�j u{e�i[uT_`e���lToVb�_`eCp4_`iyt[f�_`e[fgldf�t^b ogl{]�bql{}CwX_�ucp�w[�1j lTe^p4_�xXbho5_`eXiDf5tCb p4~Kb jh_�uT]j uyp�b�l�}K]�b u{o�e�_`eXiJuJ®/lkl{]�b u{e�}ªrXe^jhf�_�l{e1l{}�°.xk_`��bheCp4_�l{eCph�#� tCbhoVbquToVb ³ ¯ xk_Ö§¬bhogbhe[f® lklT]�b u{eÁ_`eX~�rXfgp�~;lyp�ps_`wX]�bT�z[rX~X~Klcp5bd�/b�tCucx£eCl�wX_�uyp�	;f�tCu{fD_�p�²×_�pDf5tCb�p5bhf¨l�}R{É¥É ³ ¬�ë ® lkl{]�b uTe1}ªr�eCjhf�_�l{eCpn\�u{eCx��/bdtCu mybdeClJ~XoVbg}?bhogbhe^j bquT��lTeXiJf5tClyp�b�f5tCu{fq�Xf
Ü4Ý[Þ¥ßFàVá âcãVÞ¥äYà Ý	Þªà*å1æ�ã5çTä�Ý�è¨é^èsænß�Ý[ä�Ý{ê�ëì,íhî¯î�ï�ð&ñ`ò�óDôyõ#ð&ñ`ò�óFó?ö�÷Xõ�ø�ò`ò&ùFñ`ú�ûTü4óHùFýnó?ýVùFþ�ýhÿ�õ



»{½�ì|½Å¾Q¹(¶�º�ÂD¿FÂ¿¾�º�¹xí¿��¿Fº�¹/Ã¿î ¿F¶¨Ã ²y²
f�t^bqp�u{�1~X]�b p�_`e1f�t^b f�ogu{_`eX_`eXi�p�bhf ���Fe1f�t�_�p(j uyp�bT\yu�}ªfVbho�wKbh_`eXi¨~�ogb p�bhe[fVb x��q_`f�t�l{eCb��bh�JwKbho(l�}�f�t^b�f�oVuT_`e�_`eXiJp�bhfquTe^x�_`fVp�mTuT]`r^bD� b¨j u{e�o�rX]�bdlTr�f/~�ogb jh_�p�bh]`�zlTeCbh¤ªtCu{]Ö}l�}�f�tCbH��bh�JwKbhogp�l{}�²yQÅf�tClyp�bH®/lkl{]�b u{e�}¥rXeCjhf�_�l{eCp�f�t^uTf��/l{rX]�x*�z_�p�jh]�uyp�p4_Ö}¥�1f5tX_�p]�u{w;bh]�b x.p5uT�z~X]�bT�q� tCb�oVbh��u{_`eX_`eXi�}¥rXeCjhf5_�lTeCpqj l{eCpsf�_`f�r�fgb��qt^uTf�_�p�j uT]`]�b x.u��smcbho�¤p4_�l{eÁp4~^ucj b
	 ��� bT° ]`]#bh�[~X]�lToVbDf5tCu{f�j lTeCj bh~�f(_`e.��lToVbDxXbhfVuT_`]�]�uTfVbho¯� ��p �/bd~XoVb p�bhe[f��l{ogb���bh�JwKbhogp l�}&f�t^b¨f5ogu{_`eX_`eXi�p�bhf¯\^f5tCbdicoVuT~�t£l�}�f5tCbde[rX�Jw;bho�l�}&t[�[~;l{f�t^b p�b peCl{fQ�cbhf&o�rX]�b x�l{rXf�uyp#uH}¥rXeCjhf�_�l{eJl{}Xf�tCb&e[rX�Jw;bho#l�}�xk_Ö§¬bhogbhe[f#~Cu{f�fVbho�eCp^~XoVb p�bhe[fgb x_�p�ucp�pstCl �qe,_`e�ÔQ_`iX� ² � . �*� f�u{e|�Ïp4fgu{i[b�l{}(f�t^bJ~Xoglkj b p5pn\�t^uT]Ö}Hl�} f5tCbJogbh��uT_`e�¤_`eXi*® lklT]�b u{ev}ªrXe^jhf�_�l{eCpqtCu myb�mTu{]`rCb ² u{eCx.t^uT]Ö}�tCu mcb�mTuT]`r^b � }�lTo�R{U;]�f�oVuT_`eX_`e�i~Cu{f�fVbho�e�eCl{f �cbhf�p5b bhe;� � l�i[bheCbhogu{]`_ � uTf5_�lTe�_�p ~;lyp�ps_`wX]�b�_`e*f�t�_�p/j uyp�bHw;b j u{rCp5b f�tCbf�oVuT_`e�_`eXi.~Cu{f�fgbho5eCp�iy_`mcbzeCl.jh]`rCbzuTwKl{rXf¨f5tCb�m{uT]`rCbzl{}�u*~^uTf5fgbho�e£eClTf��ybhf�p�b bhe;�Ú eX]`����bh��l{o�_ � u{f�_�l{eJ_�pq~Klcp5p4_`wX]�bHtCbhogbT\|�qtX_�j5tv_�pHuJf�o5_`m|_�u{]Qp�l{o�fql�}�]�b uTo5eX_`eXiX�

log2|Hv|

2n

2n

j = no. of labeled
patterns already seen

0
0

2n − j
(generalization is not possible)

|Hv| = no. of functions not ruled out

ÔQ_`iyrXogb ² � .�Ù � �[~KlTf5tCb p�b p�JDbh��u{_`eX_`eXi�uypqu�Ôkr�eCjhf�_�l{evl�}��#u{w;bh]�b x¿G�uTf5fgbho5eCplG(oVbh¤p�bhe[fVb x
®(r�f/psrX~X~Klcp5b �/bH]`_`�1_`fgb x¿²�fgl�p�l{��bqpsrXwCp�bhf \I²uïV\kl�}�uT]`]�®/lkl{]�b u{e�}ªrXe^jhf�_�l{eCpn�ÕDbh~KbheCxk_`e�i�lTe*f�t^b¨psrXwCp�bhf�u{eCx*l{evf5tCbdlToVxXbhoql{}&~�ogb p�bhe[fVuTf5_�lTe�l{}&f5ogu{_`eX_`eXi�~^uTf5¤fgbho5eCpn\{udjhrXo�myb l{}Ct|�[~KlTf5tCb p�b p�eCl{f#�ybhf�o�r�]�b xJlTrXf��1_`iyt|f�]�lklTa�p�l{��bhf5tX_`eXiq]`_`acb/f�tCbl{eCb p4tCl �qe�_`e1ÔQ_`iX� ² � 3 �#�Fe�f�tX_�p&j ucp5b(_`f&_�p�bhmybhe�~;lyp�ps_`wX]�b�f�tCu{f�u�}ªfVbho�p�b bh_`eXi�}?bh� bhof�t^uTe�u{]`] ³ ¯ ]�uTwKbh]�b xJp�u{�1~�]�b pn\{f�t^bhogb��1_`iyt[f�wKb/l{eX]`��l{eCb t[�[~;l{f�tCb ps_�pQf�t^uTf�u{iyogb b p�q_`f�t.f5tCb�f�ogu{_`eX_`eXi�p5bhf¯�q¡ bho5fgu{_`eX]`�T\^bhmcbhe._Ö}&f5tCbhogb�_�pq��l{ogbHf�tCu{e.lTe^bDt[�[~;l{f�t^b p4_�p

Ü4Ý[Þ¥ßFàVá âcãVÞ¥äYà Ý	Þªà*å1æ�ã5çTä�Ý�è¨é^èsænß�Ý[ä�Ý{ê�ëì,íhî¯î�ï�ð&ñ`ò�óDôyõ#ð&ñ`ò�óFó?ö�÷Xõ�ø�ò`ò&ùFñ`ú�ûTü4óHùFýnó?ýVùFþ�ýhÿ�õ
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ogbh��uT_`e�_`eXi^\P�zÑKX Æ�l�}Qf5tCbh� ��u ��t^u mcbHf�tCb�p�u{��b mTu{]`rCbH}�lTom�zÑ2X¯ÆCl{};f�t^b�~Cu{f�fVbho�eCpeCl{fQ�cbhf#p5b bheAð#� t^b�f5tCb lTo5�Dl�}#ñ/S5ÑTÐ�RyÐhÉ�]�Ì¢_,_^S5Ñ2ÎTW)��RyÆ?PgÉ�]MÞ�Ñ�SgS5P5ÈnÆ�Ë±ñKÌhÞCÎ�]�b u{o�eX_`e�i��u{acb p�f5tX_�p _`e[f�rX_`f5_`mcbd_�xXb uJ~XoVb jh_�p�bT�;Ø	bT° ]`]#bh�ku{�1_`eCbHf�tCu{f f�tCb l{o��J]�u{fgbho �

log2|Hv|

2n

2n

j = no. of labeled
patterns already seen

0
0

|Hv| = no. of functions not ruled out

depends on order
of presentation

log2|Hc|
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