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&R E\OR PLQXOH&R E\OR PLQXOH

2G GHWHUPLQLVPX N EH]SUHIL[RYRVWL

NRQFRYê V\PERO ]DMLã"XMH EH]SUHIL[RYRVW

=iVREQtNRYp DXWRPDW\ D JUDPDWLN\

JUDPDWLND PRGHOXMH YêSRþW\ DXWRPDWX

1RUPiOQt IRUP\

*UHLEDFKRYp QRUPiOQt IRUPD �$ → DX�

RGVWUDQ�Qt OHYp UHNXU]H

NRQVWUXNFH DQDO\]iWRU$ MD]\ND

&KRPVNpKR QRUPiOQt IRUPD �; → <= QHER ; → D�

ELQiUQt GHULYDþQt VWURP

"""

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3XPSLQJ3XPSLQJ OHPPD SUROHPPD SUR EH]NRQWH[RYpEH]NRQWH[RYp MD]\N\MD]\N\

/HPPD R YNOiGiQt� 1HFK" / MH EH]NRQWH[WRYê MD]\N�

3RWRP H[LVWXMt S�LUR]HQi þtVOD S� T WDNRYi� åH NDåGp

VORYR ]∈/� _]_!S O]H SViW YH WYDUX ]  XYZ[\ D SODWt�
�� _YZ[_≤T �SXPSRYDFt þiVW QHQt PRF GORXKi�
�� EX� Y ≠λ QHER [≠λ �O]H SViW Y[≠λ �

�� ∀L≥� XYLZ[L\∈/

,GHD G$ND]X�

• $

• $

9 GHULYDþQtP VWURPX QDMGHPH QHMGHOãt FHVWX

1D WpWR FHVW� QDMGHPH GYD VWHMQp QHWHUPLQiO\

7\WR QHWHUPLQiO\ XUþt GYD SRGVWURP\

3RGVWURP\ GHILQXMt UR]NODG VORYD
X Y Z [ \

1\Qt P$åHPH Y�Wãt SRGVWURP SRVXQRXW �L!��

9H]PHPH GHULYDþQt VWURP SUR VORYR ]

QHER QDKUDGLW PHQãtP SRGVWURPHP �L ��
Y Z [
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'$ND] OHPPD R YNOiGiQt SUR %.-'$ND] OHPPD R YNOiGiQt SUR %.-

_]_!S � ]  XYZ[\� _YZ[_≤T� Y[≠λ� ∀L≥� XYLZ[L\∈/

YH]PHPH JUDPDWLNX Y &KRPVNpKR 1) �VORYD λ QHYDGt�

_91_ N� SRORåPH S  �N��� T  �N

_]_ ! �N��� Y OLERYROQpP GHULYDþQtP VWURPX MH FHVWD GpON\ !N

QD WpWR FHVW� PXVt OHåHW GYD VWHMQp QHWHUPLQiO\ D WHUPLQiO W

YH]PHPH GYRMLFL $�� $� QHMEOtåH N W �XUþXMH SRGVWURP\ 7� D 7��

FHVWD ] $� GR W MH QHMGHOãt Y SRGVWURPX 7� D Pi GpONX PD[LPiOQ� N��

WHG\ VORYR GDQp VWURPHP 7� QHQt GHOãt QHå �N �_YZ[_≤T��
] $� YHGRX GY� FHVW\ �&K1)�� MHGQR GR 7� GUXKi GR ]E\WNX Y[

&K1) MH QHY\SRXãW�MtFt� WHG\ Y[≠λ
GHULYDFH VORYD �$� ⇒ Y$�[� $� ⇒ Z�

6 ⇒ X$�\ ⇒ XY$�[\ ⇒ XYZ[\

SRVXQHPH�OL $� GR $� �L ��

6 ⇒ X$�\ ⇒ XZ\

SRVXQHPH�OL $� GR $� �L ��«�

6 ⇒ X$�\ ⇒ XY$�[\ ⇒ XYY$�[[\ ⇒ XYYZ[[\

• $�

•$�

X Y Z [ \

7�

7�
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3RXåLWt OHPPD R YNOiGiQt3RXåLWt OHPPD R YNOiGiQt

-DN XNi]DW� åH GDQê MD]\N QHQt EH]NRQWH[WRYê"

3�tNODG �� /  ^DQEQFQ _ Q≥�` QHQt EH]NRQWH[WRYê MD]\N
VSRUHP

]YROPH N PD[�S�T�� SRWRP _DNENFN_!S

SXPSRYDFt VORYR QHQt GHOãt QHå T

WM� YåG\ O]H SXPSRYDW PD[LPiOQ� GYD U$]Qp V\PERO\

SRUXãt VH URYQRVW SRþWX V\PERO$ � 6325

3�tNODG �� /  ^DLEMFN _ �≤ L ≤ M ≤ N` QHQt EH]NRQWH[WRYê MD]\N

VSRUHP

]YROPH Q PD[�S�T�� SRWRP _DQEQFQ_!S

SXPSRYDFt VORYR QHQt GHOãt QHå T

WM� YåG\ O]H SXPSRYDW PD[LPiOQ� GYD U$]Qp V\PERO\

SRNXG SXPSXMHPH D �S�tSDGQ� E�� SXPSXMHPH QDKRUX

SRNXG SXPSXMHPH F �S�tSDGQ� E�� SXPSXMHPH GROX

SRWRP L!N �D↑� F↓� QHER M!N �E↑� F↓� QHER L!M �D↑� E↓� � 6325
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1HNRQHþQRVW EH]NRQWH[WRYêFK MD]\N$1HNRQHþQRVW EH]NRQWH[WRYêFK MD]\N$

3UR NDåGê %.- / H[LVWXMt S�LUR]HQi þtVOD P� Q WDNRYi� åH�

/ MH QHNRQHþQê ⇔ ∃]∈/ P�_]_≤Q�
'$ND]�

] OHPPDWX R YNOiGiQt PiPH S D T� SRORåPH� P  S� Q  S�T

Ä⇐³

S�_]_� WHG\ ] O]H SXPSRYDW ⇒ MD]\N MH QHNRQHþQê

Ä⇒ ³

MD]\N MH QHNRQHþQê ⇒ ∃]∈/ S P � _]_

YH]PHPH QHMNUDWãt WDNRYp ] D SRWRP _]_ ≤ Q S�T

VSRUHP� QHFK" S�T � _]_� O]H SXPSRYDW GROX� WM� _]µ_ � _]_

RGVWUD�XMHPH þiVW R PD[� YHOLNRVWL T� WHG\ S � _]µ_ � 6325

5\FKOHMãt DOJRULWPXV�

YH]PHPH UHGXNRYDQRX JUDPDWLNX * Y &K1) Wå� / /�*�

XG�OiPH RULHQWRYDQê JUDI

YUFKRO\  QHWHUPLQiO\� KUDQ\  ^�$�%�� �$�&� SUR �$→%&� ∈ 3�*�`

KOHGiPH RULHQWRYDQê F\NOXV �H[LVWXMH ⇒ MD]\N MH QHNRQHþQê�
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$OJRULWPLFNi UR]KRGQXWHOQRVW X %.-$OJRULWPLFNi UR]KRGQXWHOQRVW X %.-

3UR EH]NRQWH[WRYp MD]\N\ MH DOJRULWPLFN\ UR]KRGQXWHOQp�

]GD GDQp VORYR SDW�t þL QHSDW�t GR MD]\ND�

± XPtPH λ ∈/�*� �6⇒λ�
± SUR RVWDWQt VORYD SRXåLMHPH &K1) �; → <=� ; → D�

Y NDåGp GHULYDFL VH GpOND VORYD ]Y�WãXMH QHER URVWH SRþHW

WHUPLQiOQtFK V\PERO$ �WM� Y GHULYDFL QHQt F\NOXV��

QD WHUPLQiOQt VORYR GpON\ Q SRXåLMHPH SUiY� ��Q��� SUDYLGHO

GHULYDFt SUR YãHFKQD VORYD GpON\ Q MH NRQHþQ�

P$åHPH SRVWXSQ� Y\]NRXãHW YãHFKQ\ GHULYDFH YHGRXFt NH

VORY$P GDQp GpON\� QDS�tNODG SURKOHGiYiQtP GR KORXEN\

3UR EH]NRQWH[WRYp MD]\N\ MH DOJRULWPLFN\ UR]KRGQXWHOQp�

]GD MH MD]\N SUi]GQê�

XPtPH ]MLVWLW� ]GD ] 6 O]H JHQHURYDW WHUPLQiOQt VORYR

�DOJRULWPXV UHGXNFH�
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.G\ OHPPD R YNOiGiQt QH]DEHUH.G\ OHPPD R YNOiGiQt QH]DEHUH

3R]RU� /HPPD R YNOiGiQt MH SRX]H LPSOLNDFH�

%.- ⇒ O]H SXPSRYDW �QXWQi SRGPtQND EH]NRQWH[WRYRVWL�

QHMHGQi VH R SRGPtQNX SRVWDþXMtFt

3�tNODG�

/  ^DLEMFNGO _ L � ∨ M N O` QHQt EH]NRQWH[WRYê MD]\N

S�HVWR O]H SXPSRYDW

L �� EMFNGO O]H SXPSRYDW Y OLERYROQpP StVPHQX

L!�� DLEQFQGQ O]H SXPSRYDW Y þiVWL REVDKXMtFt D

-DN QD WR"

± ]REHFQ�Qt SXPSLQJ OHPPDWX �2JGHQRYR OHPPD�

SXPSRYiQt Y\]QDþHQêFK V\PERO$

± X]iY�URYp YODVWQRVWL
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3U$QLN EH]NRQWH[WRYêFK MD]\N$3U$QLN EH]NRQWH[WRYêFK MD]\N$

%H]NRQWH[WRYp MD]\N\ QHMVRX X]DY�HQp QD SU$QLN�

'$ND]�

VWDþt QDMtW GYD %.*� MHMLFKå SU$QLN QHQt %.*

/�  ^D
LELFM _ �≤ L�M` ^6→ $&� $ → D$E _ λ� & → F& _ λ`

/�  ^D
LEMFM _ �≤ L�M` ^6→ $%� $ → D$ _ λ� % → E%F _ λ`

/� ∩ /�  ^D
LELFL _ �≤ L` QHQt %.- �YtPH ] SXPSLQJ OHPPDWX�

3R]RURYiQt�

SDUDOHOQt E�K GYRX ]iVREQtNRYêFK DXWRPDW$

�tGtFt MHGQRWN\ XPtPH VSRMLW �YL] NRQHþQp DXWRPDW\�

þWHQt XPtPH VSRMLW �MHGHQ DXWRPDW P$åH þHNDW�

ERKXåHO GYD ]iVREQtN\ QHO]H REHFQ� VSRMLW GR MHGQRKR

GYD ]iVREQtN\  7XULQJ$Y VWURM

 UHNXU]LYQ� VSRþHWQp MD]\N\
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3U$QLN EH]NRQWH[WRYpKR D UHJXOiUQtKR MD]\ND3U$QLN EH]NRQWH[WRYpKR D UHJXOiUQtKR MD]\ND

�'HWHUPLQLVWLFNp� EH]NRQWH[WRYp MD]\N\ MVRX X]DY�HQp QD

SU$QLN V UHJXOiUQtP MD]\NHP�

'$ND]�

]iVREQtNRYê D NRQHþQê DXWRPDW P$åHPH VSRMLW

NRQHþQê DXWRPDW $�  �4��;�δ��T��)��

]iVREQtNRYê DXWRPDW �S�LMtPiQt VWDYHP� 0�  �4��;�<�δ��T��=��)��

QRYê DXWRPDW 0  �4�× 4�� ;� <� δ� �T��T��� =�� )� × )��

��Sµ�Tµ�� X� ∈δ��S�T��D�=� SUiY� NG\å
� D≠λ� Sµ∈δ��S�D� 	 �Tµ�X�∈δ��T�D�=� « DXWRPDW\ þWRX YVWXS

� D λ� �Tµ�X�∈δ��T�λ�=� « =$ P�Qt ]iVREQtN
Sµ S « .$ VWRMt

]�HMP� /�0�  /�$�� ∩ /�0��

SDUDOHOQt E�K DXWRPDW$

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3RXåLWt X]DY�HQRVWL SU$QLNX %.- D 5-3RXåLWt X]DY�HQRVWL SU$QLNX %.- D 5-

/  ^DLEMFNGO _ L � ∨ M N O` QHQt EH]NRQWH[WRYê MD]\N

6325(0�

QHFK" / MH EH]NRQWH[WRYê MD]\N

/�  ^DE
LFMGN _ �≤ L�M�N` MH UHJXOiUQt MD]\N

6→ D%� %→ E% _ &� & → F& _ '� ' → G' _ λ

/ ∩ /�  ^DE
LFLGL _ �≤ L` QHQt EH]NRQWH[WRYê MD]\N � 6325

/ MH NRQWH[WRYê MD]\N

6 → %µ _ D$

%µ → E%µ _ &µ� &µ → F&µ _ 'µ� 'µ → G'µ _ λ
$ → D$ _ 3

3 → E3&' _ λ
'& → &' ^'& → ;&� ;& → ;'� ;' → &'`

E& → EF� F& → FF� F' → FG� G' → GG
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6MHGQRFHQt D GRSOQ�N %.-6MHGQRFHQt D GRSOQ�N %.-

%H]NRQWH[WRYp MD]\N\ MVRX X]DY�HQp QD VMHGQRFHQt�

SRXåLMHPH JUDPDWLN\ �SUR =$ NRVWUEDWp�

/� /�*�� *�  �91��97��6��3��

/� /�*�� *�  �91��97��6��3��

P$åHPH S�HGSRNOiGDW� åH 91� ∩ 91�  ∅ �MLQDN S�HMPHQXM�

XG�OiPH JUDPDWLNX�

*  �91� ∪ 91� ∪ ^6`� 97� ∪ 97��6� 3� ∪ 3� ∪ ^6 → 6� _ 6�`�

]�HMP� /�*�  /�*�� ∪ /�*��

ÄSRþtWi³ MHGQD QHER GUXKi JUDPDWLND

%H]NRQWH[WRYp MD]\N\ QHMVRX X]DY�HQp QD GRSOQ�N�

VSRUHP SRGOH GH 0RUJDQRYêFK SUDYLGHO

/� ∩ /�  ���/� ∪ �/��

EH]NRQWH[WRYp MD]\N\ QHMVRX X]DY�HQp QD SU$QLN � 6325

Y =$ QHVWDþt SURKRGLW NRQFRYp D QHNRQFRYp VWDY\�
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6XEVWLWXFH D6XEVWLWXFH D KRPRPRUILVPXVKRPRPRUILVPXV

6XEVWLWXFH σ S�HYiGt VORYD QD MD]\N\

σ�λ�  λ� σ�[�  MD]\N
σ�XY�  σ�X�� σ�Y� σ� ; → 3�<�

σ�/�  ∪Z∈/ σ�Z�
7�tGD 7 MD]\N$ MH X]DY�HQD QD VXEVWLWXFL� NG\å�

∀D∈; σ�D�∈7 	 /∈7 ⇒ σ�/�∈7

+RPRPRUILVPXV S�HYiGt VORYD QD VORYD

K�λ�  λ� K�[�  VORYR
K�XY�  K�X� � K�Y� K� ; → <

K�/�  ^K�Z� _ Z∈/`

,QYHU]Qt KRPRPRUILVPXV S�HYiGt VORYD ]S�W

K���/�  ^ Z _ K�Z�∈/`

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

8]DY�HQRVW %.- QD VXEVWLWXFL8]DY�HQRVW %.- QD VXEVWLWXFL

IRUPiOQ��

PiPH EH]NRQWH[WRYê MD]\N /�� WM� JUDPDWLNX *�  �91��97��6��3���

SUR NDåGê WHUPLQiO DL ] 97�� σ�DL� MH EH]NRQWH[WRYê MD]\N � JUDPDWLND *L

S�HGSRNOiGHMPH� åH PQRåLQ\ QHWHUPLQiO$ MVRX QDY]iMHP GLVMXQNWQt
D åH åiGQê WHUPLQiO QHQt Y MLQp JUDPDWLFH QHWHUPLQiOHP

GHILQXMPH *  �∪L≥�91L� ∪L≥�97L� 6�� 3�� NGH

3  ∪L≥�3L ∪ 3µ D 3µ  ^3� NGH NDåGê WHUPLQiO DL MH QDKUD]HQ 6L`

]�HMP�� /�*�  σ�/��

3�tNODG�

/�  ^D
LEM _ �≤L≤M` 6� → D6�E _ 6�E _ λ

σ�D�  /�  ^F
LGL _ �≤L` 6� → F6�G _ λ

σ�E�  /�  ^F
L _ �≤L` 6� → F6� _ λ

σ�/��� 6� → 6�6�6� _ 6�6� _ λ� 6� → F6�G _ λ� 6� → F6� _ λ

%H]NRQWH[WRYp MD]\N\ MVRX X]DY�HQ\ QD KRPRPRUILVPXV�

S�tPê G$VOHGHN S�HGFKR]t Y�W\ �WHUPLQiO QDKUDGtPH VORYHP�

%H]NRQWH[WRYp MD]\N\ MVRX X]DY�HQ\ QD VXEVWLWXFL�
LQWXLWLYQ�� OLVW\ Y GHULYDþQtP VWURPX JHQHUXMt GDOãt VWURP\

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

,QYHU]Qt,QYHU]Qt KRPRPRUILVPXVKRPRPRUILVPXV

%H]NRQWH[WRYp MD]\N\ MVRX X]DY�HQ\ QD LQYHU]Qt KRPRPRUILVPXV�

K���/�  ^ Z _ K�Z�∈/` � PiPH ]iVREQtNRYê DXWRPDW 0 SUR / D þWHPH Z

LGHD�
± S�HþWHPH StVPHQR [ D GR YQLW�QtKR EXIIHUX GiPH K�[�

± VLPXOXMHPH YêSRþHW 0� NG\ YVWXS EHUHPH ] EXIIHUX

± SR Y\SUi]GQ�Qt EXIIHUX QDþWHPH GDOãt StVPHQR ]H YVWXSX

± VORYR MH S�LMDWR� NG\å MH EXIIHU SUi]GQê D 0 MH Y NRQFRYpP VWDYX

IRUPiOQ��
EXIIHU MH NRQHþQê� P$åHPH KR WHG\ PRGHORYDW YH VWDYX

SUR / PiPH 0  �4�;�<�δ�T��=��)� �S�tMtPiQt NRQFRYêP VWDYHP�

K� $ → ;

GHILQXMPH 0µ  �4µ� $� <� δµ�>T��λ@� =�� )×^λ`�� NGH
4µ  ^>T�X@ _ T∈4� X∈;� ∃D∈$ ∃Y∈; K�D� YX`� X MH EXIIHU

δµ�>T�X@� λ� =�  ^ �>S�X@�γ� _ �S�γ� ∈ δ�T� λ� =� `
∪ ^ �>S�Y@�γ� _ �S�γ� ∈ δ�T� E� =� ` « X EY �þWH EXIIHU�

δµ�>T� λ@� D� =�  ^ �>T�K�D�@�=� ` « QDSO�XMH EXIIHU

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

.YRFLHQW\ V UHJXOiUQtP MD]\NHP.YRFLHQW\ V UHJXOiUQtP MD]\NHP

%H]NRQWH[WRYp MD]\N\ MVRX X]DY�HQp QD OHYê �SUDYê�

NYRFLHQW V UHJXOiUQtP MD]\NHP�

5?/  ^ Z _ ∃X∈5 XZ∈/`� /�5  ^ X _ ∃Z∈5 XZ∈/`
LGHD�

± =$ EHåt QD SUi]GQR �QHþWH YVWXS� SDUDOHOQ� V .$

± MH�OL .$ Y NRQFRYpP VWDYX� P$åHPH ]DþtW þtVW YVWXS

IRUPiOQ��
NRQHþQê DXWRPDW $�  �4��;� δ ��T��)��

]iVREQtNRYê DXWRPDW 0�  �4��;�<�δ��T��=��)�� �S�LMtPiQt NRQFRYêP VWDYHP�

GHILQXMPH QRYê DXWRPDW 0  �4µ� ;� <� δ� �T��T��� =�� )��� NGH

4µ  �4�× 4�� ∪ 4� �GYRMLFH VWDY$ SUR SDUDOHOQt E�K =$ D .$�

δµ��S�T�� λ� =�  ^ ��S¶�T¶��X� _ ∃D∈; S¶∈δ��S� D� 	 �T¶�X�∈δ��T� D� =�`
∪ ^ ��S�T¶��X� _ �T¶�X� ∈ δ��T� λ� =� `
∪ ^ �T¶�X� _ ∃D∈; �T¶�X�∈δ��T� D� =� 	 S¶∈δ��S� D� 	 S¶∈)�`

δµ�T� D� =�  δ��T� D� =� D∈; ∪^λ`� T∈4�

]�HMP� /�0�  /�$��?/�0��


