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$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

&R E\OR PLQXOH&R E\OR PLQXOH

3XPSLQJ OHPPD SUR EH]NRQWH[WRYp MD]\N\

± _XYZ[\_!S� _YZ[_≤T� Y[≠λ ⇒ ∀L≥� XYLZ[L\∈/
± QXWQi SRGPtQND EH]NRQWH[WRYRVWL

± QHNRQHþQRVW EH]NRQWH[WRYêFK MD]\N$

8]iY�URYp YODVWQRVWL EH]NRQWH[WRYêFK MD]\N$

± QHMVRX X]DY�HQp QD SU$QLN

± MVRX X]DY�HQp QD SU$QLN V UHJXOiUQtP MD]\NHP

± MVRX X]DY�HQp QD VMHGQRFHQt

± QHMVRX X]DY�HQp QD GRSOQ�N

± MVRX X]DY�HQp QD VXEVWLWXFL D KRPRPRUILVPXV

± MVRX X]DY�HQp QD LQYHU]Qt KRPRPRUILVPXV

± MVRX X]DY�HQp QD NYRFLHQW\ V UHJXOiUQtP MD]\NHP

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

=UFDGORYê REUD]� ]�HW�]HQt D LWHUDFH=UFDGORYê REUD]� ]�HW�]HQt D LWHUDFH

%H]NRQWH[WRYp MD]\N\ MVRX X]DY�HQp QD ]UFDGORYê REUD]�

]�HW�]HQt� LWHUDFL D SR]LWLYQt LWHUDFL�

�� ]UFDGORYê REUD] /5  ^Z5 _ Z∈/`
*� ; → Z5 �REUiWtPH SUDYRX VWUDQX SUDYLGHO�
=$� VORYD GR ]iVREQtNX GiYiPH ÄRSDþQ�³

�� ]�HW�]HQt /� � /�

*� 6 → 6�6� �QHMSUYH JHQHUXMHPH SUYQt VORYR� SRWRP GUXKp�
=$� QHMSUYH E�åt SUYQt DXWRPDW� SRWRP GUXKê

�� LWHUDFH /  ∪L≥� /
L

*� 6µ → 66µ _ λ �RSDNRYDQ� VSRXãWtPH JHQHURYiQt VORY ] MD]\ND�
=$� QD NRQFL YêSRþWX P$åHPH UHVWDUWRYDW � SUi]GQp VORYR

�� SR]LWLYQt LWHUDFH /�  ∪L≥� /
L

*� 6µ → 66µ _ 6 �RSDNRYDQ� VSRXãWtPH JHQHURYiQt VORY ] MD]\ND�
=$� QD NRQFL YêSRþWX P$åHPH UHVWDUWRYDW

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

8]iY�URYp8]iY�URYp YODVWQRVWL REHFQ�YODVWQRVWL REHFQ�

8]DY�HQRVW QD VXEVWLWXFL ]DMLã"XMH X]DY�HQRVW QD VMHGQRFHQt� ]�HW�]HQt
L LWHUDFL�
SRORåPH σ�D�  /�� σ�E� /�

SRWRP σ�^D�E`�  /� ∪ /�� σ�^DE`�  /� � /�� σ�D�  /�

8]DY�HQRVW QD KRPRPRUILVPXV� LQYHU]Qt KRPRPRUILVPXV D SU$QLN
V UHJXOiUQtP MD]\NHP ]DMLã"XMH X]DY�HQRVW QD NYRFLHQW\ V UHJXOiUQtP
MD]\NHP�
XG�OiPH DEHFHGX GYRMQtN$ ;µ SUR ; �S$YRGQt DEHFHGD�
GHILQXMHPH KRPRPRUILVPXV K�� �; ∪ ;µ� → ; WDNWR K��D�  K��Dµ�  D
K�

���Z� � OLERYROQp V\PERO\ MVRX QDKUD]HQ\ GYRMQtN\
K�

���/� ∩ ;µ5 � GYRMQtFL SRX]H QD ]DþiWNX QiVOHGRYiQL VORYHP ] 5
GHILQXMPH KRPRPRUILVPXV K�� �; ∪ ;µ� → ; WDNWR K��D�  λ� K��Dµ�  D

K��Z� � ]H VORYD Y\KRGt S$YRGQt V\PERO\ D QHFKi MHQ GYRMQtN\
3RWRP�
/�5  K��K�

���/� ∩ ;µ5 �
5?/  K��K�

���/� ∩ 5;µ�

Z /
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�
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���/� ∩ ;µ5 �

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

8]iY�URYp8]iY�URYp YODVWQRVWL REHFQ� � �YODVWQRVWL REHFQ� � �

8]DY�HQRVW QD VXEVWLWXFL� KRPRPRUILVPXV D SU$QLN V UHJXOiUQtP
MD]\NHP ]DMLã"XMH X]DY�HQRVW QD LQYHU]Qt KRPRPRUILVPXV�
-H GiQ KRPRPRUILVPXV K� ; → $
XG�OiPH DEHFHGX GYRMQtN$ ;µ SUR ;
GHILQXMHPH σ � $ → 3��;µ∪$��

σ�D�  ;µD;µ �StVPHQR D ÄREDOtPH³ VORY\ ] GYRMQtN$�
σ�/� � PH]L V\PERO\ YORåt VORYD ] GYRMQtNRYêFK V\PERO$

GHILQXMHPH /�  ^ D¶Z _ D¶∈;¶ 	 K�D� Z` �MD]\N SRSLVXMtFt K�
/� � VORYD SRVNOiGDQi ]H V\PEROX D MHKR KRPRPRUIQtKR REUD]X

/� MH NRQHþQê MD]\N� D WHG\ /� MH UHJXOiUQt MD]\N

GHILQXMPH K�� �;µ ∪ $� → ; WDNWR
K��Dµ�  D� SUR D¶∈;¶
K��F�  λ� SUR F∈$
PDåH S$YRGQt V\PERO\

3RWRP� K���/�  K��σ�/� ∩ /��
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$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

8]iY�URYp8]iY�URYp YODVWQRVWL GHWHUPLQLVWLFNêFK %.-YODVWQRVWL GHWHUPLQLVWLFNêFK %.-

5R]XPQp SURJUDPRYDFt MD]\N\ MVRX GHWHUPLQLVWLFNp %.-�
'HWHUPLQLVWLFNp EH]NRQWH[WRYp MD]\N\�

± QHMVRX X]DY�HQp QD SU$QLN�
± MVRX X]DY�HQp QD SU$QLN V UHJXOiUQtP MD]\NHP�
± MVRX X]DY�HQp QD LQYHU]Qt KRPRPRUILVPXV�

'RSOQ�N GHWHUPLQLVWLFNpKR %.- MH RS�W GHWHUPLQLVWLFNê %.-�
SURKRGtPH NRQFRYp D QHNRQFRYp VWDY\
SRWtåH�

� QHPXVt S�HþtVW FHOp YVWXSQt VORYR
± NURN QHQt GHILQRYiQ �QDS�� Y\SUi]GQ�Qt ]iVREQtNX�

VQDGQR RãHW�tPH ÄSRGORåNRX³ QD ]iVREQtNX
± F\NOXV �]iVREQtN URVWH� ]iVREQtN SXOVXMH�

RGKDOtPH SRPRFt þtWDþH
� SR S�HþWHQt VORYD SURFKi]t NRQFRYp D QHNRQFRYp VWDY\

VWDþt VL SDPDWRYDW� ]GD SURãHO NRQFRYêP VWDYHP



�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

8]iY�URYp8]iY�URYp YODVWQRVWL '%.- Y SUD[LYODVWQRVWL '%.- Y SUD[L

'%.- QHMVRX X]DY�HQp QD VMHGQRFHQt �%.- DQR��

3�tNODG�
/  ^DLEMFN _ L≠M ∨ M≠N ∨ L≠N` MH %.-� DOH QHQt '%.-
VSRUHP� QHFK" / MH '%.-
SRWRP �/ �GRSOQ�N� MH '%.-
�/ ∩ DEF  ^DLEMFN _ L M N` MH '%.- � 6325

'%.- QHMVRX X]DY�HQp QD KRPRPRUILVPXV �%.- DQR��

3�tNODG�
/�  ^DLEMFN _ L M` MH '%.-
/�  ^DLEMFN _ M N` MH '%.-
�/� ∪ �/� MH '%.-� �/� ∪ �/� QHQt '%.-
SRORåPH K���  �

K�[�  [ SUR RVWDWQt V\PERO\
K��/� ∪ �/��  �/� ∪ �/�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

-DN FKDUDNWHUL]RYDW EH]NRQWH[WRYp MD]\N\"-DN FKDUDNWHUL]RYDW EH]NRQWH[WRYp MD]\N\"

3RNXG GR ]iVREQtNX SRX]H S�LGiYiPH
SRWRP VL VWDþt SDPDWRYDW SRVOHGQt V\PERO�

6WDþt NRQHþQi SDP�" → NRQHþQê DXWRPDW�

þWHQp VORYR

]
i
V
R
E
Q
tN

�tGtFt

MHGQRWND

3RW�HEXMHPH ]H ]iVREQtNX WDNp RGHEtUDW �þWHQt V\PEROX��
7DNRYê SURFHV QHO]H ]D]QDPHQDW Y NRQHþQp VWUXNWX�H�

3�LGiYiQt D RGHEtUiQt DOH QHQt ]FHOD OLERYROQp
MHGQi VH R ]iVREQtN WM� /,)2 �ODVW�LQ ILUVW�RXW� VWUXNWXUX

5R]WiKQ�PH VL YêSRþHW VH ]iVREQtNHP GR OLQHiUQt VWUXNWXU\
; � V\PERO S�LGiQ GR ]iVREQtNX
;�� � V\PERO RGHEUiQ VH ]iVREQtNX

3�LGiYDQê D RGHEtUDQê V\PERO

WYR�t SiU� NWHUê VH Y FHOp SRVORXSQRVWL

FKRYi MDNR ]iYRUND�

= =�� % $ $�� & &�� %��

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

'\FNRY\'\FNRY\ MD]\N\MD]\N\

'\FN$Y MD]\N 'Q MH GHILQRYiQ QDG DEHFHGRX

=Q  ^D��Dµ��«�DQ�DµQ` QiVOHGXMtFt JUDPDWLNRX�

6 → λ _ 66 _ D�6Dµ� _ « _ DQ6DµQ�

ÒYRGQt SR]QiPN\�
± -HGQi VH ]�HMP� R MD]\N EH]NRQWH[WRYê�
± '\FN$Y MD]\N 'Q SRSLVXMH VSUiYQ� X]iYRUNRYDQp YêUD]\
V Q GUXK\ ]iYRUHN�

± 7tPWR MD]\NHP O]H SRSLVRYDW YêSRþW\ OLERYROQpKR
]iVREQtNRYpKR DXWRPDWX�

± 3RPRFt '\FNRYD MD]\ND O]H SRSVDW OLERYROQê EH]NRQWH[WRYê
MD]\N�

/  K�'∩5�
5HJXOiUQt MD]\N

SRSLVXMH YãHFKQ\ NURN\ YêSRþWX

'\FN$Y MD]\N

Y\EtUi SRX]H NRUHNWQt YêSRþW\+RPRPRUILVXPXV

þLVWt SRPRFQp V\PERO\
$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

'\FNRY\'\FNRY\ MD]\N\ D EH]NRQWH[WRYp MD]\N\MD]\N\ D EH]NRQWH[WRYp MD]\N\

3UR NDåGê EH]NRQWH[WRYê MD]\N / H[LVWXMH UHJXOiUQt MD]\N 5 WDN� åH
/ K�'∩5� SUR YKRGQê '\FN$Y MD]\N ' D KRPRPRUILVPXV K�

'$ND]�

PiPH ]iVREQtNRYê DXWRPDW S�LMtPDMtFt / SUi]GQêP ]iVREQtNHP
%Ò12 LQVWUXNFH WYDUX δ�T�D�;�∋�S�Z�� _Z_≤�
QHFK" 5µ REVDKXMH YãHFKQ\ YêUD]\

T��DD��;��%$S SUR LQVWUXNFL δ�T�D�;�∋�S�$%�
SRGREQ� SUR LQVWUXNFH δ�T�D�;�∋�S�$� D δ�T�D�;�∋�S�λ�
MH�OL D λ� SRWRP GYRMLFL DD�� QH]D�D]XMHPH

GHILQXMPH 5 WDNWR =�T�5µ4��

'\FN$Y MD]\N MH GHILQRYiQ QDG DEHFHGRX ;∪;��∪4 ∪ 4�� ∪< ∪ <��

'∩ =�T�5µ4�� SRSLVXMH NRUHNWQt YêSRþW\

KRPRPRUILVPXV K Y\G�Ot S�HþWHQp VORYR� WM�
K�D�  D SUR YVWXSQt �þWHQp� V\PERO\
K�\�  λ SUR RVWDWQt V\PERO\

=� T�T�
�� D D�� =�

�� % $ S S�� E E�� $�� T T�� F F�� %�� U U��

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

.RQWH[WRYp JUDPDWLN\.RQWH[WRYp JUDPDWLN\

SRX]H SUDYLGOD YH WYDUX α;β → αZβ�
;∈91� α�β∈�91 ∪ 97�� Z∈�91 ∪ 97�

�

MHGLQRX YêMLPNRX MH SUDYLGOR 6 → λ� SRWRP VH DOH 6
QHY\VN\WXMH QD SUDYp VWUDQ� åiGQpKR SUDYLGOD

3R]QiPN\�

± QHWHUPLQiO ; VH S�HSLVXMH QD Z SRX]H Y NRQWH[WX α D β
± SUDYLGOR 6 → λ VORXåt SRX]H SUR S�LGiQt λ GR MD]\ND

3�tNODG�

/  ^DQEQFQ _ Q≥�` MH NRQWH[WRYê MD]\N �QHQt %.-�
6 → D6%& _ DE&

&% → %& SR]RU� QHQt NRQWH[WRYp SUDYLGOR�

E% → EE

E& → FF

F& → FF
$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

6HSDURYDQp JUDPDWLN\6HSDURYDQp JUDPDWLN\

*UDPDWLND MH VHSDURYDQi� SRNXG REVDKXMH SRX]H SUDYLGOD

WYDUX α → β� NGH�
EX� α�β∈9�

1 �QHSUi]GQp SRVORXSQRVWL QHWHUPLQiO$�

QHER α∈91 D β∈97∪^λ`�

/HPPD� .H NDåGp JUDPDWLFH * O]H VHVWURMLW HNYLYDOHQWQt

VHSDURYDQRX JUDPDWLNX *µ�

'$ND]�

QHFK" *  �91�97�6�3�

SUR NDåGê WHUPLQiO [∈97 ]DYHGHPH QRYê QHWHUPLQiO ;µ

Y SUDYLGOHFK ] 3 QDKUDGtPH WHUPLQiO\ RGSRYtGDMtFtPL

QHWHUPLQiO\ D S�LGiPH SUDYLGOD ;µ→ [

*µ  �91 ∪ 9µ7�97�6�3µ ∪ ^;µ→[ _ [∈97`�

]�HMP� /�*�  /�*¶�



�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

2G PRQRWRQLH NH2G PRQRWRQLH NH NRQWH[WRYRVWLNRQWH[WRYRVWL

*UDPDWLND MH PRQRWyQQt �QHY\SRXãW�MtFt�� MHVWOLåH SUR

NDåGp SUDYLGOR �X → Y� ∈ 3 SODWt _X_≤_Y_�
0RQRWyQQt JUDPDWLN\ VORYR Y SU$E�KX JHQHURYiQt QH]NUDFXMt�

9�WD� .H NDåGp PRQRWyQQt JUDPDWLFH O]H QDOp]W

HNYLYDOHQWQt JUDPDWLND NRQWH[WRYRX�

'$ND]�
QHMSUYH S�HYHGHPH JUDPDWLNX QD VHSDURYDQRX

WtP VH PRQRWRQLH QHSRUXãt �� SUDYLGOD ;→[ MVRX NRQWH[WRYi�
]EêYDMt SUDYLGOD $�«$P → %�«%Q �NGH P≤Q�
S�HYHGHPH QD NRQWH[WRYi SUDYLGOD V QRYêPL QHWHUPLQiO\ &

$�«$P → &�$�«$P

&�$�«$P → &�&�«$P «

&�« &P��$P → &�« &P��&P %P��«%Q

&�« &P %P��«%Q → &�« &P��%P %P��«%Q «

&�%�« %Q → %�«%Q

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tNODG NRQWH[WRYpKR MD]\ND3�tNODG NRQWH[WRYpKR MD]\ND

/  ^DLEMFN _ �≤ L ≤ M ≤ N` MH NRQWH[WRYê MD]\N �QHQt %.-�

6 → D6%& _ D%& JHQHURYiQt V\PERO$ D

% → %%& PQRåHQt V\PERO$ %

& → && PQRåHQt V\PERO$ &

&% → %& XVSR�iGiQt V\PERO$ % D &

D% → DE ]DþiWHN S�HSLVX % QD E

E% → EE SRNUDþRYiQt S�HSLVX % QD E

E& → EF ]DþiWHN S�HSLVX & QD F

F& → FF SRNUDþRYiQt S�HSLVX & QD F

&% → %& QHQt NRQWH[WRYp SUDYLGOR� QDKUDGtPH KR�

&% → ;%� ;% → ;&� ;& → %&

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

7XULQJRY\7XULQJRY\ VWURMH � KLVWRULH D PRWLYDFHVWURMH � KLVWRULH D PRWLYDFH

���� � ���� SRNXV\ R IRUPDOL]DFL SRMPX DOJRULWPX

*|GHO� .OHHQH� &KXUFK� 7XULQJ

7XULQJ$Y VWURM

]DFK\FHQt SUiFH PDWHPDWLND

± �QHNRQHþQi� WDEXOH

O]H ] Qt þtVW D O]H QD QL SViW

)RUPDOL]DFH 76�

± PtVWR WDEXOH RERXVWUDQQ� QHNRQHþQi SiVND
± PtVWR N�tG\ þWHFt D ]DSLVRYDFt KODYD� NWHURX O]H SRVRXYDW
± PtVWR PR]NX NRQHþQi �tGtFt MHGQRWND �MDNR X =$�

'DOãt IRUPDOL]DFH�

± λ�NDONXO� þiVWHþQ� UHNXU]LYQt IXQNFH� 5$0

± PR]HN ��tGtFt MHGQRWND�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

'HILQLFH'HILQLFH 7XULQJRYD7XULQJRYD VWURMHVWURMH

7XULQJRYêP VWURMHP QD]êYiPH S�WLFL 7 �4�;�δ�T��)�� NGH

4 � QHSUi]GQi NRQHþQi PQRåLQD VWDY$

; � QHSUi]GQi NRQHþQi PQRåLQD V\PERO$

REVDKXMH V\PERO λ SUR SUi]GQp SROtþNR

δ � S�HFKRGRYi IXQNFH δ � �4�)�×;→ 4×;× ^������`

SRSLVXMH ]P�QX VWDYX� ]iSLV QD SiVNX D SRVXQ KODY\

T� ∈ 4 � SRþiWHþQt VWDY

) ⊆ 4 � PQRåLQD NRQFRYêFK VWDY$

SiVND

�tGtFt
MHGQRWND

�� YêSRþHW ]DþtQi YH VWDYX T�

�� Y NDåGpP WDNWX GRMGH

� NH ]P�Q� VWDYX

� N S�HSLVX SROtþND QD SiVFH

� N SRVXQX KODY\

�� YêSRþHW NRQþt� NG\å QHQt GHILQRYiQD

åiGQi LQVWUXNFH

�VSHFLiOQ� SODWt SUR NRQFRYp VWDY\�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

7XULQJRY\7XULQJRY\ VWURMH � NRQILJXUDFH D PRGLILNDFHVWURMH � NRQILJXUDFH D PRGLILNDFH

.RQILJXUDFH 7XULQJRYD VWURMH MH VRXKUQ ~GDM$ S�HVQ�

SRSLVXMtFt VWDY YêSRþWX� 2EVDKXMH�

± QHMPHQãt VRXYLVORX þiVW SiVN\� NWHUi REVDKXMH
� YãHFKQ\ QHSUi]GQp EX�N\
� þWHQRX EX�NX

± YQLW�Qt VWDY
± SRORKX þWHQp EX�N\ �KODY\�

76 SRVWXSQ� S�HSUDFRYiYi

NRQILJXUDFH�

0RGLILNDFH 7XULQJRYD VWURMH�

± YtFH SiVHN� YtFH KODY�
± MHGQRVWUDQQi SiVND
± RPH]HQp þLQQRVWL Y WDNWX
± RPH]HQê SRþHW VWDY$� RPH]HQi DEHFHGD
± GYD ]iVREQtN\

T

REY\NOê ]iSLV� XTY

λ λ

X Y

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tNODG3�tNODG 7XULQJRYD7XULQJRYD VWURMHVWURMH

1DYUKQ�WH 7XULQJ$Y VWURM S�HYiG�MtFt NRQILJXUDFL T�Z QD T)Z5�
NGH Z∈^D��«�DQ` �WM� REUiFHQt VORYD��
T��λ → T)�λ�� SUi]GQp VORYR
T��DL → TL�U�DµL��� S�HþWH StVPHQR� SDPDWXMH VL YH VWDYX

TL�U�DM → TL�U�DM��� E�åt GRSUDYD
TL�U�λ → TL�Z� λ��� QD NRQFL VH RWRþt

TL�Z�DM → TM�O�DµL��� Y\P�Qt StVPHQD

TL�O�DM → TL�O�DM��� D E�åt ]S�W �GROHYD�
TL�O�DµM → T��DµL��� QD ]DUiåFH XORåt StVPHQR D ]DþQH ]QRYD

T��DµL → T5�DµL��� NRQHF �VORYR VXGp GpON\�

TL�U�DµM → TL�Z�DµM��� ³

TL�Z�DµL → T5�DµL��� NRQHF �VORYR OLFKp GpON\�

T5�DµM → T5�DµM��� E�åt GRSUDYD
T5�λ → T&� λ��� QD NRQFL VH RWRþt
T&�DµM → T&�DM��� S�L E�KX GROHYD UXãt R]QDþHQt
T&�λ → T)� λ��� VORYR MH REUiFHQR


