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$XWRPDW\�D�JUDPDWLN\$XWRPDW\�D�JUDPDWLN\

5RPDQ %DUWiN� .7,0/

EDUWDN#NWLPO�PII�FXQL�F]

KWWS���NWLPO�PII�FXQL�F]�aEDUWDN

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

&R E\OR PLQXOH&R E\OR PLQXOH

8]iY�URYp YODVWQRVWL EH]NRQWH[WRYêFK MD]\N$

]UFDGORYê REUD]� ]�HW�]HQt� �SR]LWLYQt� LWHUDFH

8]iY�URYp YODVWQRVWL REHFQ�

KRPR� KRPR��� SU$QLN V 5- ⇒ NYRFLHQW\ V 5-

VXE� KRPR� SU$QLN V 5- ⇒ KRPR��

8]iY�URYp YODVWQRVWL GHWHUPLQLVWLFNêFK %. MD]\N$

MVRX X]DY�HQp QD SU$QLN V 5-� KRPR��� GRSOQ�N�

QHMVRX X]DY�HQp QD SU$QLN� VMHGQRFHQt�

&KDUDNWHULVWLND %.- '\FNRYêPL MD]\N\

.RQWH[WRYp JUDPDWLN\

VHSDURYDQp D PRQRWyQQt JUDPDWLN\

7XULQJRY\ VWURMH

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

9êSRþHW9êSRþHW 7XULQJRYD7XULQJRYD VWURMHVWURMH

7XULQJRYêP VWURMHP QD]êYiPH S�WLFL 7 �4�;�δ�T��)�

± SUi]GQp SROtþNR ε
.RQILJXUDFH 76 SRSLVXMH

DNWXiOQt VWDY YêSRþWX � XTY�

T

ε ε

X Y

.URN YêSRþWX �S�tPi ]P�QD NRQILJXUDFH�� XTY _ ZS]

Y DYµ� Z X� ] EYµ T�D → S�E��

Y DYµ� Z XE� ] Yµ T�D → S�E���

Y DYµ� X ZF� ] FEYµ T�D → S�E���

3R]QiPN\�

� WHFKQLFN\ MH SRW�HED RãHW�LW S�tSDG\� NG\ Y λ QHER X λ
� V X D Y O]H SUDFRYDW MDNR VH GY�PD ]iVREQtN\

9êSRþHW MH SRVORXSQRVW S�tPêFK NURN$ XTY _
 ZS]

DF

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

7XULQJRY\7XULQJRY\ VWURMH D MD]\N\VWURMH D MD]\N\

6ORYR Z MH S�LMtPiQR 7XULQJRYêP VWURMHP 7� SRNXG

T�Z _
 XSY� S∈)
Q�NG\ MH QD NRQFL YêSRþWX Y\åDGRYiQR VPD]iQt SiVN\ �T�Z _
 λSε�

-D]\N S�LMtPDQê 7XULQJRYêP VWURMHP 7

/�7�  ^Z _ Z∈�;�^ε`�
 	 T�Z _
 XSY� S∈)`�

-D]\N / QD]YHPH UHNXU]LYQ� VSRþHWQêP� SRNXG MH S�LMtPiQ

Q�MDNêP 7XULQJRYêP VWURMHP 7 �/ /�7���

3�tNODG� ^D�Q`

T��ε → T)�ε�� SUi]GQp VORYR �NRQHF YêSRþWX�

T��D → T��D��� ]Y�Wãt þtWDþ ��N�� V\PERO$�

T��D → T��D��� QXOXMH þtWDþ ��N V\PERO$�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

2G2G 7XULQJRYD7XULQJRYD VWURMH NH JUDPDWLFHVWURMH NH JUDPDWLFH

.DåGê UHNXU]LYQ� VSRþHWQê MD]\N MH W\SX ��

'$ND]�

SUR 7XULQJ$Y VWURM 7 QDMGHPH JUDPDWLNX * WDN� åH /�7� /�*�

± JUDPDWLND QHMG�tYH Y\JHQHUXMH SiVNX VWURMH � NRSLL VORYD

± SRWRP VLPXOXMH YêSRþHW �VWDY\ MVRX VRXþiVWt VORYD�

± Y NRQFRYpP VWDYX VPDåHPH SiVNX� QHFKiPH SRX]H NRSLL VORYD

Z εQ Z5T� εQ �εQ S�HGVWDYXMt YROQê SURVWRU SUR YêSRþHW�

,� 6 → ' 4� (

' → [ ' ; _ ( JHQHUXMH VORYR D MHKR UHYHU]Qt NRSLL SUR YêSRþHW

( → ε ( _ ε JHQHUXMH YROQê SURVWRU SUR YêSRþHW

,,� ; 3 < → ;µ 4 < SUR δ�S�[� �T�[µ���
; 3 < → 4 ;µ < SUR δ�S�[� �T�[µ����
; 3 < → ;µ < 4 SUR δ�S�[� �T�[µ����

,,,� 3 → & SUR S∈)
& $ → & PD]iQt SiVN\

$ & → & PD]iQt SiVN\

& → λ NRQHF YêSRþWX $XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

2G2G 7XULQJRYD7XULQJRYD VWURMH NH JUDPDWLFH � SRNUDþRYiQtVWURMH NH JUDPDWLFH � SRNUDþRYiQt

-HãW� /�7�  /�*�"

Z∈/�7�
H[LVWXMH NRQHþQê YêSRþHW VWURMH 7 �NRQHþQê SURVWRU�

JUDPDWLND Y\JHQHUXMH GRVWDWHþQ� YHONê SURVWRU SUR YêSRþHW

VLPXOXMHPH YêSRþHW D VPDåHPH GYRMQtN\

Z∈/�*�
SUDYLGOD Y GHULYDFL QHPXVt EêW Y SR�DGt� MDNpP FKFHPH

GHULYDFL P$åHPH S�HXVSR�iGDW WDN� åH SR�DGt MH ,� ,,� ,,,

SRGWUåHQp V\PERO\ VPD]iQ\� WM� Y\JHQHURYiQ NRQFRYê VWDY

3�tNODG�

δ�T��ε�  �T)�ε���
δ�T��D�  �T��D����

δ�T��D�  �T��D����

6 → ' T�

' → D ' D _ ε
ε T� → &

D T� → T� D

D T� → T� D

& D → &

& → λ

*UDPDWLND SR ]MHGQRGXãHQt



�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

2G JUDPDWLN N2G JUDPDWLN N 7XULQJRY�7XULQJRY� VWURMLVWURML

.DåGê MD]\N W\SX � MH UHNXU]LYQ� VSRþHWQê�

'$ND] �QHIRUPiOQ���

LGHD� 7XULQJ$Y VWURM SRVWXSQ� JHQHUXMH YãHFKQ\ GHULYDFH

GHULYDFL 6 ⇒ Z� ⇒ « ⇒ ZQ Z NyGXMHPH MDNR VORYR �6�Z��«�Z�

76 SRVWXSQ� JHQHUXMH YãHFKQD VORYD �6� Z��«�ZN�

SRNXG ZQ Z� YêSRþHW NRQþt

MLQDN� 76 JHQHUXMH GDOãt GHULYDFL

± XPtPH XG�ODW 76� NWHUê S�LMtPi VORYD �X�Y�� NGH X⇒Y

± XPtPH XG�ODW 76� NWHUê S�LMtPi VORYD �Z��«�ZN�� NGH Z�⇒
ZN

± XPtPH XG�ODW 76 SRVWXSQ� JHQHUXMtFt YãHFKQD VORYD

± VWURMH VSRMtPH GR ÄZKLOH³ F\NOX

*HQHUXM �GDOãt� VORYR 6ORYR WYR�t

GHULYDFL"

'HULYDFH

NRQþt Z"

DQR DQR

QH QH

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

1HGHWHUPLQLVWLFNp1HGHWHUPLQLVWLFNp 7XULQJRY\7XULQJRY\ VWURMHVWURMH

1HGHWHUPLQLVWLFNêP 7XULQJRYêP VWURMHP QD]êYiPH S�WLFL 7 �4�;�δ�T��)��
NGH 4�;�T��) MVRX MDNR X 76 D δ � �4�)�×;→ 3�4×;× ^������`��

6ORYR Z MH S�LMtPiQR QHGHWHUPLQLVWLFNêP 7XULQJRYêP VWURMHP 7� SRNXG

H[LVWXMH Q�MDNê YêSRþHW T�Z _
 XSY� S∈)�

7YU]HQt� 1 7XULQJRY\ VWURMH S�LMtPDMt SUiY� UHNXU]LYQ� VSRþHWQp MD]\N\�

'$ND] �QHIRUPiOQ���

8NiåHPH� åH YêSRþW\ 176 O]H PRGHORYDW SRPRFt 76�

3R]RU� 1HO]H SRXåtW SRGPQRåLQRYRX NRQVWUXNFL �NY$OL SiVFH��

76 PRGHOXMH YãHFKQ\ YêSRþW\ 176 SURKOHGiYiQtP GR ãt�N\

� 1D SiVFH P$åHPH PtW YãHFKQ\
NRQILJXUDFH Y KORXEFH N �SiVND MH
QHNRQHþQi�� QHER

� P$åHPH JHQHURYDW ÄSRSLV³
YêSRþWX �SRVORXSQRVW SUDYLGHO� D
YåG\ N Q�PX GRSRþtWDW YêVOHGQRX

NRQILJXUDFL
≤PD[ _δ�T�[�_

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

/LQHiUQ� RPH]HQp DXWRPDW\/LQHiUQ� RPH]HQp DXWRPDW\

-HãW� SRW�HEXMHPH HNYLYDOHQW SUR NRQWH[WRYp JUDPDWLN\�

3�LSRPH�PH� åH NRQWH[WRYRX JUDPDWLNX GRVWDQHPH

] OLERYROQp PRQRWyQQt JUDPDWLN\

/LQHiUQ� RPH]HQê DXWRPDW �/2$� MH QHGHWHUPLQLVWLFNê 76�

NGH QD SiVFH MH R]QDþHQ OHYê D SUDYê NRQHF �O� U��

7\WR V\PERO\ QHO]H S�L YêSRþWX S�HSVDW D QHVPt VH MtW

QDOHYR RG O D QDSUDYR RG U�

6ORYR Z MH S�LMtPiQR OLQHiUQ� RPH]HQêP DXWRPDWHP� SRNXG

T�OZU _
 XSY� S∈)�

3URVWRU YêSRþWX MH GHILQRYiQ YVWXSQtP VORYHP D DXWRPDW
S�L MHKR S�LMtPiQt QHVPt S�HNURþLW MHKR GpONX

X PRQRWyQQtFK �NRQWH[WRYêFK� GHULYDFt WR QHQt SUREOpP�

åiGQp VORYR Y GHULYDFL QHQt GHOãt QHå YêVWXSQt VORYR

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

2G NRQWH[WRYêFK MD]\N$ N /2$2G NRQWH[WRYêFK MD]\N$ N /2$

.DåGê NRQWH[WRYê MD]\N O]H S�LMtPDW SRPRFt /2$�

'$ND]�

GHULYDFL JUDPDWLN\ EXGHPH VLPXORYDW SRPRFt /2$

SRXåLMHPH SiVNX VH GY�PD VWRSDPL �Y�Wãt DEHFHGD�

�� VORYR Z GiPH GR KRUQt VWRS\ D QD ]DþiWHN GROQt VWRS\ GiPH 6

�� S�HSLVXMHPH VORYR YH GUXKp VWRS� SRGOH SUDYLGHO *

���� QHGHWHUPLQLVWLFN\ Y\EHUHPH þiVW N S�HSViQt

���� SURYHGHPH S�HSViQt GOH SUDYLGOD �SUDYi þiVW VH RGVXQH�

Z

6
O U

�� SRNXG MVRX YH GUXKp VWRS� VDPp WHUPLQiO\� SRURYQiPH ML

V SUYQt VWRSRX �VORYR S�LMPHPH þL ]DPtWQHPH�

X α ; β Y

X α γ β Y

α;β→αγβ

RGVXQXWt

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

2G /2$ NH NRQWH[WRYêP MD]\N$P2G /2$ NH NRQWH[WRYêP MD]\N$P

�� VLPXOXM SUiFL /2$ YH ÄGUXKp³ VWRS� �VWHMQ� MDNR X 76�

�� SRNXG MH VWDY NRQFRYê� VPDå ÄGUXKRX³ VWRSX

VSHFLiOQ� MH SRW�HED RãHW�LW S�LMtPiQt SUi]GQpKR VORYD

SRNXG /2$ S�LMtPi λ� S�LGiPH VSHFLiOQt VWDUWRYDFt SUDYLGOR

/2$ S�LMtPDMt SRX]H NRQWH[WRYp MD]\N\�

'$ND]�

SRW�HEXMHPH S�HYpVW /2$ QD PRQRWyQQt JUDPDWLNX

WM� JUDPDWLND QHVPt JHQHURYDW QLF QDYtF�

YêSRþHW XNU\MHPH GR ÄGYRXVWRSêFK³ QHWHUPLQiO$

�� JHQHUXM VORYR YH WYDUX �D��>T��O�D�@���D��D���«��DQ�>DQ�U@�

VWDY D RNUDMH PXVtPH XNUêW WR QHWHUPLQiO$

Z

T��O�D� D��U

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

5HNXU]LYQt MD]\N\5HNXU]LYQt MD]\N\

&R VH VWDQH� NG\å 76 QHS�LMtPi Q�MDNp VORYR"

D� YêSRþHW VNRQþt Y QHNRQFRYpP VWDYX

E� YêSRþHW QLNG\ QHVNRQþt

SURWRåH YêSRþHW QHVNRQþLO� QHYtPH� ]GD VORYR GR MD]\ND SDW�t

�tNiPH� åH 76 7 UR]KRGXMH MD]\N /� SRNXG / /�7� D SUR

NDåGp VORYR Z MH YêSRþHW VWURMH QDG Z NRQHþQê�

-D]\N\ UR]KRGQXWHOQp 76 QD]êYiPH UHNXU]LYQt MD]\N\�

9�WD �3RVWRYD�� -D]\N / MH UHNXU]LYQt� SUiY� NG\å / D

GRSOQ�N / MVRX UHNXU]LYQ� VSRþHWQp�

'$ND]�

PiPH 7XULQJRY\ VWURMH 7� SUR / D 7� SUR �/

SUR GDQp VORYR Z QDUi] VLPXOXMHPH YêSRþHW 7� L 7�

7� D 7� UR]SR]QiYDMt NRPSOHPHQWiUQt MD]\N\�

WHG\ SR NRQHþQpP SRþWX NURN$ YtPH ]GD Z∈/
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$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3UREOpP ]DVWDYHQt 763UREOpP ]DVWDYHQt 76

([LVWXMH UHNXU]LYQ� VSRþHWQê MD]\N� NWHUê QHQt UHNXU]LYQt"

$12

3UREOpP ]DVWDYHQt 7XULQJRYD VWURMH �KDOWLQJ SUREOHP� MH

DOJRULWPLFN\ QHUR]KRGQXWHOQê�

1HH[LVWXMH DOJRULWPXV� NWHUê E\ SUR GDQê NyG 76 D GDQê

YVWXS UR]KRGO� ]GD VH 76 ]DVWDYt�

'$ND] �QHIRUPiOQ���

± Y\FKi]t ] H[LVWHQFH XQLYHU]iOQtKR 76 �7XULQJ$Y VWURM�

NWHUê VLPXOXMH YêSRþHW MLQpKR 76 QDG GDQêP YVWXSHP�

8�7�;�  7�;� 7 MH NyG VWURMH� ; MVRX YVWXSQt GDWD

± P$åHPH XG�ODW VWURM 3�;�� NWHUê VH QD GDWHFK ; ]DVWDYt

SUiY� NG\å 8�;�;� VH QH]DVWDYt

± 8�3�3� YHGH NH VSRUX� 3�3�↓ ⇔ 8�3�3�↑ ⇔ 3�3�↑
�GLDJRQiOQt PHWRGD�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3RVW$Y3RVW$Y NRUHVSRQGHQþQt SUREOpPNRUHVSRQGHQþQt SUREOpP

3RVWRYêP NRUHVSRQGHQþQtP SUREOpPHP �3.3� QD]êYiPH NRQHþQê

VH]QDP GYRMLF QHSUi]GQêFK VORY >X��Y�@�«� >XQ�YQ@�

�tNiPH� åH 3RVW$Y NRUHVSRQGHQþQt SUREOpP Pi �HãHQt� SRNXG H[LVWXMt

LQGH[\ L��« LN WDN� åH �≤ LM ≤Q D XL�
XL�

«XLN
 YL�

YL�
«YLN

�tNiPH� åH 3RVW$Y NRUHVSRQGHQþQt SUREOpP Pi LQLFLiOQt �HãHQt� SRNXG

H[LVWXMt LQGH[\ L��« LN WDN� åH �≤ LM ≤Q D X�XL�
XL�

«XLN
 Y�YL�YL�

«YLN

9�WD� 3.3 MH DOJRULWPLFN\ UR]KRGQXWHOQê� SUiY� NG\å MH DOJRULWPLFN\
UR]KRGQXWHOQp ]GD 3.3 Pi LQLFLiOQt �HãHQt�

'$ND]�

3.3 V LQLFLiOQtP �HãHQtP ⇒ 3.3 �VWDþt Y\]NRXãHW YãHFKQ\ ]DþiWN\�

3.3 ⇒ 3.3 V LQLFLiOQtP �HãHQtP

]QDþHQt D�D�«DQ
•  D�• D�• «DQ• •D�D�«DQ  • D�• D�• «DQ

[�  • X�
•� [M��  XM

•� [Q��  ♦
\�  

•Y�� \M��  
•YM� \Q��  • ♦

3.3 V X�Y Pi LQLFLiOQt �HãHQt SUiY� NG\å 3.3 V [�\ Pi �HãHQt

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

$OJRULWPLFNi QHUR]KRGQXWHOQRVW 3.3$OJRULWPLFNi QHUR]KRGQXWHOQRVW 3.3

([LVWHQFH LQLFLiOQtKR �HãHQt 3.3 QHQt DOJRULWPLFN\ UR]KRGQXWHOQi�

'$ND]�

YêSRþHW 76 SUR VORYR Z S�HYHGHPH QD 3.3

X Y

� �εT�Z�
[ [ [∈;
� �

S[ T\ δ�S�[� �T�\���
S� T\� δ�S�ε� �T�\���
S[ \T δ�S�[� �T�\����
S� \T� δ�S�ε� �T�\����
]S[ T]\ δ�S�[� �T�\����
]S� T]\� δ�S�ε� �T�\����
�S[ �Tε\ δ�S�[� �T�\����

X Y

[T\ T T∈)
[T� T�
�T\ �T
T�� �

X� �

Y� � .� �

.Q�� �

� .Q �

.Q �

XTY �

�

� T�

T � �

�

.� �

.� �

���

���

���

���

YêSRþHW PD]iQt

3.3 Pi LQLFLiOQt �HãHQt

⇔ 76 VH ]DVWDYt QDG Z

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

$OJRULWPLFN\ QHUR]KRGQXWHOQp SUREOpP\$OJRULWPLFN\ QHUR]KRGQXWHOQp SUREOpP\

3UR EH]NRQWH[WRYp JUDPDWLN\ *��*� MH DOJRULWPLFN\ QHUR]KRGQXWHOQp

]GD /�*�� ∩/�*�� ∅�

'$ND]� S�HYHGHPH 3.3 QD GDQê SUREOpP

PiPH 3.3 >X��Y�@�«� >XQ�YQ@

]YROtPH QRYp WHUPLQiO\ D��«�DQ SUR NyG\ LQGH[$

*�� 6→ XL6DL _ XLDL JHQHUXMH VORYD XL�
��� XLN

DLN
��� DL�

*�� 6→ YL6DL _ YLDL JHQHUXMH VORYD YL�
��� YLN

DLN
��� DL�

3.3 Pi �HãHQt SUiY� NG\å /�*�� ∩/�*��≠∅
X�þiVW  Y�þiVW � VORåN\ DL ]DMLã"XMt VWHMQp SR�DGt

-H DOJRULWPLFN\ QHUR]KRGQXWHOQp� ]GD MH EH]NRQWH[WRYi JUDPDWLND
YtFH]QDþQi�

'$ND]�

6 → 6� _ 6�

6� → XL6�DL _ XLDL

6� → YL6�DL _ YLDL

3.3 Pi �HãHQt SUiY� NG\å MH JUDPDWLND YtFH]QDþQi

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

'DOãt DOJRULWPLFN\ QHUR]KRGQXWHOQp SUREOpP\'DOãt DOJRULWPLFN\ QHUR]KRGQXWHOQp SUREOpP\

-H DOJRULWPLFN\ QHUR]KRGQXWHOQp� ]GD /�*� ;
 SUR %.* *�

'$ND]�

*�� 6→ XL6DL _ XLDL JHQHUXMH VORYD XL�
��� XLN

DLN
��� DL�

*�� 6→ YL6DL _ YLDL JHQHUXMH VORYD YL�
��� YLN

DLN
��� DL�

MD]\N\ /�*��� /�*�� MVRX GHWHUPLQLVWLFNp� WHG\ �/�*�� D �/�*�� MVRX

GHWHUPLQLVWLFNp %.- D �/�*�� ∪ �/�*�� MH %.-

PiPH %.* * WDNRYRX� åH /�*�  �/�*�� ∪ �/�*��

3.3 Pi �HãHQt ⇔ /�*�� ∩ /�*��≠∅ ⇔ /�*�  �/�*�� ∪ �/�*�� ≠ ;


3R]QiPND� /�*�  ∅ MH DOJRULWPLFN\ UR]KRGQXWHOQp�

'$VOHGN\� 1HO]H DOJRULWPLFN\ UR]KRGQRXW� ]GD

/�*�  5� SUR %.* * D UHJXOiUQt MD]\N 5 �G$ND]� ]D 5 ]YROPH ;
�

5 ⊆ /�*�� SUR %.* * D UHJXOiUQt MD]\N 5 �G$ND]� ]D 5 ]YROPH ;
�

/�*��  /�*��� SUR %.* *� D *� �G$ND]� QHFK" *� JHQHUXMH ;
�

/�*�� ⊆ /�*��� SUR %.* *� D *� �G$ND]� QHFK" *� JHQHUXMH ;
�

3R]QiPND� /�*� ⊆ 5 MH DOJRULWPLFN\ UR]KRGQXWHOQp

/�*� ⊆ 5 ⇔ /�*� ∩ �5  ∅ � �/�*� ∩ �5� MH %.-
$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

6KUQXWt6KUQXWt

SRSLV QHNRQHþQêFK REMHNW$ NRQHþQêPL SURVW�HGN\

UHJXOiUQt MD]\N\

NRQHþQp DXWRPDW\ �1.$��.$�

1HURGH� .OHHQH� SXPSRYiQt

EH]NRQWH[WRYp MD]\N\

]iVREQtNRYp DXWRPDW\ �'=$�

'\FNRY\ MD]\N\� SXPSRYiQt

NRQWH[WRYp MD]\N\

OLQHiUQ� RPH]HQp DXWRPDW\

PRQRWRQLH

UHNXU]LYQ� VSRþHWQp MD]\N\

7XULQJRY\ VWURMH

DOJRULWPLFNi QHUR]KRGQXWHOQRVW

SRXåLWt QHMHQ SUR SUiFL V MD]\N\�


