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a)  two clusters

b) one cluster

c) ?

qnMPrJ[RSWQBtRsPuJ�nÓ�IRm�Z_�bQTmPQTO<Ô=ZDUWUNQTSWIRK

�}QTQTIAZD`L`RmPMlQ�O<gxMPUNV	KN[RoTo�QTKNK�s"º\IRQ]H_^¢UWVRQY· ²�¸ ih�bZDKWQTOekfQTUNVLHdOLK$�}Õ�[RUWH�oTm�ZDKNK§¹N¹Ö GCVRQTQTKWQTk(Z_I´����¯a�_�l×���u�tJØJØ�Ù4ORMPKWoTHDXJQTSWQTOAZYILQTgÚoTm�Z_KNKNM�ybo�ZDUNMPHcIeH_^aKNUpZDSNK§�bZDKWQTOeHcIUNVLQ9`LSNHJ`}QTSWUNMPQTK�HD^=MlI�^{S~Z_SNQTO2KNHc[RSNo�QTK$s

Õ�IRHcUNVRQ�S"Uh��`bQÛHD^9[LIRKN[R`}QTSWXdMPKWQTO�mPQ$Z_SNIRMPIRr	MPI�XJHJmPXcQTKBy}IRORMPIRr7VRMPQTSpZDSNopVRMPQTKfHD^`bZ_SNUNMPUWMlHcIRMPIRrJK=HcS4oTmP[RKNUWQTSNKxH_^´oTmP[RKNUWQTSNK�s4Õ�ÜL�����N�J�W®~ÜL��®p�D�D�R�J��¯{��¯°��Ýc��MlK�HJIRQxMPIYgxVRMPopV¤ËMPK�ORMPX�MlOLQTOAMPI�UNH	kY[RUN[}ZDmPmP�(Q�©do�ml[LKNMPXJQ<ZDILOAQT©�VbZ_[RKNUWMlXcQ2KN[R�RKWQTUNK���¤Cª$«�¬�¬$¬p«p¤=a»Q$Z_o~V§KNQTU��J¤=Þp�dz°ß´àËuc«$¬�¬�¬~«p¡�|}MPK´ORMPX�MPORQTO�MPIdUWHxkY[RUN[}ZDmPmP�aQT©�oTmP[RKWMPXJQaZ_IROBQT©�VbZ_[RKNUWMlXcQKN[L�RKNQTUWK$�4Z_IRO7KNH2HJIns µ Q]KWVRHDg¼ZDI	QT©RZDkf`RmPQBHD^xKN[RopVAZfVRMPQTSpZDSNopVRMPo$Z_ma`}ZDSNUWMPUNMPHJIMPIAqnMlr}setLs ÀLs<vxVRQ2VRMPQTSpZDSWo~VLMlo�ZDm�^{HJSWkáMPK��bQ�KNUYORMPKN`Lm³Z��cQTOAZDKYZ2UWSNQTQJ�xZ_K]KWVRHDgxIMPIeqnMPrbsBtRsâ¿Ls�vxVRQ]UWMP`<IRH�ORQTKBH_^aUNVLQ]UWSNQTQYo$Z_I<^°[RSNUWVRQTSB�}Q]Q�©d`}ZDIRORQ�O7MlI�UWH"UNVLQTMPSMPIRORMPX�MPOR[bZDmc`bZDUWUNQTSWIYQTmPQTk"Q�IdUWK$s=º\IRQ�ZD`R`LmlMPo$Z_UNMPHJI§HD^bKW[RopVYVRMPQTS~Z_SNopVRMPo$ZDmL`bZDSWUNMPUNMPHJILKMPK�MlIÛHJSNr�ZDIRMPãTMPIRrfMPIRORMPX�MlOL[bZDmPK�MPI�UNHfU~Z_©dHcIRHJkfMPo9VLMlQ�S~ZDSWopVRMPQTKBKN[Lo~V7ZDK�UWVRHJKWQY[RKNQTOMPI"�}HJUpZDI��(Z_IRO2ãTH�HJmPHJrc�ds
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Ξ11

Ξ12

Ξ21
Ξ22

Ξ23

Ξ31

Ξ32

Ξ11 ∪ Ξ12 = Ξ1

Ξ21 ∪ Ξ22 ∪ Ξ23 = Ξ2

Ξ31 ∪ Ξ32 = Ξ3

Ξ1 ∪ Ξ2 ∪ Ξ3 = Ξ

qnMPrJ[RSWQBtRsâÀR�nÕ���MPQTSpZDSNopV��"H_^aGCml[LKNUNQ�SNK
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·2HcKNUxHD^´UWVRQ�[RIRKW[R`bQ�SNX�MPKNQTO<mPQ$Z_SNIRMPIRr�k"Q�UNVRH�ORK4[LKNQ]Z§k"Q$Z_KN[RSWQ�H_^´KNMPk"MPm�ZDSWMlUh���}QpiUhgCQTQTI<`bZ_UNUWQTSNIRK\MPI"HJSWORQTSxUWHYrJSNHc[R`2UNVRQ�k MPI�UNH�oTmP[RKNUWQTSNK�s4vxVRQ§KNMPk"`RmPQTKWU4HD^4UWVRQTKNQMPI�XJHJmPXcQTKaOLQpybIRMPIRr"Zf�J�P�T¯°�J�R®p�x�}QTUhgCQTQTI	`bZDUWUNQTSWIRK$sCqRHcSa`}ZDUNUWQTSNILK�gxVRHcKNQ�^{Q�ZDUN[LSNQTKZDSWQBI�[Rk"Q�SNMPoJ��UNVLQBORMPKNUpZDIRoTQ�k"Q�ZDKN[LSNQ�o$ZDIÛ�bQBHcSNORMPIbZ_SN�'O=[RoTmPMPORQ$Z_I(OLMlKWU~Z_IRoTQB�}QpiUhgCQTQTI<UhgCH]`}HJMPI�UNKxMPI2ZDIQPLijOLMlkfQTIRKWMlHcIbZDmLKN`bZ_oTQJs
vxVRQTSWQeMPKYZ	KNMPk"`RmPQJ��MPUNQTSpZDUNMPXcQ(o�ml[LKNUNQ�SNMPIRr7k"Q�UNVRH�O��bZDKWQTO¶HcIAORMPKNUpZDIRo�QJs ¹hUo$Z_Ie�}QYORQTKWoTSNMP�}QTO Z_K�^°HJmPmPHDgxK$s�R�[R`R`}HJKWQYgaQ�VbZ�XJQY¡�SpZDIRORHck"mP�"opVRHcKNQTI¶®��l�c�T¯°�$��T�p�TSc�$�±�±�VU]ªD«$¬�¬�¬~«�U�¢s§vxVRQTKWQ"ZDSNQY`}HJMPI�UNK�MPIeZ_IWPLihORMPk"QTILKNMPHJIbZ_m´KW`bZDoTQYUWVbZDU�gCQgxZDI�UYUNHAZ_OYXp[RKWUYKNHAUWVbZDUYUWVRQT��Q$Z_o~V�kfHDXJQ"UWHDg¢Z_SNO�UNVLQ<oTQTI�UNQ�S(H_^9HcIRQ<HD^�UNVRQoTmP[RKWUNQTSWKYHD^x`bZDUWUNQTSWIRK$s µ QY`RSWQTKNQ�IdUYUWVRQ<z�[LIRm�ZD�}QTmPQTOb|§`bZDUWUNQTSWIRK]MPI	UNVRQfUNSpZDMPIRMPIRr

äNå�æ�ç°èTéDêJëTæíìlèDåfæ�è2îYïDëNð�ìPå�ñBòRñNïDçWå�ìlåDóõôöø÷pù$ù�ú2û4üâý¨þYÿ��´û�üâý¨þhþ ��� ���4ýâý��hü
	���hþ����pþ������������



u$¿[Z Á=Â�Ã�ÄxÅ4Æ4Ç�ÈcÉËÊ´Ì�Í=Ê�Ä4Æ�ÇaÎ=ÏNÍLÆ4Ð�Ñ´Æ=Ã�ÇxÌ�ÏhÌ�Ò

Ξ

Ξ2

Ξ11 Ξ12 Ξ31 Ξ32 Ξ21
Ξ22 Ξ23

Ξ1 Ξ3

qnMPrJ[LSNQBtRsâ¿R� ² MPKN`Rm�Z���MPIRr]Z\��MPQTS~Z_SNopV��<ZDK�Z§v�SWQTQ

KNQ�U$�=¤x�´UWH2UNVRQ"Z_mlrcHJSWMlUWVRk/HJILQpij���cihHJIRQJsYqLHJS�Q$Z_o~V7`}ZDUNUWQTSNIn�?] Þ ��`RSNQ�KNQTI�UNQ�O´�4gCQybIRO2UWVbZDUCoTmP[RKNUWQTS�KWQTQT¾cQTS$�^U*_R��UNVbZ_UxMPKaoTmPHcKNQTKWU�UNH`] Þ ZDIROfk"HDXJQxMPUxoTmPHcKNQTSxUWH`] Þ �
U _\a`b zNu bWcd_ |�U _fegch_ ]fÞ

gxVRQTSWQ c _�MPK9Z�mlQ�ZDSNILMlILrYS~ZDUWQ]`}ZDS~Z_k"QTUWQTSC^{HcS�UNVLQji�ijUWV<oTmP[RKWUNQTS�KNQ�QT¾JQTS�»´MPU\ORQTUNQ�Shik"MPIRQ�KaVRHDg�^jZDS�U*_�MlKCk"HDXcQTO"UWHDg¢Z_SNOk] Þ s
l Qpy}IRQTk"Q�IdUWK]HcI7UNVRMPKB`LSNH�oTQTOR[LSNQ<k2ZD¾JQ§UNVRQfoTmP[RKNUWQTSYKNQTQ�¾JQTSWKYk"HDXJQ�mPQTKNK§^jZ_SZDKYUWS~Z_MlILMlILr<`RSNH�oTQ�QTORK$s�R�[L`R`bHcKNQ2Q$Z_o~VõoTmP[RKNUWQTSYKNQTQ�¾JQTS��jU _ �4V}ZDK"Zgm]�_�~�T�*n _ �QT½�[bZ_m�UNH�UNVRQ\Id[LkY�bQTS�HD^�UWMPk"QTK4UWVbZDUCMPUaV}ZDKCk"HDXJQ�O´s�Õ�KxZ§oTmP[RKNUWQTSxKNQTQ�¾JQTS�o K\k(Z_KNKMPIRoTSWQ$ZDKWQTK]MPU�k"HDXcQTK�mPQTKNK�^hZDS�UNHDgxZDSWORK]Zf`bZDUWUNQTSWI´s2qRHcS9Q�©�Z_k"`RmPQJ�wgaQYkfMlrcV�UxKNQTUcd_ à uYpRzWu e n _ |4Z_IRO�[RKNQ\UNVRQ�Z_�bHDXcQaSW[RmPQxUNHJrcQTUNVLQTS4gxMPUNV`n _qa`b n _Ae uJs µ MPUNVUNVLMlK2ZDOYX±[RKNUWk"QTI�UYSN[LmlQc��Z	oTmP[RKNUWQTS2KNQTQ�¾JQTS2MPK(Z_mlgxZ���K"ZDUYUWVRQeo�QTI�UNQTS2HD^BrcS~Z�X�MPUh�z�KpZDkf`RmPQYk"Q$Z_Ib|BH_^�UNVRQ2KWQTU"H_^�`bZDUWUNQTSWIRK"UWHDg¢Z_SNOAgxVLMlopV£MlU�VbZ_KYKNHÛ^jZDS�k"HDXcQTO´s¹hI�UN[RMPUWMlXcQTmP�d�pM�^bZCoTmP[RKWUNQTS=KNQ�QT¾JQTS=QTXcQTS´rcQTUNKngxMPUNVRMPI�KNHck"Q´SWQ$ZDKWHJIbZ_�RmP��gaQTmPmDoTmP[RKWUNQTSWQTOKNQ�UxHD^´`bZ_UNUNQ�SNIRKBz°ZDIROYM�^´UNV}ZDUCoTmP[RKNUWQTSxKNQTQ�¾JQTS\MlK�UNVRQ\HJIRmP��HJIRQ\KNH�mlH�o$Z_UNQTO}|T��MPU4gxMPmPmoTHcIdXcQTSNrcQBUNH�UNVLQBoTQTI�UNQ�S�HD^4rcS~Z�X�MPUh�]H_^;UWVbZDUxo�ml[LKNUNQ�S$s
º\IRoTQ2UNVRQfoTmP[RKNUWQTSYKNQ�QT¾JQTSWKYVbZ�XJQYo�HJI�XJQTSWrJQTOn�4UNVLQ"oTm�ZDKWKNM�ybQTS�MPk"`RmPMPQTO<���	UNVRQIRHDgCihm�ZD�}QTmPQTO7`bZDUWUNQTSWIRK�MlIA¤õo$Z_IA�}Q"�bZ_KNQTO7HcIAZ'r4HJSWHJIRHcM4`bZ_SNUNMPUWMlHcIRMPIRr2HD^xUNVRQ
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KN`}ZDoTQ�z��bZ_KNQTO HJIõORMPKNU~Z_IRoTQTK2UWHAUNVLQeXJZ_SNMPHJ[RKYo�ml[LKNUNQ�S(KWQTQT¾cQTSNKp|Ts¼vxVLMlKf¾�MlILO¶HD^oTm�ZDKWKNM�ybo$Z_UNMPHJIn� Z_IBQT©RZDkf`RmPQ=HD^bgxVRMPopVBMPK=KNVRHDgxI§MlI�q´MPr}s´tRs Zb��o$Z_IB�}QaMPk"`LmlQ�k"QTI�UNQ�O���(Z§mPMlILQ$ZDSxk2ZDopVRMPIRQJs t5u�v�wyx�z{ u�|�v�}yu�u�~�� ���� v�wyv���v������h�M}h��h� }�}y� �M�� �M�y��u � �M�y� ��������h��v�� � ~�u�|��
wyv �ª����M� ��v ª��T�����

C1

C2

C3

Separating boundaries

qnMPrJ[RSWQBtRs Zb�=·2MPIRMPkY[Rk�i ² M�KNUpZDIRoTQ�GCm�ZDKNKWM�ybo$ZDUWMPHJI
µ VRQTIÛ�bZDKWMlILrY`bZDSWUNMPUNMPHJILMlILr]HcI(OLMlKWU~Z_IRoTQJ�}gCQ9KWQTQT¾<o�ml[LKNUNQ�SNK�gxVRHJKWQB`bZ_UNUNQ�SNIRKZDSWQ<ZDKYoTmPHJKWQ2UNHJrcQTUNVLQTS(Z_K]`}HJKWKNMP�RmPQJs µ Q"o�ZDI�k"Q$Z_KN[RSWQ2UNVRQ7¦p�J�c�R�T�p�T�8�¥��HD^BZoTmP[RKWUNQTS\HD^�`}ZDUNUWQTSNILK$�^�Y]fÞ������d�Yo�HJk"`L[RUNMPIRr�MPUNK��T��m��b�P�B�$�c�T���c�R®p�xORQpybILQTO<�����

��à�zNu�p��<|�� Þ zy]fÞ b=� |��
gxVRQTSWQ � MlKxUWVRQ�K~Z_k"`RmPQ�kfQ$ZDIfHD^=UNVRQ�oTmP[RKWUNQTS��bgxVLMlopV2MPKxORQpybILQTO<UNH��}QJ�

� àËzNu�p��<|�� Þ ]fÞ
ZDILO�� MPKxUNVLQ9I�[RkY�}QTSCHD^=`bHcMlI�UWKxMlI2UWVRQ�oTmP[RKNUWQTS$s
µ Q�gaHc[RmPO(mPMP¾JQ�UWHY`bZDSWUNMPUNMPHJI<Z�KWQTU�HD^4`bZDUWUNQTSWIRK�MPI�UNHYo�ml[LKNUNQ�SNK�KN[RopV	UNVbZ_UxUNVRQKN[LkËHD^bUWVRQaKpZDkf`RmPQ�XJZ_SNM�ZDILoTQTKxz��bZ_ORIRQTKWKNQTKp|4H_^bUNVLQTKNQCoTmP[RKNUWQTSNK�MlK=KWk(ZDmPmhsbº�^�oTHJ[LSNKNQM�^bgCQxVbZ�XJQCHJIRQCoTmP[RKWUNQTS=^°HJS=Q$ZDopVY`bZ_UNUWQTSNI´�cUNVLQaKpZDk"`LmlQ�XJZDSNM�Z_IRoTQTK=gxMPmPm�Z_mPmd�}QxãTQTSWHb�KNHÛgaQYkY[RKWU]ZDSWS~Z_IRrJQYUWVbZDUBHc[RSBkfQ$ZDKW[RSNQYH_^�UNVRQY�bZ_ORIRQTKWK]H_^9Z2`bZ_SNUNMPUWMlHcIekY[LKNUMPIRoTSWQ$ZDKWQYgxMlUWV<UNVLQ]I�[RkY�}QTSxHD^CoTmP[RKNUWQTSNK�sB¹hI<UWVRMPK9gxZ����RgCQBo$ZDI	KNQ�QT¾eZfUNSpZDORQpihH ��}QTUhgaQ�QTI¶UNVLQ(XJZ_SNM�ZDILoTQTKYHD^�UNVRQ2oTmP[RKWUNQTSWK(Z_IROAUWVRQ2Id[LkY�bQTS�HD^�UNVRQ�k1MPI Z	gxZ��KNHck"QTgxV}ZDUxKNMPkfMlm�Z_SaUWH"UNVLQ]`RSWMPIRoTMP`RmPQBHD^Ck"MPIRMPk"ZDmROLQTKNoTSWMP`RUNMPHJI	mPQTIRrcUNV<ORMPKWoT[RKNKWQTOQ$Z_SNmPMPQTS$s
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