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A B S T R A C T  

D i s t r i b u t e d  a l g o r i t h m s  f o r  c o m p l e t e  
a s y n c h r o n o u s  n e t w o r k s  of p r o c e s s o r s  (i.e.,  
n e t w o r k s  w h e r e  e a c h  p a i r  of p r o c e s s o r s  is 
c o n n e c t e d  b y  a c o m m u n i c a t i o n  l ine )  a r e  
d i s c u s s e d .  The  m a i n  r e s u l t  is  O(nlogn)  
l o w e r  a n d  u p p e r  b o u n d s  on  t h e  n u m b e r  of 
m e s s a g e s  r e q u i r e d  b y  a n y  a l g o r i t h m  in a 
g i v e n  c l a s s  of d i s t r i b u t e d  a l g o r i t h m s  f o r  
s u c h  n e t w o r k s .  Th i s  c l a s s  i n c l u d e s  a l g o -  
r i t h m s  f o r  p r o b l e m s  l ike  f i n d i n g  a l e a d e r  
o r  c o n s t r u c t i n g  a s p a r m i n g  t r e e  (as  f a r  a s  
we know,  a l l  k n o w n  a l g o r i t h m s  f o r  t h o s e  
p r o b l e m s  m a y  r e q u i r e  O(n 2) m e s s a g e s  
w h e n  a p p l i e d  to  c o m p l e t e  n e t w o r k s ) .  O(n z) 
b o u n d s  fo r  o t h e r  p r o b l e m s ,  l i ke  c o n s t r u c t -  
i ng  a m a x i m a l  m a t c h i n g  o r  a H a m i l t o n i a n  
c i r c u i t  a r e  a l so  g iven .  In  p r o v i n g  t h e  l o w e r  
b o u n d  we a r e  c o u n t i n g  t h e  e d g e s  w h i c h  
c a r r y  m e s s a g e s  d u r i n g  t h e  e x e c u t i o n s  of 
t h e  a l g o r i t h m s  ( i g n o r i n g  t h e  a c t u a l ]  
n u m b e r  of m e s s a g e s  c a r r i e d  b y  e a c h  
e d g e ) .  I n t e r e s t i n g l y ,  t h i s  n u m b e r  is s h o w n  
t o  b e  of t h e  s a m e  o r d e r  of m a g n i t u d e  of 
t h e  t o t a l  n u m b e r  of m e s s a g e s  n e e d e d  b y  
t h e s e  a l g o r i t h m s .  In t h e  u p p e r  b o u n d s ,  
t h e  l e n g t h  of a n y  m e s s a g e  is a t  m o s t  
logz[4mloff2n ] b i t s ,  w h e r e  rn is  t h e  m a x -  
i m u m  i d e n t i t y  of a n o d e  in Lhe n e t w o r k .  
One i m p l i c a t i o n  of o u r  r e s u l t s  is  t h a t  
f i n d i n g  a s p a n n i n g  t r e e  in a c o m p l e t e  n e t -  
w o r k  is e a s i e r  t h a n  f i nd ing  a m i n i m u m  
w e i g h t  s p a n n i n g  t r e e  in  s u c h  a n e t w o r k ,  
w h i c h  m a y  r e q u i r e  O(n 2) m e s s a g e s .  
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1. INTRODUCTION 

The m o d e l  u n d e r  i n v e s t i g a t i o n  is a n e t -  
w o r k  of n p r o c e s s o r s  w i t h  d i s t i n c t  i d e n t i -  
t i e s  i d e n t i t y  (1), i d e n t i t y  (2) . . . . .  
i d e n t i t y  (n) .  No p r o c e s s o r  k n o w s  a n y  o t h e r  
p r o c e s s o r ' s  i d e n t i t y .  E a c h  p r o c e s s o r  h a s  
s o m e  c o m m u n i c a t i o n  l ines ,  c o n n e c t i n g  h i m  
t o  s o m e  o t h e r s .  The  p r o c e s s o r  k n o w s  t h e  
l i n e s  c o n n e c t e d  to  h i m s e l f ,  b u t  n o t  t h e  
i d e n t i t i e s  of h i s  n e i g h b o r s .  The  c o m m t m i -  
c a t i o n  is d o n e  b y  s e n d i n g  m e s s a g e s  a l o a g  
t h e  c o m m u n i c a t i o n  l ines .  The  p r o c e s s c :  s 
a l l  p e r f o r m  t h e  s a m e  a l g o , ' i t h m ,  t h a t  
i n c l u d e s  o p e r a t i o n s  of (1) s e n d i n g  a m e s -  
s a g e  to  a n e i g h b o r ,  (2) r e c e i v i n g  a m e s s a 3 e  
f r o m  a n e i g h b o r  a n d  (3) p r o c e s s i n g  i n f o r -  
m a t i o n  in  t h e i r  ( l oca l )  m e m o r y .  

We a s s u m e  t h a t  t h e  m e s s a g e s  a r r i v e ,  
w i th  no  e r r o r ,  in  a f in i t e  t i m e ,  a n d  a r e  k e p t  
in  o r d e r  in  a l i s h u n t i l  p r o c e s s e d  ( t h i s  l i s t  
is  n o t  a l w a y s  t r e a t e d  a s  a q u e u e ) .  We a l so  
a s s u m e  t h a t  a n y  n o n - e m p t y  s e t  of p r o c e s -  
s o r s  m a y  s t a r t  t h e  a l g o r i t h m ;  a p r o c e s s o r  
t h a t  is n o t  a s t a r t e r  r e m a i n s  a s l e e p  u n t i l  a 
m e s s a g e  r e a c h e s  h im.  

The  c o m m u n i c a t i o n  n e t w o r k  is v i e w e d  
a s  a n  u n d i r e c t e d  g r a p h  G = (V,E)  w i t h  
IV] = n ,  a n d  we a s s u m e  t h a t  t h e  g r a p h  G 
is c o n n e c t e d .  We r e f e r  to  a l g o r i t h m s  f o r  a 
g i v e n  n e t w o r k  a s  a l g o r i t h m s  a c t i n g  on  t h e  
u n d e r l y i n g  g r a p h .  

Work ing  w i t h i n  t h i s  m o d e ] ,  w h e n  no  
p r o c e s s o r  k n o w s  t h e  v a l u e  of n., a s p a n -  
n i n g  t r e e  is f o u n d  in [4] in  O(ntogn + [ E l )  
m e s s a g e s  fo r  a g e n e r a l  g r a p h .  A l e a d e r  in  a 
n e t w o r k  is f o u n d  in [3], w h e r e  n is  k n o w n  
t o  e v e r y  p r o c e s s o r ,  in  a n  e x p e c t e d  n u m b e r '  
of  m e s s a g e s  w h i c h  is O(n logn)  ( i n d e p e n -  
d e n t  of [ E [ ) ,  a n d  t h e  w o r s t  c a s e  is  n o t  
a n a l y z e d  ( b u t  is s a i d  to  b e  O ( n  [ E l )  ) . 

O(nlogn)  l o w e r  a n d  u p p e r  b o u n d s  f o r  
t h e  p r o b l e m  of d i s t r i b u t i v e l y  f i n d i n g  a 
l e a d e r  in a c i r c u l a r  n e t w o r k  of p r o c e s s o r s  
a r e  known;  s e e  [1,7] f o r  t h e  l o w e r  b o u n d  
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and  ~2,4,5,8] for  the  u p p e r  bound.  For  a 
d iscuss ion  of lower bounds  on l e ade r  
finding a lgor i thms  see [9]. 

We address  two classes  of a lgo r i t hms  
for  comple te  g raphs :  the  first mus t  use  

edges  of a spann ing  s u b g r a p h  and the  
second  mus t  use edges of a m a x i m u m  
m a t c h i n g  in every  possible execu t ion .  The 
p rob lems  of choos ing  a leader ,  finding a 
m a x i m u m  and c o n s t r u c t i n g  a spann ing  
t r ee  c lear ly  requ i re  a lgo r i thms  t h a t  belong 
to the  first  class, while finding a comple t e  
m a t c h i n g  or  c o n s t r u c t i n g  a Hami l ton ian  
cycle  c lear ly  requ i re  a lgo r i t hms  t h a t  
be long to the  s econd  class. 

We prove a lower b o u n d  of O(nlogn) 
for  the  n u m b e r  of edges (hence  messages)  
used  by any  a lgo r i thm in t he  first  class 
and  a lower b o u n d  of O(n 2) edges  for  the  
s econd  class. An a lgor i thm of O(n 2) mes- 
sages  can  easi ly be des igned  for  the  
s econd  class. 

Next we p r e s e n t  an a l g o r i t h m  t h a t  
a t t a in s  the  b o u n d  of O(nlogn) messages  
for  the  p r o b l e m  of choos ing  a l eader  in a 
comple te  graph.  This a lgo r i t hm can  be 
used  for  opt imal ly  solving (up to a con-  
s t a n t  fac tor )  o t h e r  p rob lems  in this  class, 
a m o n g  which are  the  p rob l ems  of finding 
the  m a x i m u m  (minimum) iden t i t y  and  con-  
s t r uc t i ng  a spann ing  tree.  The c o r r e c t -  
ness  of the  a lgor i thm is p r o v e d  and i t ' s  
complex i ty  is analyzed.  This a lgo r i t hm 
t o g e t h e r  with the lower b o u n d  of O(n 2) for  
finding a m in im um  weight s p a n n i n g  t r ee  
p r e s e n t e d  in [6] show t h a t  in comple t e  
ne tworks  it is eas ie r  to find a spann ing  
t r ee  t h a n  to find a min imum weight  span-  
ning tree.  

Our a lgor i thms  heavily use  the  fac t  
t h a t  the  under ly ing  g raph  is complete ,  
which enables  us to use, in the  wors t  ease,  
a n u m b e r  of messages  t h a t  is m u c h  
smal le r  t h a n  the  n u m b e r  of edges 
(O(nlogn) vs. O(n2)). This p r o p e r t y  is n o t  
s h a r e d  by the  a lgor i thms  d i s cus sed  in [1] - 
[8]; in fact,  we show t h a t  [El - 1 messages  
are  r equ i red  for  similar a l g o r i t h m s  on a 
ce r t a in  class of "a lmos t  c o m p l e t e "  graphs ,  
in which the  ra t io  be tween t he  n u m b e r  of 
edges and  (~) t e n d s  to one as  n t ends  to 

infinity. This implies t h a t  a lmos t  ]El mes-  
sages  may  be r equ i red  by  any  such  

a lgor i thm,  even when the  under ly ing  g r a p h  
is known to be ex t r eme ly  dense  (but  no t  
neces sa r i l y  complete) .  

2. LOWER BOUNDS 

2.1. DefiniUons and Axioms 

In this sec t ion  we s tudy  lower b o u n d s  
for  global a lgor i thms and  for  m a t c h i n g  
a lgor i thms  (to be defined later) .  We first  
need  some definitions. 

Let A be a d i s t r ibu ted  a lgo r i thm ac t i ng  
on a g r a p h  G = iV, E). An e x e c u t i o n  
of A cons is t s  of events, e a c h  being e i t he r  
sending  a message,  receiving a mes sage  or  
doing some local compu ta t i on .  Without  loss 
of genera l i ty ,  we may  a s sume  t h a t  du r ing  
every  e x e c u t i o n  no two messages  are  s e n t  
in exac t ly  the  same time. Therefore ,  with 
e a c h  execu t ion  we can  a s soc ia t e  a 
s e q u e n c e  
SEND = < s e n d  1 , s e n d 2 ,  "'" , send~ > 
t h a t  inc ludes  all the  even ts  of the  f i rs t  
type  in the i r  o rde r  of o c c u r r e n c e  (if t h e r e  
are  no s u c h  events  t h e n  SEND is t he  
e m p t y  sequence) .  Each  event  send~ we 
ident i fy  with the  pa i r  (v (send~),e (sendi)) , 
where  v(sendi)  is the node  sending the  
message  and  e (send~) is the  edge used  by  
it. 

Let  SEND(t) be the  prefix of l eng th  t 
of the  s e q u e n c e  SEND, n a m e l y  
SEND(t) = <send 1, "'" , send,  > 
(SEND(O) is the empty  sequence) .  If t < t' 
t h e n  we say t h a t  SEND(t') is an extension 
of SEND(t), and we d e n o t e  
SEND(t) < SEND(t'). SEND is cal led a com- 
pletion of SEND(t). Note t h a t  a comple -  
t ion  of a s equence  is no t  nece s sa r i l y  
unique.  

Let NEW = NEW(SEND) be the  subse -  
q u e n c e  < n e w  1 , n e w 2  , • • ' , n e z o r  > o f  

the  s e q u e n c e  SEND t h a t  cons i s t s  * of all t he  
events  in SEND t h a t  use previous ly  u n u s e d  
edges.  CAn edge is used if a message  has  
b e e n  a l r eady  sen t  a long it f rom e i t he r  
side.) This means  t h a t  the  m e s s a g e  
sendi = (v (sendi),e (send,)) belongs  to 

NEW if and  only if e (sendi) # e (sendj) for  
all i > j .  NEW(t) deno tes  the  prefix of size 
t of the  s e q u e n c e  NEW. 

Define the  g r a p h  G(NEW(t )) = 
(v,E(NEW(t))), where  E(NEW(t)) is the  set  
of edges  used  in NEW(t), and call i t  the  
g r a p h  induced by the  sequence  NEW(t). If 
fo r  every  e x e c u t i o n  of the  a lgo r i t hm A the  
c o r r e s p o n d i n g  g r a p h  G(NEW) is c o n n e c t e d  
t h e n  we t e r m  this  a lgor i thm global. Note 
t h a t  all t he  g r a p h s  G(NEW) above have a 
fixed set  V of ve r t i ces  (some of which m a y  
be isolated).  
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The edge complexity e(A) of a n  a lgo-  
r i t h m  A a c t i n g  on  a g r a p h  G is t h e  m a x i -  
m a l  l e n g t h  of a s e q u e n c e  NEW over  all  exe-  
c u t i o n s  of A. 

The message complexity re(A) of a n  
a l g o r i t h m  A a c t i n g  on  a g r a p h  G is t h e  
m a x i m a l  l e n g t h  of a s e q u e n c e  SEND over  
al l  e x e c u t i o n s  of A. Clea r ly  re(A) >- e (A). 

For  e a c h  a l g o r i t h m  A a n d  g r a p h  G we 
de f ine  t h e  exhaustive set of A with respect 
$o G, d e n o t e d  by  EX(A,G) (or  EX(A) w h e n  
G is c l e a r  f r o m  t h e  c o n t e x t ) ,  as  t h e  s e t  of 
al l  t h e  s e q u e n c e s  NEW(t) c o r r e s p o n d i n g  to 
p o s s i b l e  e x e c u t i o n s  of A. 

By t he  p r o p e r t i e s  of d i s t r i b u t e d  a lgo-  
r i t h m s  t h e  fol lowing f a c t s  - d e f i n e d  be low 
as  a x i o m s  - ho ld  fo r  e v e r y  a l g o r i t h m  A a n d  
e v e r y  g r a p h  G(*): 
axioml : t h e  e m p t y  s e q u e n c e  is in  
EX(A ,O). 
axiom2 : if two s e q u e n c e s  NEW 1 a n d  NEW2, 
w h i c h  do n o t  i n t e r f e r e  wi th  e a c h  o t h e r ,  a r e  
i n  EX(A,G), t h e n  so is a lso t h e i r  c o n c a t e -  
n a t i o n  NEWloNEW 2. (NEW 1 a n d  NEW 2 do 
n o t  interfere if no  two edges  e 1 a n d  e 2 t h a t  
o c c u r  in  NEW 1 a n d  NEW 2 r e s p e c t i v e l y  have  
a c o m m o n  e n d  p o i n t ;  t h i s  m e a n s  t h a t  t h e  
c o r r e s p o n d i n g  p a r t i a l  e x e c u t i o n s  of A do 
n o t  a f fec t  e a c h  o t h e r  a n d  can ,  in  fac t ,  be  
m e r g e d  in  a n y  spec i f i ed  o rde r . )  
axiom3 : if NEW(t) is a s e q u e n c e  in  
EXiA,G ) with  a l a s t  e l e m e n t  i v , e )  , a n d  if 

e' is a n  u n u s e d  edge  a d j a c e n t  to  v ,  t h e n  
t h e  s e q u e n c e  o b t a i n e d  f r o m  NEW(t) b y  
r e p l a c i n g  e by  e' is a l so  in  EX(A,G). (This 
r e f l e c t s  t h e  f a c t  t h a t  a n o d e  c a n n o t  d i s t i n -  
g u i s h  b e t w e e n  his  u n u s e d  edges . )  

No te  t h a t  t h e s e  t h r e e  f a c t s  do n o t  
imp ly  t h a t  EX(A,G) c o n t a i n s  a n y  n o n -  
e m p t y  s e q u e n c e .  However ,  if t h e  a l g o r i t h m  
A is g l o b a l  t h e n  t he  fol lowing f a c t  ho ld s  as 
well: 
axiom4 : if NEW(t) is i n  EX(A,G) a n d  C is a 
p r o p e r  s u b g r a p h  of G(NEW(t)) which  is a 
u n i o n  of s o m e  c o n n e c t e d  c o m p o n e n t s ,  
t h e n  t h e r e  is a n  e x t e n s i o n  of NEW(t) i n  
wh ich  t h e  f i r s t  new m e s s a g e  ( v , e )  sa t i s f i es  
v e C. (This  r e f l e c t s  t h e  f a c t s  t h a t  s o m e  
u n u s e d  e d g e  will e v e n t u a l l y  c a r r y  a mes -  
s age  a d d  t h a t  a r b i t r a r i l y  l ong  d e l a y s  c a n  
be  i m p o s e d  o n  t h e  n o d e s  n o t  in  C.) 

(*) These axioms reflect only some properties of dis- 
tributed algorithms which are needed here. 

t ] n  general, one expects e ( / c )=e (U)  for any sub- 
set U of k vertices. However, the reader may co::struct 
simple algorithms for which e (U1)#e  (U2) for two dis- 
tinct subsets U 1 and U 2 of equal cardinality. It is clear 
that such an algorithm must use the actual identities of 
the processors in the network. 

2.2. Lower Bound for Global Aigorithm-q 

The  fo l lowing l e r n m a  is n e e d e d  in  t he  
s eque l :  

L e r n m a  1: Let  A be  a g loba l  a l g o r i t h m  a c t -  
ing  o n  a c o m p l e t e  g r a p h  G=iV,E), a n d  le t  
U~V. T h e n  t h e r e  ex i s t s  a s e q u e n c e  of mes -  
s a g e s  NEW in  EX(A,G) s u c h  t h a t  GiNEW ) 
h a s  o n e  c o n n e c t e d  c o m p o n e n t  whose  s e t  
of v e r t i c e s  is U a n d  t h e  v e r t i c e s  in  V - U  
a r e  i s o l a t e d .  

P r o o f :  A d e s i r e d  s e q u e n c e  NEW c a n  b e  
c o n s t r u c t e d  i n  t h e  fo l lowing way. S t a r t  
wi th  t h e  e m p t y  s e q u e n c e  (u s ing  axiom 1). 
T h e n  a d d  a m e s s a g e  a l o n g  a ne w  edge  t h a t  
s t a r t s  i n  a v e r t e x  in  U (axiom4) a n d  t h a t  
does  n o t  l e a ve  U (axiom3 a n d  t he  com-  
p l e t e n e s s  of G). This  is r e p e a t e d  u n t i l  a 
g r a p h  h a v i n g  t he  d e s i r e d  p r o p e r t i e s  is 
e v e n t u a l l y  c o n s t r u c t e d .  [ ]  

T h e o r e m  1: Let  A be  a g l o b a l  a l g o r i t h m  
a c t i n g  o n  a c o m p l e t e  g r a p h  G wi th  n 
n o d e s .  T h e n  t h e  edge  c o m p l e x i t y  e (A) of A 
is a t  l e a s t  O(nlogn). 
P r o o f :  F o r  a s u b s e t  U of V we de f ine  e (U) 
to  be  t h e  m a x i m a l  l e n g t h  of a s e q u e n c e  
NEW i n  EX(A,G) w hi c h  i n d u c e s  a g r a p h  
t h a t  h a s  a c o n n e c t e d  c o m p o n e n t  whose  
s e t  of v e r t i c e s  is U a n d  i s o l a t e d  v e r t i c e s  

o t h e r w i s e  ( s u c h  a s e q u e n c e  e x i s t s  b y  
l e m m a l ) .  Def ine  e (k ), i - - - - - k - - n , b y  

e l k  ) = m i n I  e(V)  I UCV, IUI =k  I t 
Note  t h a t  e i n  ) is t h e  edge  c o m p l e x i t y  of 
t h e  a l g o r i t h m  A. 

The T h e o r e m  will follow f r o m  t h e  i ne -  
q u a l i t y  

e ( 2 / c + l ) _ ~  2 e ( k )  + /c  + 1 (k < ~-) 

Let  U be a d i s j o i n t  u n i o n  of U1, U2 a n d  
Iv ] ,  s u c h  t h a t  l U l l  = ]U21 = k ,  a n d  
e(U) = e ( 2 k + l ) .  We d e n o t e  C = U1UU e. 

Let  NEW 1 a n d  NEW 2 be  s e q u e n c e s  in  
EXiA,G) of l e n g t h s  eiU1), e(U2) i n d u c i n g  
s u b g r a p h s  G 1 , G 2 t h a t  h a v e  o n e  c o n -  
n e c t e d  c o m p o n e n t  wi th  v e r t e x  s e t  U 1, U 2 
( a n d  all o t h e r  v e r t i c e s  i s o l a t e d ) ,  r e s p e c -  
t ively .  These  two s e q u e n c e s  do n o t  i n t e r -  
f e r e  wi th  e a c h  o t h e r ,  a n d  t h e r e f o r e  - by  
axiom 2 - t h e i r  c o n c a t e n a t i o n  
NEW = NEWloNEW a is a lso in  EX(A,G). The 
p r o p e r  s u b g r a p h  C of GiNEW) sa t i s f i e s  t h e  
a s s u m p t i o n s  of axiom4. Note  t h a t  e a c h  
n o d e  in  C ha s  a t  l e a s t  k a d j a c e n t  u n u s e d  
e d g e s  w i t h i n  C. By axiom4 t h e r e  is a n  
e x t e n s i o n  of NEW by  ,, m e s s a g e  iv,e),  
w h e r e  veC. By axiom3 we m a y  c h o o s e  t h e  
edge  e to  c o n n e c t  two vert i .ces  in  C. This  
p r o c e s s  c a n  be  r e p e a t e d  u n t i l  a t  l e a s t  o n e  
v e r t e x  in  C s a t u r a t e s  all i t s  e dge s  to  o t h e r  
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v e r t i c e s  in  C. Th i s  r e q u i r e s  a t  l e a s t  k m e s -  
s a g e s  a long  p r e v i o u s l y  u n u s e d  edges .  One 
m o r e  a p p l i c a t i o n  of axiom4 a n d  axiom3 
r e s u l t s  in  a m e s s a g e  f r o m  s o m e  n o d e  in  C 
to  t h e  v e r t e x  v .  The r e s u l t i n g  s e q u e n c e  
NEW i n d u c e s  a g r a p h  t h a t  c o n t a i n s  o n e  
c o n n e c t e d  c o m p o n e n t  on  t h e  s e t  of ver -  
t i c e s  U a n d  i s o l a t e d  v e r t i c e s  o t h e r w i s e .  
T h u s  we h a v e  

e ( 2 ] c + l )  = e(U) ~- e(Yl)+e(U2) + ]c + 1 

~ 2 e ( k ) + k  + i .  

The above  i n e q u a l i t y  i m p l i e s  t h a t  fo r  

n = 2 ~ - 1 a n d  t h e  i n i t i a l  c o n d i t i o n  
e (1 )  = 0 w e h a v e  

~%+I , ?z+l ( ~ )  -> - ~ - , o g  ( - - ~ - - ) .  

This  i m p l i e s  t h e  T h e o r e m .  

Q.E.D. 

From this Theorem it follows that 

Theorem 2: Let A be a global algorithm 
acting on a complete graph G with n 
nodes. Then the message complexity m (A) 
of A is .at least O(nlogn). 

N o t e  1: The lower  b o u n d s  in  T h e o r e m s  1 
a n d  2 h o l d  e v e n  in  t he  c a s e  w h e n  e v e r y  
n o d e  k n o w s  t h e  i d e n t i t i e s  of all  o t h e r  
n o d e s  ( b u t  c a n n o t  te l l  w h i c h  edge  l e a d s  to  
wh ich  n o d e ) .  

N o t e  2: In t h e  e x a m p l e  c o n s t r u c t e d  in  t h e  
p roo f  of T h e o r e m  1 t h e  n u m b e r  of p r o c e s -  
s o r s  wh ich  i n i t i a l i z e  t h e  a l g o r i t h m  is O(n) 

n + l  2 ~ 1) In fac t ,  ( i t  e q u a l s  - - ~ - -  fo r  n = - . 

O(n) i n i t i a t o r s  a r e  e s s e n t i a l  fo r  a n y  s u c h  
e x a m p l e ,  s i n c e  in  t he  n e x t  s e c t i o n  we 
p rove  a n  u p p e r  b o u n d  of O(nlogk) m e s -  
s a g e s  for  g loba l  a l g o r i t h m s ,  w h e r e  ]c is t h e  
n u m b e r  of t h e  i n i t i a t o r s  of t h e  a l g o r i t h m .  

2.3. Lower Bounds for Matching-Type Algorithms 

The a b o v e  t h e o r e m s  i m p l y  t h a t  a lgo-  
r i t h m s  for  t a s k s  l ike c o n s t r u c t i n g  a s p a n -  
n i n g  t r e e ,  f i nd ing  t h e  m a x i m u m  i d e n t i t y ,  
f i nd ing  a l e a d e r ,  c o n s t r u c t i n g  a Hami l -  
t o n i a n  p a t h  or  c o n s t r u c t i n g  a m a x i m u m  
m a t c h i n g *  h a v e  a lower  b o u n d  of O(nlogn) 
e d g e s  ( a n d  m e s s a g e s ) ;  however ,  fo r  t h e  

* ]t is not hard to see that an algorithm that is 
guaranteed to construct  a maximum matching must be 
global for complete graphs of n vertices for even ~ ,  
and to induce connected graphs of at least r~ -- 1 ver- 
tices for odd n .  

last two cases we show even a stronger 
r e s u l t .  Let  a matching-type a l g o r i t h m  be  
a n  a l g o r i t h m  t h a t  is g u a r a n t e e d  to  c o v e r  a 
m a x i m u m  m a t c h i n g  ( t h a t  is, to i n d u c e  a 

I 
r a ~ h  wh ich  c o n t a i n s  a m a t c h i n g  of s ize  

~-], where Ix] is the largest integer not 
J 

larger than z). 

Theorem 3: Let A be a matching-type algo- 
rithm acting on a complete graph G with n 
nodes. Then the edge complexity e (A) of A 
is a t  l e a s t  O(n2). 
P r o o f :  Let A be a m a t c h i n g - t y p e  a l g o r i t h m .  
We c o n s t r u c t  a s e q u e n c e  in  EX(A,G) of 
l e n g t h  O(n2). A r b i t r a r i l y  n u m b e r  t h e  ve r -  
t i c e s  f r o m  1 to n. We c o n s t r u c t  t h e  
s e q u e n c e  NEW in  t h e  fo l lowing m a n n e r :  
Le t  NEW o be t he  e m p t y  s e q u e n c e .  Fo r  

i - ~  0 if G(NEW~) does  n o t  c o n t a i n  a m a x -  
i m u m  m a t c h i n g ,  t h e n  NEW~+ 1 is a n  e x t e n -  
s i o n  of NEW i by a m e s s a g e  (v,e) w h e r e  
e = ( v , j )  is c h o s e n  wi th  s m a l l e s t  p o s s i b l e  j 
(we u s e  h e r e  axiom1, axiorn3 a n d  t h e  
a p p r o p r i a t e  v a r i a n t  of axiom 4 fo r  
m a t c h i n g - t y p e  a l g o r i t h m s ) .  

E v e n t u a l l y  we c o n s t r u c t  in  t h i s  way  a 
s e q u e n c e  NEW in  EX(A,G) t h a t  d o e s  c o n -  
t a i n  a m a x i m u m  m a t c h i n g .  Le t  t h i s  
m a t c h i n g  b e  
|(ui,vi) I l~-u~<v~<-n and u i<u~+l~ .  

Let  n~ be  t h e  n u m b e r  of m e s s a g e s  in  
NEW w hi c h  u se  a n  edge  t h a t  c o n n e c t s  u i  
o r  vi  to  some  j <u~. By t h e  c o n s t r u c t i o n  of 
NEW n i - ~ u  i - l - ~ i -  1. T h u s  t h e  l e n g t h  
of NEW is g r e a t e r  t h a n  

o + i +  . - .  ( - i )  = - ~ - +  o ( ~ , ) .  

(Note  t h a t  we did n o t  c o u n t  t h e  e d g e s  
(ui ,v~) of the matching). This completes 
the proof of Theorem 3. 

Q.E.D. 

From this Theorem it follows that 

T h e o r e m  4: Let  A be a m a t c h i n g - t y p e  a lgo-  
r i t h m  a c t i n g  on  a c o m p l e t e  g r a p h  G wi th  n 
n o d e s .  T h e n  t h e  m e s s a g e  c o m p l e x i t y  m (A) 
of A is a t  l e a s t  O(n2). 

Note that Theorems 3 and 4 are 
independent of the number of initiators, 
which is not the case for Theorems 1 and 
2. 
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In [4] it was no t ed  t h a t  global  algo- 
r i thms  in gene ra l  g r aphs  requi re  ]El mes- 
sages  when the  n u m b e r  of ve r t i ces  is unk-  
nown. We conc lude  this sec t ion  by observ-  
ing t h a t  even when the  n u m b e r s  of nodes  
and  edges  are  known - and in fac t  the 
g r a p h  is a lmost  comple te  and  known up to 
. isomorphism - t h e n  IE I -1  messages  may  
be r equ i re s  in the  worst  case.  To see this, 
cons ide r  a comple te  g r a p h  of n nodes  to 
which a new ver tex  v is added  on some 
unknown  edge (the resul t ing  g raph  has 

n + l  ver t ices  and  (~) + 1 edges).  Apply the  

a lgo r i thm on such  a g r aph  with v asleep, 
and  as long as the re  are  u n u s e d  edges, 
a s sume t h a t  v is on one of them. Thus 
I E I - 1  edges  m u s t  be used in o rde r  to 
wake the  ve r t ex  v. 

3. UPPER BOUNDS 

3.1. General  Discuss ion  

We proved  in the  prev ious  sec t ion  a 
lower b o u n d  of O(n 2) for  the  m a x i m u m  
m a t c h i n g  problem.  An Algor i thm of O(n 2) 
messages  for  this p rob lem can  be easily 
des igned  (for example,  let each  node send 
messages  to all his neighbors ,  and  then  
fo rm the  m a t c h i n g  by increas ing  o rde r  of 
identi t ies ,  such  t h a t  the node with smal- 
lest  iden t i ty  m a t c h e s  the  one with second  
smal les t  ident i ty ,  etc.). 

We also p roved  in the  previous  sec t ion  
a lower b o u n d  of O(nlogn) for  p rob lems  
like finding a leader.  We p r e s e n t  now an 
a lgo r i thm of O(nlogn) messages  for this 
task.  This a lgor i thm can  be used  to design 
global  a lgor i thms  of O(nlogn) messages  

fo r  o t h e r  p rob lems  (like c o n s t r u c t i n g  a 
s p a n n i n g  tree) .  

It is in te res t ing  to no te  t h a t  for bo th  
c l a s s e s  of a lgor i thms,  the given u p p e r  
b o u n d s  show t h a t  the  lower bounds  on the  
n u m b e r  of edges  (i.e. the  edge complexi-  
t ies,  given in the  previous  sect ion)  are  also 
t i g h t  lower bounds  on the  message  com- 
plexi t ies  of a lgor i thms  in these  classes.  

3.2. Informal Description o{ the Algorithm 

We now p r e s e n t  and discuss  an 
O(nlogn) dis t r ibu ted  a lgor i thm for  choos-  
ing a l eade r  in a comple te  ne twork  of pro-  
cessors .  

Each  node  in the  ne twork  has a state, 
t h a t  is e i ther  KING or CITIZEN. Initially 
e v e r y  node  is a king (i.e. state = KING), 
a n d  - excep t  for one - every  one will even- 
tua l ly  become  a c i t izen Ca ci t izen will 
n e v e r  b e c o m e  a king again). The algo- 
r i t h m  s t a r t  by a WAKE message,  rece ived  

by  any  n o n e m p t y  set  of nodes.  

During the  a lgor i thm,  each  king is a 
r o o t  of a d i r ec t ed  ,tree which is his king- 
dom. All the  o t h e r  nodes  of this  t ree  are  
c i t i zens  of this  k ingdom,  and  e a c h  node  
knows his f a t h e r  and  sons. Each  node  i 
also s to re s  the  ident i ty  k (i) and  the  phase  
phase( i )  of his king, which are  u p d a t e d  
du r ing  the  execu t ion  of the  a lgor i thm.  
s ta tus( i )  = (phase(i),lc(i)) is cal led the  
status of node  i .  Before the  a lgo r i thm 
s t a r t s  /c (i) = identi ty (i) and  
phase (i) = - 1  for  e a c h  i .  

A king is t ry ing  to inc rease  his king- 
d o m  by sending  messages  towards  o t h e r  
k ings  (possibly t h r o u g h  the i r  ci t izens),  
a sk ing  t h e m  to join, t o g e t h e r  with the i r  
king'doms, his kingdom. 

A citizen, u p o n  receiving a message,  
c a n  delay  it, ignore  it, or  t r a n s f e r  it to (or 
f rom)  his king along a t r ee  edge, or  an 
edge  c o n n e c t i n g  it to a n o t h e r  king (which 
w a s  a l r eady  used  by t h a t  king). 

When king i rece ives  a -message  a s k i n g  
h im to join the  k ingdom of king j ,  he does 

so if ~hase ( i ) , k ( i ) )  < ~hase ( j ) , k ( j ) )  
( lexicographical ly ;  namely,  if e i the r  (a) 
phase (i) < phase (j) or (b) 
phase (i) = phase (j) and/c  (i) < k (j)) .  

The p r o c e s s  of joining j ' s  k ingdom is 
combined  of two s tages:  first  king i sends 
a message  to  king j a long the  same p a t h  
which t r a n s f e r r e d  j ' s  message  to i ,  telling 
h im he is willing to join his kingdom; dur-  
ing this s t age  the  d i rec t ions  of the  edges 
in this p a t h  a re  reversed .  In the  second  
stage,  if phase( i )  <phase( j )  t h e n  king j 
a n n o u n c e s  his new ci t izens t h a t  he  is the i r  
new king, a n d  if phase (i) = phase (j) t hen  
he  first i n c r e a s e s  his phase  by 1 and then  
sends  an a p p r o p r i a t e  upda t ing  message  
towards  all his c i t izens (new and  old). 
3.3. The Messages  u s e d  by  the  Algori thm 

Six kinds of messages  are  used in this 
a lgor i thm:  

(1) WAKE : th is  message,  f r o m  some out-  
side sou rce ,  wakes a node  and makes  
him s t a r t  his a lgor i thm.  At mos t  one 
such  m e s s a g e  can  r e a c h  any  node.  

(2) ASK(phase(i) ,k( i))  : this message  i s  
sen t  by king i t h r o u g h  an u n u s e d  edge 
in an a t t e m p t  to inc rease  his kingdom, 
and migh t  be t r a n s f e r r e d  onwards  by 
c i t i z e n s .  Each  ASK message  has  a 
status which is the  s t a tus  
~hase( i ) :k ( i ) )  of the king that ori- 
g ina ted  it (in the  t ime it was ori- 
ginated) .  
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(3) ACCEPT(phase (j)) : t h i s  m e s s a g e  is 
s e n t  b y  k ing  j in r e t u r n  to  a n  ASK 
m e s s a g e  f r o m  a n o t h e r  king,  te l l ing  h im 
t h a t  he  is willing to jo in  his  k ingdom.  
( th is  m e s s a g e  a lso  m i g h t  be  
t r a n s f e r r e d  o n w a r d s  by  c i t i zens . )  

(4) UPDATE(Phase ( i ) ,k ( i ) )  : t h i s  m e s s a g e  
is s e n t  b y  king i ( a f t e r  r ece iv ing  an  
ACCEPT m e s s a g e  f r o m  a n o t h e r  king) 
u p d a t i n g  his  new (and  in some c a s e s  
a lso  his  old)  c i t i z e n s  of his  i d e n t i t y  a n d  
phase .  

(5) YOUR_CITIZEN : t h i s  m e s s a g e  is 
r e t u r n e d  by  a c i t i zen  u p o n  r ece iv ing  

an  ASK m e s s a g e  o r i g i n a t e d  by  h is  own 
king.  

(6) LEADER : th i s  m e s s a g e  is s e n t  by  t h e  
l e a d e r  to  all o t h e r  nodes ,  a n n o u n c i n g  
his  l e a d e r s h i p  a n d  t e r m i n a t i n g  t h e  
a l g o r i t h m .  

3.4. The  A l g o r i t h m  fo r  a King 

We now give t h e  f o r m a l  d e s c r i p t i o n  of 
t h e  a l g o r i t h m s  to be p e r f o r m e d  by  node  i 
(as long as  he  is a k ing) .  

u n u s e d ( i )  d e n o t e s  t h e  s e t  of al l  his  
u n u s e d  edges ,  and  i n i t i a l l y  c o n t a i n s  all his  
n - 1  a d j a c e n t  edges ,  f a t h e r _ e d g e  (i) 
d e n o t e s  t h e  edge  c o n n e c t i n g  i to  h is  
f a t h e r ,  sons( i )  d e n o t e s  t h e  s e t  of edges  
c o n n e c t i n g  i to h is  sons.  r e c e i v e ( m)  
m e a n s  t h a t  if t he  l i s t  of r e c e i v e d  mes -  
s a g e s  is n o t  empty ,  t h e n  m is t h e  f i r s t  
m e s s a g e  in i t , and  is t a k e n  o u t  of t h e  l i s t  
(e l se  t h e  p r o c e s s o r  w a i t s  un t i l  he r e c e i v e s  
a m e s s a g e  m) .  The a l g o r i t h m  for  a king 
follows. 

w h i l e  ( u n u s e d ( i )  # ¢ a n d  state  = KING) do 
b e g i n  

choose e ~: unused( i ) ;  
send an ASK message alonR e ; 
u n u s e d  (i) := unused  ( i ) - I e  I; 

label: receive (m);  
[m will be one of the following: 
YOUR_CITIZEN ,ACCEPT,ASK] 

e a s e  m of  
YOUR_CITIZEN :; 

[do nothing and enter the while 
loop again] 

ACCEPT(phase (j ) ) : 
( le t  e be t h e  e d g e  t h a t  de l ive red  th is  
m e s s a g e ]  
s o 6 s ~ )  := s o n s ( i ) u l e l  
if phase  (i) > phase  (j) 
t h e n  

send UPDA T E ~ h a s e  (i),k (i)) 
a l o n g  e ; 

e l s e  [i.e., phase  ( i ) = phase  (j )] 
b e g i n  , , 

phase  (i) := phase  (i) + 1; 
send 
UPDATE (phase (i ), ~ (i ) ) 
to all 

~,our sons [new and old] 
en(1 ;  

A S K ~ h a s e  (j ),& (j ) ) : 
if 
~ hase (i),~(i)) > (phase (j),~(j)) 

en goto label 
e l s e  s tate  := CITIZEN 

[So r ry ,  you  a re  no  l o n g e r  a king!] 
e n d  [of the c a s e  s t a t e m e n t ]  

end;  [of the while loop] 
[now s tate  = CITIZEN or u n u s e d  (i) = ¢] 
i f  state = CITIZEN 
t h e n  perform the p r o c e d u r e  fo r  a c i t i z en  
e l s e  s e n d  a m e s s a g e  LEADER to  all o t h e r  n o d e s  

[ C o n g r a t u l a t i o n s ;  y o u  a re  t h e  (only)  l eade r ! ]  
end.  

The A l g o r i t h m  f o r  a King 

b e g i n  
phase  (i) := - 1 ;  s t a t e  ( i )  := king; 
u n u s e d ( i )  := set of all adjacent edges; 
s o n s  ( i )  := ¢: 
receive (m) ;  [m will be  e i t h e r  WAKE or ASK] 
if m = ASKOJhase (j ),k (j ) ) 

t h e n  sta~e := CITIZEN 
else phase  (i) := O; 

3.5. The A l g o r i t h m  fo r  a C i t i zen  

The a l g o r i t h m  fo r  a c i t i zen  is b a s i c a l l y  
s imple ,  s ince  t h e  on ly  t a s k  of a c i t i z e n  is 
p a s s i n g  m e s s a g e s  to, or  f r o m  h i s  king.  
However,  doing  i t  in the  s t r a i g h t f o r w a r d  
way  m i g h t  u s e  O(n 2) messages .  We i n c o r -  
p o r a t e  some c o n t r o l  m e c h a n i s m  i n t o  t he  
a l g o r i t h m ,  a n d  r e d u c e  the  n u m b e r  of mes -  
s a g e s  to  O(nlogn). Beside the  p r o c e d u r e s  
a n d  v a r i a b l e s  used  by the  a l g o r i t h m  for  a 
king,  we a lso  use  h e r e  t h e  f u n c t i o n  
search (x) t h a t  f e t c h e s  t he  f i r s t  m e s s a g e  of 
t y p e  x f r o m  the  l i s t  and  t a k e s  i t  o u t  of i t  
(o r  wai t s  fo r  such  a m e s s a g e  o t h e r w i s e ) .  It 
c a n  be u sed  with s e ve r a l  a r g u m e n t s ;  e.g., 
search(ASK,  UPDATE) will f e t c h  t h e  f i r s t  
m e s s a g e  t h a t  is e i t h e r  a n  ASK or  an  
UPDATE m e s s a ge  (or  will wai t  fo r  s u c h  a 
m e s s a g e  o therwise) .  
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Afte r  r e c e i v i n g  a n  ASK m e s s a g e  w h i c h  
h e  f o r w a r d s  t o w a r d s  his  k i n g  (i.e., of s t a t u s  
h i g h e r  t h a n  his) ,  a c i t i z e n  i h a s  to  
r e m e m b e r  b e s i d e s  h is  s t a t u s  
( p h a s e ( i ) , k ( i ) )  - t h e  s t a t u s  of t h i s  ASK 
m e s s a g e ,  wh ich  m u s t  be  g r e a t e r  t h a n  i ' s  
s t a t u s .  At t h i s  s t age ,  i wai t s  f o r  a n  
UPDATE or  ACCEPT m e s s a g e  a n d  he  does  
n o t  p r o c e s s  a n y  o t h e r  ASK m e s s a g e .  The  
p r o c e s s i n g  of t h e  r e c e i v e d  m e s s a g e s  is 
d o n e  by  t he  p r o c e d u r e  p r o c e s s _ a s k ,  as  
follows: 

On r e c e i v i n g  a n  
UPDA T E ~ h a s e  ( j ) , k  ( j ) )  m e s s a g e  ( f r o m  h is  

f a t h e r ) ,  n o d e  i 

1. u p d a t e s  h i s  own s t a t u s ,  

8. s e n d s  t h i s  m e s s a g e  to all  h i s  sons ,  

3. c o m p a r e s  h is  (new) s t a t u s  a wi th  t h e  
s t a t u s  b of t h e  l a s t  54SK m e s s a g e  he 
h a d  p a s s e d ,  a n d  p e r f o r m s  t h e  follow- 
ing:  

3.1 if a<b he  c o n t i n u e s  to  wai t  fo r  a 
r e s p o n s e  ACCEPT for  t h e  ASK mes-  
sage,  

8.2 if a=b, and the ASK message was 
not received along a tree edge (i.e., 
it was received directly from the 
sending king), he returns through 
this edge a YOUR__CITIZEN message 
and waits for a new ASK message, 

3.3 if a >b he waits fo r  a new ASK mes- 
sage. 

In  3.2 a n d  3 .3  above  i d i s c a r d s  t h e  l a s t  
ASK m e s s a g e  he  h a d  p a s s e d ,  a n d  ex i t s  t he  
p r o c e d u r e  proces s_ask .  

On r e c e i v i n g  a n  ACCEPT m e s s a g e  f r o m  
h i s  f a t h e r  ( in  r e p l y  to  t h e  ASK m e s s a g e ) ,  
he  de l i ve r s  i t  b a c k  t h r o u g h  t h e  a p p r o p r i -  
a t e  edge,  ex i t s  t he  p r o c e d u r e  p r o c e s s _ a s k ,  
a n d  t h e n  wa i t s  for  t h e  c o r r e s p o n d i n g  
UPDATE m e s s a g e  ( th is  p a r t  is d o n e  b y  t h e  
p r o c e d u r e  process__new_accept  ). 

Note  t h a t  a c i t i z e n  m a y  r e c e i v e  a n  
ACCEPT m e s s a g e  a long  a n  edge  wh ich  is 
n o t  a t r e e  edge  ( s u c h  a m e s s a g e  m u s t  be  a 
r e s p o n s e  to  a n  ASK m e s s a g e  o r i g i n a t e d  b y  
t h i s  c i t i z e n  in  t h o s e  good  old d a y s  w h e n  he 
s t i l l  was  a k ing) .  In  s u c h  a c a s e  he  adds  
t h i s  edge  to  h is  se t  of sons ,  a n d  s e n d s  
t h r o u g h  i t  t h e  l a s t  UPDATE m e s s a g e  t h a t  
h e  r e c e i v e d  ( th i s  p a r t  is d o n e  b y  t h e  p ro -  
c e d u r e  proces s_o ld  accept) .  The algo-  
r i t h m  fo r  a c i t i z e n  follows. 

The Algorithm for a Citizen 

r o c e d u r e  pro cess_ask  ; 
ou have just received a message m = 

ASK(phase  (j ),k (j ) ) along edge e]  
b e g i n  

if (phase ( j) ,k ( j))  > (phase (i),k (i)) 
t h e n  

b e g i n  
send m to your father; 
.h~e (phase ( j )  k q ) )  > (phase  ( i ) , k  ( i ) )  
do  b e g i n  

m 1 := search  ( UPDATE,ACCEPT); 
c a s e  m I of 

UPDATE : 
b e g i n  

p r o q e s s _ u p d a t e  ; 
if [phase ( i )  k ( i ) )  = 
(phase (j ),k (] ) ) a n d  e 
is not a tree edge 
t h e n  send 
YOUR_CITIZEN along e 

end ;  
A C C E P T :  

AYOU have just received an 
CCEPT(phase ( j ) )  e along 

edge e' ] 
end [of the case statement] 

end [of the while loop] 
. end [of the if statement] 

if [ p h a s e ( j ) , k ( j ) )  = ( p h a s e ( i ) , k ( i ) )  a n d  e is 
not a tree edge 
t h e n  send YOUR_CITIZEN along e ; 
[if (phase  ( j ) , k  ( j ) )  < (phase ( i) ,k  ( i ))  then the 
A SK message is ignored] 

e n d  [of p r o c e s s _ a s k  ] 

p r o e e d u r e  p roces s_o ld_accep t  ; 
[you have just received an ACCEPT(phase ( j ) )  
message atoag edge e' which is not a tree edge] 

b e g i n  
s o n s ( i )  .'= s o n s ( i )  U f e' I," 
send UPDATE(phase (i)  k ( i ) )  along e' 

e n d  [of p roces s_o ld_acce~ t  ] 

p r o c e d u r e  p r o c e s s _ n e w _ a e c e p t  ; 
[you have just received an ACCEPT(phase ( j ) )  
message along edge e' which is your father_edge; 
this ACCEPTmust  be a response to an A SK mes- 
sage you received along edge e ] 

b e g i n  
s o n s  ( i )  := s o n s  ( i)  l ) le'  I" 
f a t h e r _ e d g e  ( i ) : = e ;  ' 
m 2 := search ( UPDATE); 

p r o c e s s _ u p d a t e ;  
e n d [ o f  p r o c e s s _ n e w _ a c c e p t  ] 

p r o e e d u r e  p r o c e s s _ u p d a t e  : 
[you have just received an 
UPDATE(phase (]),k (j)) message along edge e' 
which is your father_edgeJ 

b e g i n  
p h a s e  ( i )  := p h a s e  (j); ~hase ( i)  is increased 
by at least one]. 
kCi)  := k(ji): :  
send UPDATE(phase ( i) ,k  ( i))  to all your sons 

e n d  [of p r o c e s s _ u p d a t e  ] 
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b e g i n  [of the main program for a citizen] 
[you have just  received an ASK~phase (j) ,  k ( j ) )  
message (which changed your status from king to 
citizen) along some edge e .] 
if e e sons {i ) t h e n  sons (i ):=sons (i )-~e ~. 
f a t h e r _ e d g e  (i) : :  e; 
s e n d  ACCEPT(7)hase (i))  along the  edge e" 
m:=search(L7PDATE); - - ' 

[now rn = UPDATE(phase (j ), k ( j ) ) ; m  was 
sent along e ] phase (i) := phase  (j); 
[phase (i)  is increased by at least one] 

k(iT:= k(/); 
send UPDATE~ohase (i), k (i))  to all your sons; 
r e p e a t  

receive (m ); 
I ra ,  received along e', will be one of the fol- 
lowing: 
ASK, UPDATE, ACCEPT, LEADER] 

c a s e  m of  
ASK(phase (j ),k (j ) ) : p rocess_ask .  
UPD~ TE(ph~se  (2 ),k (j  ) ~ ' : 

process_upaa te  ; 
A CCEPT(phase (j)): 

if e '  is no t  a t ree  edge 
t h e n  process_old_accept  
else p roces s_new_accep t  ; 

e n d  [of the c a s e  s t a t e m e n t ]  
u n t i l  m =LEADER; 

e n d ,  

3.6. Correctness or the hlgorithm 

We p r o v e  in  t h i s  s e c t i o n  t h e  c o r r e c t -  
n e s s  of  t h e  a l g o r i t h m .  The  p r o p e r t y  w h i c h  
i m p l i e s  t h i s  c o r r e c t n e s s  is  g i v e n  in  t h e  
n e x t  T h e o r e m .  

T h e o r e m  5: In a n y  e x e c u t i o n  of t h e  a l g o -  
r i t h m ,  e v e n t u a l l y  o n l y  o n e  k i n g  r e m a i n s .  

Proof:  A s s u m e  t h a t  t h e  t h e  T h e o r e m  is  
f a l s e .  S i n c e  i t  is i m p o s s i b l e  to  h a v e  n o  
k ing ,  t h e  fo l l owing  m u s t  h o l d :  

(FA): In  s o m e  e x e c u t i o n  of t h e  a l g o r i t h m ,  
s > 1 n o d e s  r e m a i n  k i n g s  f o r e v e r .  D e n o t e  

t h e m  king 1 . . . . .  k ing  s, a n d  s u p p o s e  t h a t  
s ta tus  (king~) < s ta tu s  (k ingj)  f o r  i < j .  

The  p r o o f  p r o c e e d s  b y  t h r e e  l e m m a s .  

L e m m a  2: U n d e r  t h e  a s s u m p t i o n  (FA), 
e v e n t u a l l y  e v e r y  n o d e  in  t h e  n e t w o r k  will 
h a v e  h i s  s t a t u s  e q u a l  to  (x, k ingi)  f o r  s o m e  
l <_i <_s. 
Proof:  O t h e r w i s e ,  s o m e  n o d e  j h a s  a 
d i f f e r e n t  s t a t u s  ~ h a s e ( j ) , k ( j ) )  f o r e v e r .  
Phis  m u s t  b e  a s t a t u s  t h a t  h e  r e c e i v e d  
f r o m  s o m e  k i n g  t t h a t  is  n o w  a c i t i z e n  ( t  
m a y  b e  e q u a l  to  j ) .  t ' s  s t a t u s  was  c h a n g e d  
w h e n  h e  b e c a m e  a c i t i z e n .  At t h i s  p o i n t  h e  
s e n t  a n  ACCEPT m e s s a g e  t h a t  e v e n t u a l l y  
was  a n s w e r e d  b y  a n  UPDATE m e s s a g e .  Th is  
UPDATE m e s s a g e  c o n t a i n e d  a s t a t u s  wi th  a 
n e w  k ing ,  a n d  e v e n t u a l l y  r e a c h e d  j .  
C l ea r ly ,  t n e v e r  a g a i n  b e c a m e  a k ing ,  
w h i c h  c o n t r a d i c t  t h e  a s s u m p t i o n  t h a t  
k ( j )  = t. [] 

Lemma 3: Under the assumption (FA), if 
for some 1 <- i <-s king i is not asleep, then 
he eventually sends an ASK message to a 
node not in his kingdom. 

Proof :  S u p p o s e  king  i s e n d s  h i s  f i r s t  
ASK m e s s a g e  a t  h i s  f i n a l  p h a s e  to  a n o d e  j 
in  h i s  k i n g d o m .  By  L e m m a  2, n o d e  j e v e n -  
t u a l l y  knows that his status is equal to 
status(kingi) and will send him back a 
m e s s a g e  YOUTL_CITfZEN. king~ will now 
s e n d  a n  ASK m e s s a g e  a l o n g  s o m e  o t h e r  
u n u s e d  edge .  S i n c e  t h e  u n d e r l y i n g  g r a p h  
i s  c o m p l e t e ,  t h i s  p r o c e s s  c o n t i n u e s  u n t i l  
a n  ASK m e s s a g e  is  s e n t  o u t s i d e  i ' s  k i n g -  
d o m .  [ ]  

L e m m a  4: S u p p o s e  king s s e n d s  a n  ASK 
m e s s a g e  to  a n o d e  a in  k ing j ' s  k i n g d o m  
( j  < s ) .  T h e n  kingj  will e v e n t u a l l y  b e c o m e  
a c i t i z e n .  

Proof:  If a = kingj  t h e n  h e  will b e c o m e  a 
c i t i z e n  of king s i m m e d i a t e l y  a f t e r  r e c e i v -  
i n g  t h e  m e s s a g e .  O t h e r w i s e ,  t h i s  ASK m e s -  
s a g e  e i t h e r  a r r i v e d  a t  kingj  o r  was  
s t o p p e d  s o m e w h e r e  o n  t h e  w a y  b e t w e e n  a 
a n d  kingj  ( i t  c a n n o t  b e  d i s c a r d e d ,  s i n c e  i t s  
s t a t u s  is  g r e a t e r  t h e n  t h a t  of king.i ) . In 

t h e  s e c o n d  c a s e  s o m e  o t h e r  ASK m e s s a g e  
of s t a t u s  h i g h e r  t h a n  s t a t u s ( k i n g j )  was  
f o r w a r d e d  t o w a r d s  kingj b y  t h e  n o d e  t h a t  
b l o c k e d  kings 's  m e s s a g e .  A p p l y i n g  t h i s  
r e a s o n i n g  a s  l o n g  a s  n e e d e d ,  we c o n c l u d e  
t h a t  a n  ASK m e s s a g e  of a s t a t u s  h i g h e r  
t h a n  s t a t u s ( k i n g j )  will e v e n t u a l l y  r e a c h  
kingj .  At t h i s  p o i n t  kingj  will b e c o m e  a 
c i t i z e n .  [ ]  

By L e m m a  4 we g e t  a c o n t r a d i c t i o n  to  
t h e  a s s u m p t i o n  t h a t  s > 1, a n d  t h i s  c o m -  
p l e t e s  t h e  p r o o f  of t h e  T h e o r e m .  

Q.E.D. 

Corol lary:  The u n i q u e  r e m a i n i n g  k i n g  e v e n -  
t u a l l y  a n n o u n c e s  h is  l e a d e r s h i p  ( a n d  t h e  
a l g o r i t h m  s t o p s ) .  

Proof :  By a p r o o f  s i m i l a r  t o  t h e  o n e  of 
L e m m a  3, i t  c a n  b e  s h o w n  t h a t  t h i s  k i n g  
will  e v e n t u a l l y  e x h a u s t  a l l  h i s  u n u s e d  
e d g e s  b y  s e n d i n g  ASK m e s s a g e s  a n d  
r e c e i v i n g  YOUR_CITIZEN r e p l i e s .  When  no  
u n u s e d  e d g e s  r e m a i n s ,  h e  will  s e n d  t h e  
LEADER m e s s a g e  to  al l  t h e  n o d e s  in t h e  
n e t w o r k ,  a n d  e a c h .  n o d e ,  u p o n  r e c e i v i n g  
t h i s  m e s s a g e ,  will  s t o p  h i s  a l g o r i t h m .  [ ]  

3.7. Complexity Analysis of the AlgortLhm 
We c o n c l u d e  b y  g iv ing  a c o m p l e x i t y  

a n a l y s i s  of t h e  a l g o r i t h m  a s  fo l lows .  

T h e o r e m  6: If k n o d e s  s t a r t  t h e  a l g o r i t h m  
b y  a WAKE m e s s a g e ,  t h e n  t h e  n u m b e r  of 
m e s s a g e s  u s e d  b y  t h e  a l g o r i t h m  is 
b o u n d e d  b y  5nlogak + O(n ). 
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We first need  the  following lemma:  

Lemma 5: If k nodes  s t a r t  t he  a lgor i thm by  
WAKE messages  and node  i is the  leader,  
t h e n  when the  algorithrr~ stop~ we have 

phase (i) [log k I. 
Proof :  Whenever  a king a t  phase  t 
i nc reases  his phase ,  he a n n e x e s  a n o t h e r  
king of phase  t. Therefore ,  we have a t  

k k 
mos t  ~ kings in phase  1, ~ kings in 

k 
phase  2 . . . . .  2- ~- kings in p h a s e  l, for  every  

l<--l<--llog2k 1. 
[] 

Proof  of the  Theorem:  We give an u p p e r  
b o u n d  for the  n u m b e r  of messages  of e a c h  
kind: 

(1) WAKE : exac t ly  k messages .  

(2) LEADER : exac t ly  n - 1  messages .  

(s) YOUR_CITIZEN : e ach  node sends  at  
mos t  one such  message  - as a r ep ly  to 
an A S K  message  - pe r  phase.  There-  
fore,  the  to ta l  n u m b e r  of s u c h  mes-  
sages  is bounded  by nlog2k .  

(4) ASK : a t  a given phase ,  a king with rn 
c i t izens  can  send at  mos t  m + l  s u c h  
messages ,  t h e r e f o r e  all the kings in 
this  phase  sen t  t o g e t h e r  at  m o s t  n 
messages ,  t he r e fo re  the  to ta l  n u m b e r  
of such  message  sen t  by kings  is 
b o u n d e d  by nlog2k .  Every c i t izen 
t r a n s f e r s  at  mos t  one ASK m e s s a g e  
per  phase, hence the total number of 
such messages sent by all citizens is 
also bounded by nlog21c. 

(5) ACCEPT : the total number of such 
messages sent by a king (during the 
algorithm) is k-i. the total number of 
such messages sent by all citizens is 
not larger than the total number of 
ASK messages sent by all citizens, 
hence  it is also b o u n d e d  by nloga~z. 

(6) UPDATE : e ach  ci t izen receives  a t  mos t  
one such  message  pe r  phase,  h e n c e  
the  to ta l  n u m b e r  of such  m e s s a g e s  is 
also bounded  by nlog2£.  

To conclude,  the  to ta l  n u m b e r  of mes-  
sages  used  by the  a lgor i thm does  no t  
exceed  5nlog2k + O(n ). 

Q.E.D. 

A message  of type  
;fAKE, YOUR_CITIZEN and LEADER r equ i re s  

a c o n s t a n t  n u m b e r  of bits each.  A message  
of type  ASK, ACCEPT, UPDATE r equ i re s  2 
bits for  specifying the i r  type, loglogn bits 
for  the  phase,  and  logm bits for the  iden- 
t i ty  (where m is the  la rges t  identi ty) .  
There fo re  the  maximal  n u m b e r  of bits per  
message  is b o u n d e d  by log2[4mlog2n].  

Acknowledgement :  we would like to t h a n k  
Doron Ro tem for  a d iscuss ion which ini- 
t i a t ed  this  r e sea rch .  

REFERENCES 
[1] J. E. Burns,  A f o r m a l  mode l  f o r  mes -  

sage p a s s i n g  s y s t e m s  , TR-91, Indiana  
University,  Sep t ember  1980. 

[2] D. Dolev, M. Klawe and  M. Rodeh, An 
O(nlogn) un id i r ec t i ona l  d i s t r i bu t ed  
a lgor i t hm  f o r  e x t r e m a  f i n d i n g  in  a cir- 
cle , J. of Algorithms, 3, ].982, pp. 245- 
260. 

[3] R. G. Gallager, Choosing a leader  in  a 
n e t w o r k  , unpubl i shed  m e m o r a n d u m ,  
M.I.T. 

[4] R. G. Gallager, P. A. Humble t  and P. M. 
Spira, A d i s t r ibu ted  algovifh:'~L fo r  
m i n i m u ~ z  s p a n n i n g  tree , Transac t ions  
on P r o g r a m m i n g  Languages  and Sys- 
tems,  5, 1, 1983, pp. 66-77. 

[5] D. S. Hi r schberg  and  J. B. Sinclair, 
Decen t ra l i z ed  ex t r ema-  f i n d i n g  in  cir- 
cu la r  con f igura t ions  of  processes  , 
Comm. ACM 33 (November 1980). 

[6] E. Korach,  S. Moran and S. Zaks, Find- 
ing  a M i n i m u m  S2ar~ning ~"ee can  be 
h a r d e r  t h a n  f i n d i n g  a s p a n n i n g  tree in  
a d i s t r i b u t e d  n e t w o r k  ,TR #294,Dept. 
of C o m p u t e r  Science,  Technion,  Israel  
(Oc tober  1983). 

[7] J. Pachl ,  E. Koraeh  and D. Rotem, 
Lower  bounds  f o r  d i s t r i bu t ed  

m a x i m u m - f i n d i n g  a lgor i thms  , to 
a p p e a r  in The Journal  of the  ACM. 

[8] G. L. Fe te r son ,  An O ( n l o g n ) u n i d i r e c -  
t ional  a l g o r i t h m  f o r  the c i rcu lar  
e x t r e m a  proble~,n , Transac t i ons  on 
P r o g r a m m i n g  Languages  and  Systems,  
4, 1982, pp. 758-762. 

[9] N. San toro ,  On the message  corr~plexity 
of  d i s t r i b u t e d  s y s t ems ,  SCS-TR-13, 
School  of Compu.ter Science,  Car le ton  
Universi ty,  Ottawa, Canada  (1982). 

207 


