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$XWRPDW\�D�JUDPDWLN\$XWRPDW\�D�JUDPDWLN\

5RPDQ %DUWiN� .7,0/

EDUWDN#NWLPO�PII�FXQL�F]

KWWS���NWLPO�PII�FXQL�F]�aEDUWDN

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

&R E\OR PLQXOH&R E\OR PLQXOH

1HGHWHUPLQLVWLFNp DXWRPDW\
± QHGHWHUPLQLVWLFNê YêSRþHW

± HNYLYDOHQFH V NRQHþQêP DXWRPDWHP �DOJRULWPXV S�HYRGX�

± ]REHFQ�Qê QHGHWHUPLQLVWLFNê DXWRPDW

0QRåLQRYp RSHUDFH V MD]\N\
± VMHGQRFHQt� SU$QLN� UR]GtO� GRSOQ�N

± X]DY�HQRVW RSHUDFt �DOJRULWPXV S�HYRGX�

�HW�]FRYp RSHUDFH QDG MD]\N\
± ]�HW�]HQt� PRFQLQ\� SR]LWLYQt�REHFQi LWHUDFH� ]UFDGORYê REUD]

± NYRFLHQW\ D GHULYDFH �]OHYD� ]SUDYD�

± X]DY�HQRVW RSHUDFt �DOJRULWPXV S�HYRGX�

6XEVWLWXFH D KRPRPRUILVPXV MD]\N$

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

7URFKX PRWLYDFH7URFKX PRWLYDFH

/  ^ Z _ Z EDEDX ∨ Z XDEEY ∨ Z XEDD� X�Y∈^D�E` `

/  /� ∪ /� ∪ /�� NGH
/�  ^ Z _ Z EDEDX� X∈^D�E` `�
/�  ^ Z _ Z XDEEY� X�Y∈^D�E` `
/�  ^ Z _ Z XEDD� X∈^D�E` `

0$åHPH MtW MHãW� GiO�
/�  ^EDED` � ^D�E`

/�  ^D�E` � ^DEE` � ^D�E`

/�  ^D�E` � ^EDD`

3RM�PH MHãW� GiO
/�  �^D` ∪ ^E`� � ^E`�^D`�^D`

1HãOR E\ YãHFKQ\ UHJXOiUQt MD]\N\ ÄSRVNOiGDW³ ] Q�MDNêFK
WULYLiOQtFK MD]\N$"

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

5HJXOiUQt MD]\N\5HJXOiUQt MD]\N\

7�tGD UHJXOiUQtFK MD]\N$ 5-�;� QDG NRQHþQRX QHSUi]GQRX
DEHFHGRX ; MH QHMPHQãt W�tGD MD]\N$� NWHUi�

± REVDKXMH SUi]GQê MD]\N ∅
± SUR NDåGp StVPHQR [∈; REVDKXMH MD]\N ^[`

± $�%∈5-�;� ⇒ $∪% ∈5-�;� X]DY�HQi QD VMHGQRFHQt

± $�%∈5-�;� ⇒ $�% ∈5-�;� X]DY�HQi QD ]�HW�]HQt

± $∈5-�;� ⇒ $ ∈5-�;� X]DY�HQi QD LWHUDFL

9ODVWQ� DOJHEUDLFNê SRSLV MD]\N$�

6SHFLiOQ��

^λ`∈5-�;� SURWRåH ^λ`� ∅

;∈5-�;� SURWRåH ;  ∪[∈; ^[` �SR]RU� MH WR NRQHþQp VMHGQRFHQt�

^[L�
�«�[LN

`∈5-�;�
;∈5-�;�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

.OHHQHRYD.OHHQHRYD Y�WDY�WD

/LERYROQê MD]\N MH UHJXOiUQt SUiY� NG\å MH UR]SR]QDWHOQê
NRQHþQêP DXWRPDWHP�

.RQHþQêPL DXWRPDW\ O]H UR]SR]QiYDW MHQ WULYLiOQt MD]\N\
�SUi]GQê D MHGQRStVPHQQp� D MD]\N\� NWHUp ] QLFK O]H
VORåLW RSHUDFHPL VMHGQRFHQt� ]�HW�]HQt D LWHUDFH�

'$ND] 5- ⇒ ))

UHJXOiUQt MD]\N\ MVRX UR]SR]QDWHOQp NRQHþQêPL DXWRPDW\

± WULYLiOQt MD]\N\ MVRX UR]SR]QDWHOQp NRQHþQêP DXWRPDWHP

± RSHUDFH VMHGQRFHQt� ]�HW�]HQt D LWHUDFL GiYDMt RS�W MD]\N

UR]SR]QDWHOQê NRQHþQêP DXWRPDWHP

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

'$ND]'$ND] .OHHQHRY\.OHHQHRY\ Y�W\Y�W\

MD]\N\ UR]SR]QDWHOQp NRQHþQêPL DXWRPDW\ MVRX UHJXOiUQt

PiPH DXWRPDW $ �4�;�δ�T��)�� NWHUê GHILQXMH MD]\N /�$�

FKFHPH XNi]DW� åH /�$� GRVWDQHPH ] HOHPHQWiUQtFK MD]\N$ D RSHUDFt

GHILQXMPH 5LM  ^Z∈;_ δ�TL�Z� TM ` VORYD S�HYiG�MtFt VWDY TL QD TM

SRWRP /�$�  ∪TL∈)
5�L VORYD S�HYiG�MtFt SRþiWHþQt VWDY T�

QD Q�MDNê NRQFRYê VWDY TL

MVRX MD]\N\ 5LM UHJXOiUQt"

SRNXG DQR� SRWRP /�$� MH WDNp UHJXOiUQt� SURWRåH ∪ ]DFKRYiYi UHJXOiUQRVW

GHILQXMPH 5N
LM  VORYD S�HYiG�MtFt VWDY TL QD TM EH] PH]LSU$FKRGX VWDY\ TP P!N

]�HMP� 5LM  5
Q
LM �Q MH SRþHW VWDY$ DXWRPDWX�

MVRX MD]\N\ 5N
LM UHJXOiUQt"

± 5�
LM MH UHJXOiUQt �åiGQp PH]LVWDY\� WM� MHQ MHGQRStVPHQQi VORYD�

± 5N��
LM  5N

LM ∪ 5N
L�N����5

N
N���N���� 5

N
N���M MH UHJXOiUQt

�VMHGQRFHQt D LWHUDFH UHJXOiUQtFK MD]\N$�

L N�� M



�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

5HJXOiUQt YêUD]\5HJXOiUQt YêUD]\

0QRåLQD UHJXOiUQtFK YêUD]$ 59�;� QDG NRQHþQRX
QHSUi]GQRX DEHFHGRX ; ^[��«�[Q` MH QHMPHQãt PQRåLQD
VORY Y DEHFHG� ^[��«�[Q�∅� λ� �� � �� ���`� NWHUi�

± REVDKXMH YêUD] ∅ D YêUD] λ ∅∈59�;�� λ∈59�;�
± SUR NDåGp StVPHQR [∈; REVDKXMH YêUD] [ [∈59�;�
± α�β∈59�;� ⇒ �α�β�∈59�;�
± α�β∈59�;� ⇒ �α�β�∈59�;�
± α ∈59�;� ⇒ α∈59�;�

3�tNODG� ��D���E�F��G���H�

.RQYHQFH�

± YQ�Mãt ]iYRUN\ O]H Y\QHFKDW �D���E�F��G���H

± ]iYRUN\ O]H Y\QHFKDW X � D � GtN\ DVRFLDWLYLW� D���E�F��G��H

± WHþNX O]H Y\QHFKDW D���EF��G��H

± SULRULWD RSHUDFt �QHMY\ããt� � � � � �QHMQLåãt� D��EF�G��H

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

+RGQRWD UHJXOiUQtKR YêUD]X+RGQRWD UHJXOiUQtKR YêUD]X

+RGQRWRX UHJXOiUQtKR YêUD]X α∈59�;� MH PQRåLQD VORY >α@
�MD]\N� GHILQRYDQi QiVOHGRYQ��
± >∅@  ∅� >λ@  ^λ` � >[@  ^[`
± >�α�β�@  >α@ ∪ >β@
± >�α�β�@  >α@ � >β@
± >α@  >α@

5HJXOiUQt YêUD]\ RGSRYtGDMt UHJXOiUQtP MD]\N$P
± KRGQRWRX UHJXOiUQtKR YêUD]X MH UHJXOiUQt MD]\N

± NDåGê UHJXOiUQt MD]\N O]H UHSUH]HQWRYDW SRPRFt UHJXOiUQtKR
YêUD]X �MD]\N MH KRGQRWRX WRKRWR YêUD]X�

3�tNODG\�

>EDED�D�E� � �D�E�DEE�D�E� � �D�E�EDD@  

 ^ Z _ Z EDEDX ∨ Z XDEEY ∨ Z XEDD� X�Y∈^D�E` `
>���������@  

 ^Z _ Z∈^���` � _Z_�  �N `

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3RXåLWt UHJXOiUQtFK YêUD]$3RXåLWt UHJXOiUQtFK YêUD]$

3UDNWLFNê

S�HKOHGQê ]iSLV MD]\ND

7HRUHWLFNê

]MHGQRGXãHQt Q�NWHUêFK G$ND]$

9�WD� /∈))� ∀[∈; σ�[�∈)) ⇒ σ �/�∈))
/ D σ�[� MVRX UHJXOiUQt MD]\N\� O]H MH WHG\ UHSUH]HQWRYDW
UHJXOiUQtPL YêUD]\

NDåGê YêVN\W [ YH YêUD]X SUR / VWDþt QDKUDGLW YêUD]HP SUR σ�[�

5R]ãt�HQp UHJXOiUQt YêUD]\

PiPH L GDOãt ÄUHJXOiUQt³ RSHUDFH� QDS�� SU$QLN �α 	 β�

(NYLYDOHQFH UHJXOiUQtFK YêUD]$

α ≡ β MHVWOLåH >α@  >β@ �WM� YêUD]\ UHSUH]HQWXMt VWHMQp MD]\N\�
3�tNODG� ���� ≡ λ � ������

-DN WR ]MLVWtPH"

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�HYRG UHJXOiUQtKR YêUD]X QD NRQHþQê DXWRPDW3�HYRG UHJXOiUQtKR YêUD]X QD NRQHþQê DXWRPDW

0HWRGD � �LQNUHPHQWiOQt��
± S�HYH� HOHPHQWiUQt MD]\N\ �SUi]GQê� MHGQRStVPHQQp�

± VSRM SRXåLWtP UHJXOiUQtFK RSHUDFt SRGOH YêUD]X

0HWRGD � �S�tPi� D��EF�G��D

± RþtVOXM V\PERO\ YH YêUD]X �]OHYD GR GRSUDYD� D���E�F��G���D�

± ]MLVWL YãHFKQ\ PRåQp SiU\ V\PERO$� NWHUp VH E�F�� F�G�� F�E��

PRKRX Y\VN\WRYDW ]D VHERX G�G�� G�E�

± ]MLVWL V\PERO\� NWHUp PRKRX EêW SUYQt YH VORY� D�� E�� G�� D�

± ]MLVWL V\PERO\� NWHUp PRKRX EêW SRVOHGQt YH VORY� D�� F�� G�� D�

± ]MLVWL� ]GD MD]\N REVDKXMH SUi]GQp VORYR $12

± Y\WYR� QHGHWHUPLQLVWLFNê DXWRPDW

E� G�D� D�

V

F�

VWDY\� V � RþtVORYDQp V\PERO\

SRþiWHN  V

NRQHF  SRVOHGQt V\PERO\ ��V SUR λ�

S�HFKRG\� V→SUYQt V\PERO

[L→[M� SRNXG MH SiU [L[M

D E
G

D

E

E

F

G

G

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

0$åHPH NRQHþQp DXWRPDW\ MHãW� ]REHFQLW"0$åHPH NRQHþQp DXWRPDW\ MHãW� ]REHFQLW"

.RQHþQê DXWRPDW SURYiGt QiVOHGXMtFt þLQQRVWL�
± S�HþWH StVPHQR

± SRVXQH þWHFt KODYX GRSUDYD

± ]P�Qt VWDY YQLW�Qt MHGQRWN\

ýWHFt KODYD VH QHVPt YUDFHW�

&R NG\å DXWRPDWX SRYROtPH RYOiGiQt KODY\"

3R]RU� $XWRPDW QD SiVNX QLF QHStãH�
$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

'YRXVP�UQp �GYRXFHVWQp� NRQHþQp DXWRPDW\'YRXVP�UQp �GYRXFHVWQp� NRQHþQp DXWRPDW\

'YRXVP�UQêP �GYRXFHVWQêP� NRQHþQêP DXWRPDWHP

QD]êYiPH S�WLFL $  �4�;�δ�T��)�� NGH�

4 � NRQHþQi QHSUi]GQi PQRåLQD VWDY$
�VWDYRYê SURVWRU�

; � NRQHþQi QHSUi]GQi PQRåLQD V\PERO$
�YVWXSQt DEHFHGD�

δ � ]REUD]HQt 4 × ; → 4 × ^�������` �S�HFKRGRYi IXQNFH�
S�HFKRGRYi IXQNFH XUþXMH L SRK\E þWHFt KODY\

T�∈4 �SRþiWHþQt VWDY�

)⊆4 �PQRåLQD NRQFRYêFK VWDY$�

5HSUH]HQWDFH�

VWDYRYê GLDJUDP� WDEXOND� VWDYRYê VWURP



�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3RþtWiQt V GYRXVP�UQêPL DXWRPDW\3RþtWiQt V GYRXVP�UQêPL DXWRPDW\

.G\ GYRXVP�UQê DXWRPDW S�LMtPi VORYR"

&R VH G�MH� MH�OL KODYD PLPR þWHQp VORYR"

6ORYR Z MH S�LMDWR GYRXVP�UQêP NRQHþQêP DXWRPDWHP�
SRNXG�
± YêSRþHW ]DþDO QD SUYQtP StVPHQX VORYD Z YOHYR Y SRþiWHþQtP
VWDYX

± þWHFt KODYD SRSUYp RSXVWLOD VORYR Z YSUDYR Y Q�NWHUpP

NRQFRYpP VWDYX

± PLPR þWHQp VORYR QHQt YêSRþHW GHILQRYiQ �YêSRþHW ]GH NRQþt
D VORYR QHQt S�LMDWR�

Z

T�

T∈)

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tNODG GYRXVP�UQpKR DXWRPDWX3�tNODG GYRXVP�UQpKR DXWRPDWX

1HMSUYH SR]QiPND�

NH VORY$P VL P$åHPH S�LGDW VSHFLiOQt NRQFRYp ]QDN\ �∉;
MH�OL /�$� ^�Z� _ Z∈/⊆;` UHJXOiUQt� SRWRP L / MH UHJXOiUQt

/  ∂� ∂5� �/�$� ∩ �;��

3�tNODG�

/�%�  ^�X� _ XX∈/�$�` 3R]RU� 7RWR QHQt OHYê DQL SUDYê NYRFLHQW�

1HFK" $ �4�;�δ�T��)�� GHILQXMPH GYRXVP�UQê NRQHþQê DXWRPDW

% �4∪4µ∪4µµ∪ ^T�� T1�T)`�� ;� δµ� T�� ^T)`� WDNWR�

δµ ; � SR]QiPND

T� T���� T����

T S��� T¶��� S δ�T�[�
T¶ T¶��� T¶¶���

T¶¶ S¶¶��� T)��� T ∈ )� S δ�T�[�
T¶¶ S¶¶��� T1��� T ∉ )� S δ�T�[�
T1 T1��� T1���

T) T1��� T1���

T� T� T

Tµ

Tµµ T1

T)

X ��

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

9�WD R GYRXVP�UQêFK DXWRPDWHFK9�WD R GYRXVP�UQêFK DXWRPDWHFK

-D]\N\ S�LMtPDQp GYRXVP�UQêPL NRQHþQêPL

DXWRPDW\ MVRX SUiY� MD]\N\ S�LMtPDQp NRQHþQêPL

DXWRPDW\�

0RåQRVW SRK\ERYDW þWHFt KODYRX SR SiVFH QH]Y�WãLOD VtOX
NRQHþQpKR DXWRPDWX�

3R]RU� QD SiVNX QLF QHStãHPH�
3RNXG P$åHPH QD SiVNX SViW� GRVWDQHPH 7XULQJ$Y VWURM�

=�HMPp� NRQHþQê DXWRPDW → GYRXVP�UQê NRQHþQê DXWRPDW
GYRXVP�UQê DXWRPDW YåG\ SRVRXYi KODYX GRSUDYD

.$ $ �4�;�δ�T��)� → �.$ % �4�;�δµ�T��)�� δµ�T�[� �δ�T�[�����

=EêYi� GYRXVP�UQê NRQHþQê DXWRPDW → NRQHþQê DXWRPDW
$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

'$ND] Y�W\ R GYRXVP�UQêFK DXWRPDWHFK ���'$ND] Y�W\ R GYRXVP�UQêFK DXWRPDWHFK ���

�� )RUPiOQt SRSLV YOLYX VORYD X QD YêSRþHW QDG VORYHP Y

X Y

X Y

T

T�

X Y

T

S

�L� NG\ SRSUYp RSXVWtPH VORYR X YSUDYR
�Y MDNpP VWDYX SRSUYp YVWRXStPH QDG Y�

I�Tµ��  T SRSUYp S�HMGHPH QD Y YH VWDYX T

I�Tµ��  � QLNG\ QHRSXVWtPH X YSUDYR

�LL� SRNXG RSXVWtPH VORYR Y YOHYR� NG\ VH

QDG Y RS�W YUiWtPH
I�S�  T YUiWtPH VH QDG Y YH VWDYX T

I�S�  � QLNG\ Xå VH QHYUiWtPH

�� 9êSRþHW QDG X PiPH SRSVDQê IXQNFt IX
IX� 4 ∪ ^Tµ�` → 4 ∪ ^�`

IX�Tµ�� SRSLVXMH VLWXDFL �L�� NG\å ]DþQHPH YêSRþHW YOHYR Y SRþiWHþQtP

VWDYX T�� Y MDNpP VWDYX SRSUYp RGHMGHPH YSUDYR

IX�S� �S∈4� SRSLVXMH VLWXDFL �LL�� NG\å ]DþQHPH YêSRþHW YSUDYR Y S�
Y MDNpP VWDYX RS�W RGHMGHPH YSUDYR

V\PERO � ]QDþt� åH GDQi VLWXDFH QHQDVWDQH �RGHMGHPH YOHYR QHER F\NOXV�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

'$ND] Y�W\ R GYRXVP�UQêFK DXWRPDWHFK ���'$ND] Y�W\ R GYRXVP�UQêFK DXWRPDWHFK ���

3UR NDåGp VORYR X PiPH IXQNFL IX SRSLVXMtFt YêSRþHW
GYRXVP�UQpKR DXWRPDWX $ QDG X

'HILQXMPH HNYLYDOHQFL VORY WDNWR� XaZ ⇔GHI IX IZ
WM� VORYD MVRX HNYLYDOHQWQt� SRNXG PDMt VWHMQp ÄYêSRþWRYp³ IXQNFH

9ODVWQRVWL a�
± MH WR HNYLYDOHQFH �]�HMPp� GHILQRYiQR SRPRFt  �

± Pi NRQHþQê LQGH[ �PD[LPiOQt SRþHW U$]QêFK IXQNFt MH �Q���Q��

SUR Q�VWDYRYê GYRXVP�UQê DXWRPDW�

± MH WR SUDYi NRQJUXHQFH �]�HMP� XaZ ⇒ XYaZY� SURWRåH UR]KUDQt
X_Y D Z_Y MH VWHMQp D QDG Y VH DXWRPDW FKRYi VWHMQ��

± /�$� MH VMHGQRFHQtP MLVWêFK W�tG UR]NODGX ;�a

VWDþt VL XY�GRPLW� åH Z∈/�$� ⇔ IZ�Tµ��∈)
XaZ ⇒ IX�Tµ�� IZ�Tµ�� ⇒ �X∈/�$� ⇔ Z∈/�$��

3RGOH 1HURGRY\ Y�W\ MH /�$� UHJXOiUQt MD]\N�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�HYRG3�HYRG �.$�.$ QD .$QD .$

.RQVWUXNWLYQt G$ND] Y�W\ X GYRXVP�UQêFK DXWRPDWHFK�

-DN YêSRþHW V QiYUDW\ S�HYpVW QD OLQHiUQt YêSRþHW"
± ]DMtPDMt QiV MHQ S�LMtPDFt YêSRþW\

± GtYiPH VH QD S�HFKRG\ PH]L V\PERO\ �Y MDNpP VWDYX VH

S�HFKi]t QD GDOãt SROtþNR�

�� 1DMGHPH YãHFKQ\ PRåQp �H]\ � SRVORXSQRVWL

VWDY$ �MH MLFK NRQHþQ� PQRKR��

�� 0H]L �H]\ GHILQXMHPH �QHGHWHUPLQLVWLFNp�

S�HFKRG\ SRGOH þWHQpKR V\PEROX�

�� 5HNRQVWUXXMHPH YêSRþHW VNOiGiQtP �H]$

�MDNR SX]]OH��

3R]RURYiQt�

� VWDY\ VH Y S�HFKRGX ��H]X� VW�tGDMt

�GRSUDYD�GROHYD�

� SUYQt VWDY MGH GRSUDYD� SRVOHGQt WDNp GRSUDYD

� Y GHWHUPLQLVWLFNêFK S�LMtPDMtFtFK YêSRþWHFK

QHMVRX F\NO\

� SUYQt D SRVOHGQt �H] REVDKXMt MHGLQê VWDY



�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

)RUPiOQt S�HYRG)RUPiOQt S�HYRG �.$�.$ QD .$QD .$

1HFK" $ �4�;�δ�T��)� MH GYRXVP�UQê NRQHþQê DXWRPDW�

'HILQXMPH HNYLYDOHQWQt QHGHWHUPLQLVWLFNê NRQHþQê
DXWRPDW % �4µ�;�δµ��T���)µ�� NGH�
4µ  YãHFKQ\ NRUHNWQt S�HFKRGRYp SRVORXSQRVWL

SRVORXSQRVWL VWDY$ �T��«�TN� ] 4 WDNRYp� åH

� GpOND SRVORXSQRVWL MH OLFKi �N �P���

� åiGQê VWDY VH QHRSDNXMH QD OLFKp DQL QD VXGp SR]LFL

�∀L≠M T�L≠T�M� 	 �∀L≠M T�L��≠T�M���

)µ  ^�T� _ T∈)` S�HFKRGRYp SRVORXSQRVWL GpON\ � REVDKXMtFt NRQFRYê VWDY

δµ�F�[�  ^ G _ G∈4µ 	 F→G MH ORNiOQ� NRQ]LVWHQWQt
S�HFKRG SUR [` [

GF

/�$� /�%�"
ÄWUDMHNWRULH �.$ $ RGSRYtGi �H]$P .$ %³

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tNODG S�HYRGX3�tNODG S�HYRGX �.$�.$ QD .$QD .$

0�MPH QiVOHGXMtFt GYRXVP�UQê NRQHþQê DXWRPDW�

D E

S S��� T���

T T��� U���

U S��� U���

S�T�T

S

T

T�U�S
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