
�

�
$XWRPDW\�D�JUDPDWLN\$XWRPDW\�D�JUDPDWLN\

5RPDQ %DUWiN� .7,0/

EDUWDN#NWLPO�PII�FXQL�F]

KWWS���NWLPO�PII�FXQL�F]�aEDUWDN

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

&R E\OR PLQXOH&R E\OR PLQXOH

+OHGiQt MHGQR]QDþQpKR PLQLPiOQtKR DXWRPDWX

z GRVDåLWHOQp VWDY\

z HNYLYDOHQWQt VWDY\

z DXWRPDWRYi NRQJUXHQFH D SRGtORYê DXWRPDW

z UHGXNFH DXWRPDW$

± LVRPRUILVPXV UHGXNW$ �PLQLPiOQt DXWRPDW�

z QRUPRYDQê WYDU �KOHGiQt LVRPRUILVPX�

�

�

��

��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
��

�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

7URFKX PRWLYDFH7URFKX PRWLYDFH

'RVXG� 6WDY D StVPHQR MHGQR]QDþQ� XUþXMH GDOãt VWDY�

3�tNODG�

/ ^ Z _ Z EDEDX ∨ Z XDEEY ∨ Z XEDD� X�Y∈^D�E` `

D

E E

E E

E

E

E

E

D D

D

D D

D�E

D�E

D

D D

E

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

ÒYRG GRÒYRG GR QHGHWHUPLQLVPXQHGHWHUPLQLVPX

6WDY D StVPHQR XUþXMH PQRåLQX PRåQêFK GDOãtFK VWDY$�

3�tNODG�

/ ^ Z _ Z EDEDX ∨ Z XDEEY ∨ Z XEDD� X�Y∈^D�E` `

E ED D

D�E

D EE

D�ED�E

E DD

D�E

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

1HGHWHUPLQLVWLFNê NRQHþQê DXWRPDW1HGHWHUPLQLVWLFNê NRQHþQê DXWRPDW

1HGHWHUPLQLVWLFNêP NRQHþQêP DXWRPDWHP QD]êYiPH

S�WLFL $  �4�;�δ�6�)�� NGH�

4 � NRQHþQi QHSUi]GQi PQRåLQD VWDY$

�VWDYRYê SURVWRU�

; � NRQHþQi QHSUi]GQi PQRåLQD V\PERO$

�YVWXSQt DEHFHGD�

δ � ]REUD]HQt 4 × ; → 3�4� �S�HFKRGRYi IXQNFH�

6⊆4 �PQRåLQD SRþiWHþQtFK VWDY$�

)⊆4 �PQRåLQD NRQFRYêFK VWDY$�

5HSUH]HQWDFH�

VWDYRYê GLDJUDP� WDEXOND� VWDYRYê VWURP

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

-DN VH SRþtWi V-DN VH SRþtWi V QHGHWHUPLQLVPHPQHGHWHUPLQLVPHP""

6ORYR Z [����[Q MH S�LMtPiQR QHGHWHUPLQLVWLFNêP

NRQHþQêP DXWRPDWHP� MHVWOLåH H[LVWXMH SRVORXSQRVW

VWDY$ T��«�TQ�� WDNRYi� åH�

T�∈6� TL��∈δ�TL� [L� SUR L �«Q� TQ��∈)�

3Ui]GQp VORYR MH S�LMtPiQR SUiY� NG\å 6∩) ∅
3�LMtPDMtFtFK YêSRþW$ SUR GDQp VORYR P$åH EêW YtFH�

3�� EDEDEE

E ED D

D�E

D EE

D�ED�E

E DD

D�E



�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

'HWHUPLQLVPXV'HWHUPLQLVPXV YVYV�� QHGHWHUPLQLVPXVQHGHWHUPLQLVPXV

.RQHþQê DXWRPDW MH VSHFLiOQtP S�tSDGHP QHGHWHUPLQLVWLFNpKR

NRQHþQpKR DXWRPDWX�

'$VOHGHN� -D]\N\ UR]SR]QiYDQp NRQHþQêPL DXWRPDW\ MVRX
UR]SR]QiYDQp QHGHWHUPLQLVWLFNêPL NRQHþQêPL DXWRPDW\�

3ODWt L REUiFHQp WYU]HQt"

=NXVPH WR�

SRW�HEXMHPH SRVWXSRYDW V\VWHPDWLFN\ D V NRQHþQRX SDP�Wt

SRPRFt ]QDþHN QD VWDYHFK VLPXOXMHPH YãHFKQ\ PRåQp YêSRþW\
W]Y� SRGPQRåLQRYi NRQVWUXNFH

3�� EDEDEE

E ED D

D�E

D EE

D�ED�E

E DD

D�E

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�HYRG3�HYRG QHGHWHUPLQLVPXQHGHWHUPLQLVPX QD GHWHUPLQLVPXVQD GHWHUPLQLVPXV

9�WD� -H�OL $ QHGHWHUPLQLVWLFNê NRQHþQê DXWRPDW� SRWRP

O]H VHVWURMLW NRQHþQê DXWRPDW % WDNRYê� åH /�$� /�%��

'$ND]� �SRGPQRåLQRYi NRQVWUXNFH�

QHFK" $  �4�;�δ�6�)�
SRWRP GHILQXMPH % �3�4��;�δµ�6�)µ�� NGH

)µ  ^ . _ .∈3�4�� .∩)≠∅ `

δµ�.�[�  ∪T∈. δ�T�[�
�� % MH GHILQRYiQ NRUHNWQ�

�� /�$� /�%�"

λ∈/�$� ⇔ 6∩)≠∅ ⇔ 6∈)µ ⇔ λ∈/�%�
/�$�⊆/�%�

Z [����[Q∈/�$� ⇔ ∃T��«�TQ��∈4 T�∈6� TL��∈δ�TL� [L�� TQ��∈)
SRORåPH .� 6 �T�∈.��� .L�� δµ�.L�[L� �TL��∈.L���� SRWRP .Q��∈)µ

/�%�⊆/�$�
Z [����[Q∈/�%� ⇔ ∃.��«�.Q��∈3�4� .� 6� .L�� δµ�.L� [L�� .Q��∈)µ
YH]P�PH TQ��∈)∩.Q��� TL∈.L Wå� TL��∈δ�TL�[L��«� T�∈.� 6

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

8Ni]ND S�HYRGX8Ni]ND S�HYRGX

�����

D

^�����`

^�����`

D

^�����`

E

^���`

���

E

^���`

^���`

���

D

^���`

^���`

D

^�����`

E

^�`

�

E

^�`

^�`

D

^���`

E

^�`

D E

���

^���`

D E

� ��� �

� � �
� � �

� ��� �

�

�

�

�
D

D
D

D

D

D�E

EE

E

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3R]QiPN\ N3R]QiPN\ N QHGHWHUPLQLVPXQHGHWHUPLQLVPX
9ê]QDP�

± WHRUHWLFNê �QDS�� S�L S�HYRGX JUDPDWLN QD DXWRPDW\�

± SUDNWLFNê �]MHGQRGXãHQt QiYUKX DXWRPDWX�

8 NRQHþQêFK DXWRPDW$ YHGH QHGHWHUPLQLVPXV NH VWHMQp

W�tG� MD]\N$ MDNR GHWHUPLQLVPXV�

± QHSODWt REHFQ� �]iVREQtNRYp DXWRPDW\��

3�HYRG QD GHWHUPLQLVPXV ]QDPHQi �Då� H[SRQHQFLiOQt

QiU$VW SRþWX VWDY$ �4→3�4���

± REHFQ� MH WHQWR QiU$VW QH]E\WQê�

/Q  ^ Z _ Z∈^���`� Z X�Y� _Y_ Q�� `

± QHQt SRW�HED H[SOLFLWQ� S�HYiG�W�

([LVWXMt WDNp ]REHFQ�Qp QHGHWHUPLQLVWLFNp DXWRPDW\

λ�S�HFKRG� ]P�QD VWDYX EH] þWHQt YVWXSX

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

0QRåLQRYp RSHUDFH QDG MD]\N\0QRåLQRYp RSHUDFH QDG MD]\N\

6MHGQRFHQt MD]\N$ /� ∪ /�  ^ Z _ Z∈/� ∨ Z∈/� `
3�tNODG� MD]\N REVDKXMH VORYD ]DþtQDMtFt EDED QHER NRQþtFt EDD

3U$QLN MD]\N$ /� ∩ /�  ^ Z _ Z∈/� 	 Z∈/� `
3�tNODG� MD]\N REVDKXMH VORYD VH VXGêP SRþWHP QXO D NDåGê
V\PERO � MH EH]SURVW�HGQ� QiVOHGRYiQ �

5R]GtO MD]\N$ /� � /�  ^ Z _ Z∈/� 	 Z∉/� `
3�tNODG� MD]\N REVDKXMH VORYD ]DþtQDMtFt EDED D QHREVDKXMtFt DEE

'RSOQ�N MD]\ND �/  ^ Z _ Z∉/ `  ;� /
3�tNODG� VORYD MD]\ND QHREVDKXMt SRVORXSQRVW W�t V\PERO$ �

3ODWt WUDGLþQt GH 0RUJDQRYD SUDYLGOD

/� ∩ /�  ���/� ∪ �/��

/� ∪ /�  ���/� ∩ �/��

/� � /�  /� ∩ �/�

/�
/� ;

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

8]DY�HQRVW QD PQRåLQRYp RSHUDFH8]DY�HQRVW QD PQRåLQRYp RSHUDFH

1HFK" /� D /� MVRX MD]\N\ UR]SR]QiYDQp NRQHþQêPL DXWRPDW\�

3RWRP /� ∪ /� � /� ∩ /�� /� � /� D �/� MVRX WDNp MD]\N\ UR]SR]QiYDQp
NRQHþQêPL DXWRPDW\ �W�tGD )) MH X]DY�HQD QD XYHGHQp RSHUDFH��

.RQVWUXNWLYQt G$ND]�

GRSOQ�N

VWDþt SURKRGLW NRQFRYp D QHNRQFRYp VWDY\ S�LMtPDMtFtKR DXWRPDWX

VMHGQRFHQt� SU$QLN D UR]GtO

LGHD� SDUDOHOQt E�K S�LMtPDMtFtFK DXWRPDW$

$�  �4��;�δ��T��)��� $�  �4��;�δ��T��)��

XG�OiPH VSRMHQê DXWRPDW $  �4�;�δ�T�)�
4  4� × 4�� T  �T��T��

δ��S��S���[�  �δ��S��[�� δ��S��[��

VMHGQRFHQt )  �)� × 4�� ∪ �4� × )��

SU$QLN )  )� × )�

UR]GtO )  )� × �4� � )��



�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

0QRåLQRYp RSHUDFH Y S�tNODG�0QRåLQRYp RSHUDFH Y S�tNODG�

1DYUKQ�WH NRQHþQê DXWRPDW S�LMtPDMtFt VORYD� NWHUi

REVDKXMt �N�� V\PERO$ � D QHREVDKXMt SRVORXSQRVW ���

3�tPi NRQVWUXNFH NRPSOLNRYDQi�

/�  ^Z _ Z∈^���` 	 _Z_�  �N��`

/�  ^Z _ X�Y∈^���` 	 Z  X��Y`

/  /� � /�

$

%

&

�

�

�

�

�

�

D E F

�

�

���

��

%D

&F

�
�

%E

�

�

%F

�

&D
�

�

�

&E

$F

�
�

�

�

�

�
$E

�
� �

�

$D

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

�HW�]FRYp RSHUDFH QDG MD]\N\�HW�]FRYp RSHUDFH QDG MD]\N\

=�HW�]HQt MD]\N$ /� � /�  ^ XY _ X∈/� 	 Y∈/� `
0RFQLQ\ MD]\ND /�  ^λ`

/L��  /L � /

3R]LWLYQt LWHUDFH /�  /� ∪ /� «  ∪L≥� /
L

2EHFQi LWHUDFH /  /� ∪ /� «  ∪L≥� /
L

]�HMP� /  /� ∪ ^λ`
2WRþHQt MD]\ND /5  ^ X5 _ X∈/ `

UHYHUVH� ]UFDGORYê REUD] �[�[�«[Q�
5  [Q«[�[�

/HYê NYRFLHQW /� SRGOH /� /� ? /�  ^ Y _ XY∈/� 	 X∈/� `
/HYi GHULYDFH / SRGOH Z ∂Z /  ^Z` ? /

3UDYê NYRFLHQW /� SRGOH /� /� � /�  ^ X _ XY∈/� 	 Y∈/� `
3UDYi GHULYDFH / SRGOH Z ∂5Z /  / � ^Z`

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

8]DY�HQRVW ]�HW�]HQt8]DY�HQRVW ]�HW�]HQt

/��/�∈)) ⇒ /��/� ∈))

LGHD�

QHMSUYH SRþtWi DXWRPDW $� �4��;�δ��T��)�� SRWRP $�  �4��;�δ��T��)��

UHDOL]DFH�

SRPRFt QHGHWHUPLQLVWLFNpKR NRQHþQpKR DXWRPDWX %  �4�;�δ�6�)�
QHGHWHUPLQLVPXV VORXåt S�L UR]KRGRYiQt NG\ S�HSQRXW GR $�

4  4� ∪ 4� �S�HGSRNOiGiPH U$]Qi MPpQD VWDY$� MLQDN S�HMPHQXM�

6  ^T�` SRNXG λ∉/� �T�∉)��

 ^T�� T�` SRNXG λ∈/� �T�∈)��� WM� URYQRX S�HMGHPH GR $�

)  )� NRQþtPH Då SR S�HþWHQt VORYD ] /�

δ�T�[�  ^δ��T�[�` SRNXG T∈4� 	 δ��T�[�∉)� �SRþtWiPH Y $��

 ^δ��T�[�� T�` SRNXG T∈4� 	 δ��T�[�∈)� �S�HFKRG $� GR $��

 ^δ��T�[�` SRNXG T∈4� �SRþtWiPH Y $��

'&9� RY��LW /�%�  /�$�� � /�$��

/� /�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

8]DY�HQRVW LWHUDFH8]DY�HQRVW LWHUDFH

/∈)) ⇒ /∈))

LGHD� RSDNRYDQê YêSRþHW DXWRPDWX $ �4�;�δ�T��)�

UHDOL]DFH� QHGHWHUPLQLVWLFNp UR]KRGQXWt� ]GD SRNUDþRYDW QHER UHVWDUW

SR]RU� λ∈/ L NG\å λ∉/� UHãtPH SRPRFt VSHFLiOQtKR VWDYX

KOHGiPH QHGHWHUPLQLVWLFNê DXWRPDW %  �4µ�;�δµ�6�)µ�
4µ  4 ∪ ^V` S�LGiPH QRYê VWDY SUR S�tMHP λ
6  ^T�� V` QRYê VWDY

)µ  ) ∪ ^V` NRQþtPH SR S�HþWHQt VORYD ] / QHER Y V �SUR λ�
δµ�T�[�  ^δ�T�[�` SRNXG T∈4 	 δ�T�[�∉) �SRþtWiPH XYQLW� $�

 ^δ�T�[�� T�` SRNXG T∈4 	 δ�T�[�∈) �PRåQê UHVWDUW�

δµ�V�[�  ^` åiGQp S�HFKRG\ ] QRYpKR VWDYX

/∈)) ⇒ /�∈))
VWHMQê G$ND]� SRX]H EH] SRXåLWt VWDYX V

/ / /

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

8]DY�HQRVW UHYHUVH8]DY�HQRVW UHYHUVH

/∈)) ⇔ /5∈))

]�HMP� �/5�5  /� D WHG\ VWDþt XNi]DW /∈)) ⇒ /5∈))
LGHD� REUiWtPH ÄãLSN\³ YH VWDYRYpP GLDJUDPX

UHDOL]DFH� QHGHWHUPLQLVWLFNê NRQHþQê DXWRPDW

$ �4�;�δ�T��)� → % �4�;�δµ�)�^T�`�

δµ�T�[�  ^S _ δ�S�[� T ` �δ�S�[� T ⇔ S∈δµ�T�[� �

Z  [�[�«[Q
T�� T�� «TQ MH S�LMtPDMtFt YêSRþHW SUR Z DXWRPDWX $

WM� δ�TL�[L��� TL�� D TQ∈)
⇔
TQ� TQ��� «T� MH S�LMtPDMtFt YêSRþHW SUR Z5 DXWRPDWX %

TL ∈ δµ�TL���[L���

3R]QiPND�

Q�NG\ / QHER /5 Pi YêUD]Q� MHGQRGXããt S�LMtPDMtFt DXWRPDW

/

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

8]DY�HQRVW NYRFLHQWX8]DY�HQRVW NYRFLHQWX

/��/�∈)) ⇒ /� ? /� ∈))

LGHD� DXWRPDW $� EXGHPH VWDUWRYDW YH VWDYHFK� GR NWHUêFK VH O]H GRVWDO

VORYHP ] /�

UHDOL]DFH� QHGHWHUPLQLVWLFNê DXWRPDW % ÄWpP��³ WRWRåQê V $� �UR]GtO YH
VWDUWRYQtFK VWDYHFK�

6  ^T _ T∈4� ∃X∈/� T δ��T��X�` QRYp VWDUWRYQt VWDY\

O]H QDOp]W DOJRULWPLFN\ �$T �4��;�δ��T��^T`�� SDN T∈6 ⇔ /�$T�∩/�≠∅�

Y ∈ /� ? /�

⇔ ∃X∈/� XY∈/�

⇔ ∃X∈/� ∃T∈4� δ��T��X� T 	 δ��T�Y�∈)�

⇔ ∃T∈6 δ��T�Y�∈)�

⇔ Y∈/�%�

/��/�∈)) ⇒ /� � /� ∈))
REGREQ� QHER SRPRFt /� � /�  �/�

5 ? /�
5 �5

/�

/�



�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tNODG\ �HW�]FRYêFK RSHUDFt3�tNODG\ �HW�]FRYêFK RSHUDFt

/  ^DEL � L≥�`

D

DE

D�E

E

/�/  ^DELDEM� L≥�� M≥�`

/�  ^DEL� DEL� ��� DELQ� Q!�� LM≥�`

/  ^λ` ∪ /�

E

D

D

DE

D�E

E

D

DE

D�E

E
D

E

D

DE

D�E

EE
D

D

E

D�E

D�ED

E

D�E

D�E

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tNODG NYRFLHQWX3�tNODG NYRFLHQWX

/�  ^D
L�EDL�EDL�� LM≥�`

E

E

D�E

D
E

DD

E

E

D�E

DD

DD

E

E

D�E

D
E

/�  ^D
L�EDL�� LM≥�`

/� ? /�  ^DL�EDL�� LM≥�`  /�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

6XEVWLWXFH MD]\N$6XEVWLWXFH MD]\N$

QHFK" ; MH NRQHþQi DEHFHGD

SUR NDåGp [∈; EXGLå σ�[� MD]\N Y Q�MDNp DEHFHG� <[

GiOH SRORåPH�

σ�λ�  ^λ`
σ�X�Y�  σ�X� � σ�Y�

]REUD]HQt σ� ; → 3�<�� NGH <  ∪[∈; <[ VH QD]êYi VXEVWLWXFH

σ�/�  ∪Z∈/ σ�Z�
QHY\SRXãW�MtFt VXEVWLWXFH� åiGQp σ�[� QHREVDKXMH λ

3�tNODG�

σ���  ^DLEM� L�M≥�`� σ���  ^FG `

σ�����  ^DLEMFGDNEO� L�M�N�O≥�`

KRPRPRUILVPXV K� K�[�  Z[ �VSHFLiOQt S�tSDG VXEVWLWXFH�

QHY\SRXãWHMtFt KRPRPRUILVPXV� Z[ ≠ λ

9�WD� /∈))� ∀[∈; σ�[�∈)) ⇒ σ �/�� K�/�� K���/�∈))
K���/�  ^Z _ K�Z�∈/` $XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3R]QiPN\ N3R]QiPN\ N X]iY�URYêPX]iY�URYêP YODVWQRVWHPYODVWQRVWHP

=MHGQRGXãHQt QiYUKX DXWRPDW$

/�∅  ∅�/  ∅
^λ`�/  /�^λ`  /

�/�  /

�/� ∪ /��  /��/��/��  /��/��/��

�/��/��
5  /�

5 � /�
5

∂Z�/� ∪ /��  ∂Z /� ∪ ∂Z /�
∂Z�; � /�  ; � ∂Z /
K�/� ∪ /��  K�/�� ∪ K�/��

'$ND] UHJXOiUQRVWL

/  ^Z _ Z∈^���`� _Z_� _Z_�` QHQt UHJXOiUQt
/ ∩ ^�L�M� L�M≥�`  ^�L�L� L≥�`


