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$XWRPDW\�D�JUDPDWLN\$XWRPDW\�D�JUDPDWLN\

5RPDQ %DUWiN� .7,0/

EDUWDN#NWLPO�PII�FXQL�F]

KWWS���NWLPO�PII�FXQL�F]�aEDUWDN

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

&R E\OR PLQXOH&R E\OR PLQXOH

5HJXOiUQt MD]\N MDNR VORXþHQLQD

± HOHPHQWiUQt MD]\N\ �SUi]GQê� MHGQRStVPHQQê�
� RSHUDFH VMHGQRFHQt� ]�HW�]HQt� LWHUDFH

± .OHHQHRYD Y�WD

± SRSLV MD]\N$ SRPRFt UHJXOiUQtFK YêUD]$

± S�HYRG UHJXOiUQtKR YêUD]X QD DXWRPDW

'YRXVP�UQp �GYRXFHVWQp� DXWRPDW\

± DXWRPDWHP �t]HQê SRK\E KODY\

± QD SiVNX QLF QHStãHPH�

± GYD ]S$VRE\ S�HYRGX QD NRQHþQê DXWRPDW

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

$XWRPDW\ V YêVWXSHP �PRWLYDFH�$XWRPDW\ V YêVWXSHP �PRWLYDFH�

« DQHE MDN ]D]QDPHQDW YêSRþHW DXWRPDWX"

'RVXG MHGLQi ]SUiYD ] DXWRPDWX � MVPH Y S�LMtPDMtFtP VWDYX�

0$åHPH ] NRQHþQpKR DXWRPDWX ]tVNDW YtFH LQIRUPDFt"

0$åHPH ]D]QDPHQDW WUDVX YêSRþWX"

�� LQGLNDFH VWDY$ �YãHFK� QHMHQ NRQFRYêFK�
Y NDåGp FKYtOL YtPH� NGH VH DXWRPDW QDFKi]t

3�tNODG� U$]Qp �UHJXOiUQt� þtWDþH

�� LQGLNDFH S�HFKRG$

SR S�HþWHQt NDåGpKR V\PEROX YtPH� FR DXWRPDW XG�ODO

3�tNODG� �UHJXOiUQt� S�HNODG VORY

$XWRPDW Då QHQt WDN GRFHOD þHUQi VN�t�ND�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

0RRUH$Y0RRUH$Y VWURMVWURM

0RRUHRYêP �VHNYHQþQtP� VWURMHP QD]êYiPH ãHVWLFL
$  �4�;�<�δ�µ�T�� UHVS� S�WLFL $  �4�;�<�δ�µ�� NGH�

4 � NRQHþQi QHSUi]GQi PQRåLQD VWDY$ �VWDYRYê SURVWRU�

; � NRQHþQi QHSUi]GQi PQRåLQD V\PERO$ �YVWXSQt DEHFHGD�

< � NRQHþQi QHSUi]GQi PQRåLQD V\PERO$ �YêVWXSQt DEHFHGD�

δ � ]REUD]HQt 4 × ; → 4 �S�HFKRGRYi IXQNFH�

µ � ]REUD]HQt 4 → < �]QDþNRYDFt IXQNFH�

T
�
∈4 �SRþiWHþQt VWDY�

3R]QiPN\�

± Q�NG\ QiV QH]DMtPi SRþiWHþQt VWDY� DOH MHQ SUiFH DXWRPDWX

± ]QDþNRYDFt IXQNFH XPRå�XMH VXSORYDW UROL NRQFRYêFK VWDY$

)⊆4 QDKUDGtPH ]QDþNRYDFt IXQNFt µ � 4 → ^���` WDNWR�
µ�T�  �� SRNXG T∉)

 �� SRNXG T∈)

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tNODG3�tNODG 0RRUHRYD0RRUHRYD VWURMHVWURMH

1DYUKQ�WH DXWRPDW SRþtWDMtFt WHQLVRYp VNyUH�
9VWXSQt DEHFHGD� ,' KUiþH� NWHUê XKUiO ERG

9êVWXSQt DEHFHGD�VWDY\� VNyUH �WM� 4 < D µ�T� T�

6WDY�YêVWXS $ %
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6WDY�YêVWXS $ %
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$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

0HDO\KR0HDO\KR VWURMVWURM

0HDO\KR �VHNYHQþQtP� VWURMHP QD]êYiPH ãHVWLFL
$  �4�;�<�δ�λ�T�� UHVS� S�WLFL $  �4�;�<�δ �λ�� NGH�

4 � NRQHþQi QHSUi]GQi PQRåLQD VWDY$ �VWDYRYê SURVWRU�

; � NRQHþQi QHSUi]GQi PQRåLQD V\PERO$ �YVWXSQt DEHFHGD�

< � NRQHþQi QHSUi]GQi PQRåLQD V\PERO$ �YêVWXSQt DEHFHGD�

δ � ]REUD]HQt 4 × ; → 4 �S�HFKRGRYi IXQNFH�

λ � ]REUD]HQt 4 × ; → < �YêVWXSQt IXQNFH�

T
�
∈4 �SRþiWHþQt VWDY�

3R]QiPND�

YêVWXS MH XUþHQ VWDYHP D YVWXSQtP V\PEROHP

WM� 0HDO\KR VWURM MH REHFQ�MãtP SURVW�HGNHP QHå VWURM 0RRUH$Y

]QDþNRYDFt IXQNFL µ � 4 → < O]H QDKUDGLW YêVWXSQt IXQNFt λ� 4 × ; → <

QDS�tNODG WDNWR�

∀[∈; λ �T�[�  µ�T�



�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tNODG3�tNODG 0HDO\KR0HDO\KR VWURMHVWURMH

1DYUKQ�WH DXWRPDW� NWHUê G�Ot YVWXSQt VORYR
Y ELQiUQtP WYDUX þtVOHP � �FHORþtVHOQ���

5HDOL]DFH�

± SRVXQ R W�L ELW\ GRSUDYD �������� → ��������

± SRW�HEXMHPH VL SDPDWRYDW SRVOHGQt WURMLFL ELW$

�YODVWQ� G\QDPLFNi W�tELWRYi SDP�"�EXIIHU�

6WDY?V\PERO � �
��� ����� �����
��� ����� �����
��� ����� �����
��� ����� �����
��� ����� �����
��� ����� �����
��� ����� �����
��� ����� �����

9DGt QiP� NG\å QHYtPH� NGH DXWRPDW

VWDUWXMH"

1( � SR W�HFK V\PEROHFK ]DþQH

SRþtWDW VSUiYQ�
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$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

9êVWXS VHNYHQþQtFK VWURM$9êVWXS VHNYHQþQtFK VWURM$

VORYR YH YVWXSQt DEHFHG� → VORYR YH YêVWXSQt DEHFHG�
0RRUH$Y VWURM

]QDþNRYDFt IXQNFH µ� 4 → <

µ � 4×;→ <

µ�T�λ�  λ �Q�NG\ µ�T�λ�  µ�T� �
µ�T�Z[�  µ�T�Z� � µ�δ�T�Z[��
3�tNODG� µ�������$$%$�  ������ �� ����� � ����� � ����� � �����

D E F G

[ \ X Y

D E F G

[ \ X Y�]�

0HDO\KR VWURM

YêVWXSQt IXQNFH λ� 4 × ; → <

λ � 4×;→ <

λ�T�λ�  λ
λ�T�Z[�  λ�T�Z� � λ�δ�T�Z��[�
3�tNODG� µ�Ã���µ���������  �������

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�HYRG3�HYRG 0RRUHRYD0RRUHRYD VWURMH QDVWURMH QD 0HDO\KR0HDO\KR

1HFK" $  �4�;�<�δ�µ�T�� MH 0RRUH$Y VWURM�

8PtPH QDMtW 0HDO\KR VWURM % WDN� åH ∀T�Z µ�T�Z�  λ�T�Z� "

$12�

SRORåPH %  �4�;�<�δ�λ�T��� NGH λ�T�[�  µ�δ�T�[��
WM� λ YUDFt ]QDþNX VWDYX� GR NWHUpKR S�HMGHPH

D E

[

D�[ E�[

VWDY � � YêVWXS
D D E �
E E F �
F F D �

VWDY � �
D D�� E��
E E�� F��
F F�� D��

3�tNODG�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�HYRG3�HYRG 0HDO\KR0HDO\KR VWURMH QDVWURMH QD 0RRUH$Y0RRUH$Y

1HFK" $  �4�;�<�δ�λ�T��� MH 0HDO\KR VWURM�

6HVWURMPH 0RRUH$Y VWURM % WDN� åH ∀T�Z λ�T�Z�  µ�T�Z��

3UREOpP� GR MHGQRKR VWDYX PRKRX
YpVW S�HFKRG\ V U$]QêP YêVWXSHP�

D�[ E�\
T

D ET�[ T�\

�HãHQt� VWDY UR]G�OtPH QD YtFH

VWDY$ �SRGOH SRþWX YêVWXSQtFK
V\PERO$��

7H� Xå MH WR MHGQRGXFKp� %  �4×<�;�<�δµ�µ��T��B��� NGH
δµ��T�\��[�  �δ�T�[�� λ�T�[�� D µ��T�\��  \

3�tNODG�

VWDY � �

D D�� E��
E D�� E��

VWDY � � YêVWXS

�D��� �D��� �E��� �
�D��� �D��� �E��� �

�E��� �D��� �E��� �
�E��� �D��� �E��� �

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

Ä3UDYLGHOQRVW³ UHJXOiUQtFK MD]\N$Ä3UDYLGHOQRVW³ UHJXOiUQtFK MD]\N$

.RQHþQê DXWRPDW NyGXMH SRX]H NRQHþQRX LQIRUPDFL�

3�HVWR P$åHPH UR]SR]QiYDW QHNRQHþQp MD]\N\�

0$åHPH S�LMtPDW OLERYROQ� �DOH NRQHþQ�� GORXKi VORYD�

3R]RURYiQt�

/  ^Z _ Z∈^���` 	 _Z_� �N��`
���������∈/ SRWRP WDNp�

�������������� ∈ / �HW�]HF ����� MVPH ]GYRMLOL

������������������� ∈ / �HW�]HF ����� MVPH ]WURMLOL

���� ∈ / �HW�]HF ����� MVPH Y\SXVWLOL

/]H WDNRYRXWR RSHUDFL SURYpVW V NDåGêP VORYHP
OLERYROQpKR UHJXOiUQtKR MD]\ND"

$12 �SRNXG MH VORYR GRVWDWHþQ� GORXKp�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

,WHUDþQt �,WHUDþQt �SXPSLQJSXPSLQJ� OHPPD� OHPPD

1HFK" / MH UHJXOiUQt MD]\N� 3RWRP H[LVWXMH S�LUR]HQp þtVOR Q WDNRYp� åH

OLERYROQp VORYR ]∈/� _]_≥Q O]H SViW YH WYDUX XYZ� NGH�

_XY_≤ Q� �≤_Y_ D SUR YãHFKQD L≥� XYLZ ∈/�

'$ND]�

]D Q YH]P�PH SRþHW VWDY$ S�tVOXãQpKR DXWRPDWX

S�L ]SUDFRYiQt VORYD GpON\ ≥Q VH DXWRPDW QXWQ� PXVt GRVWDW GR
MHGQRKR VWDYX GYDNUiW �NUDELþNRYê SULQFLS�

YH]P�PH WDNRYê VWDY S� NWHUê VH RSDNXMH MDNR SUYQt

SRWRP δ�T
�
�X� S SRSUYp MVPH VH GRVWDOL GR S

δ�T
�
�XY� S SRGUXKp MVPH VH GRVWDOL GR S

]�HMP� _XY_≤Q �SRX]H S VH RSDNXMH WM� PD[LPiOQ� Q�� VWDY$�

_Y_≥� �VP\þND REVDKXMH DOHVSR� MHGQR StVPHQR�

VP\þNX PH]L SUYQtP D GUXKêP SU$FKRGHP S �RGSRYtGi Mt VORYR Y�
Q\Qt P$åHPH Y\SXVWLW QHER SURMtW YtFHNUiW

WM� ∀L≥� XYLZ ∈/
X Z

Y

S T∈)T�
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$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

,WHUDþQt OHPPD D QHNRQHþQRVW MD]\N$,WHUDþQt OHPPD D QHNRQHþQRVW MD]\N$
8PtPH DOJRULWPLFN\ UR]KRGQRXW� ]GD MH UHJXOiUQt MD]\N /
QHNRQHþQê"

$12�

MD]\N / MH QHNRQHþQê ⇔ ∃X∈/ Wå� Q ≤ _X_ � �Q
Q MH þtVOR ] LWHUDþQtKR OHPPDWX

VWDþt SUR]NRXPDW YãHFKQD VORYD X WDNRYi� åH
Q ≤ _X_ � �Q �WR MH NRQHþQ� PQRKR VORY�

352ý"
� 3RNXG ∃X∈/ Wå� Q ≤ _X_ � �Q� SRWRP O]H VORYR X SXPSRYDW� þtPå
GRVWDQHPH QHNRQHþQ� PQRKR VORY ] MD]\ND /�

� -H�OL MD]\N / QHNRQHþQê� REVDKXMH VORYR ] WDNRYp� åH Q ≤ _]_�

± 3RNXG _]_ � �Q PiPH KOHGDQp VORYR�

± -LQDN� SRGOH LWHUDþQtKR OHPPDWX ]  XYZ D XZ∈/� WM� ]NUiFHQt
± 3ODWt�OL VWiOH �Q ≤ _XZ_� RSDNXM ]NUDFRYiQt VH VORYHP XZ�

3R]QiPND� ]NUDFXMHPH PD[LPiOQ� R Q StVPHQ� WHG\ LQWHUYDO
>Q��Q� QHO]H S�HVNRþLW�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3RXåLWt LWHUDþQtKR OHPPDWX3RXåLWt LWHUDþQtKR OHPPDWX

�� '$ND] QHUHJXOiUQRVWL MD]\ND

/ ^�L�L _ L≥�` QHQt UHJXOiUQt MD]\N

VSRUHP�
QHFK" / MH UHJXOiUQt� SRWRP O]H SXPSRYDW �∃Q Wå� «�

YH]P�PH VORYR �Q�Q �WR MH XUþLW� GHOãt QHå Q�

SXPSRYDW P$åHPH SRX]H Y þiVWL �Q

SRWRP� DOH �Q�L�Q∉/ �L!� MH GpOND SXPSRYDQp þiVWL�� FRå MH VSRU

�� 32=25� ,WHUDþQt OHPPD S�HGVWDYXMH QXWQRX SRGPtQNX
UHJXOiUQRVWL MD]\ND� QHGiYi SRGPtQNX SRVWDþXMtFt�

([LVWXMH MD]\N� NWHUê QHQt UHJXOiUQt D O]H SXPSRYDW�

/ ^X _ X D�ELFL ∨ X ELFM`
/ QHQt UHJXOiUQt �1HURGRYD Y�WD�

YåG\ O]H SXPSRYDW SUYQt StVPHQR

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

.RQHþQp DXWRPDW\ � VKUQXWt.RQHþQp DXWRPDW\ � VKUQXWt

.RQHþQê DXWRPDW

± MHGQR]QDþQê UHGXNRYDQê DXWRPDW

± QHGHWHUPLQLVPXV ��Q�� GYRXVP�UQê .$ �QQ�

± 0HDO\KR D 0RRUH$Y VWURM
$XWRPDW\ D MD]\N\

± UHJXOiUQt MD]\N\

± X]DY�HQRVW QD PQRåLQRYp RSHUDFH

± X]DY�HQRVW QD �HW�]FRYp RSHUDFH

± X]DY�HQRVW VXEVWLWXFH

&KDUDNWHULVWLND UHJXOiUQtFK MD]\N$

± 1HURGRYD Y�WD �NRQJUXHQFH�

± .OHHQHRYD Y�WD �HOHPHQWiUQt MD]\N\ D RSHUDFH�

± ,WHUDþQt OHPPD �LWHUDFH SRGVORY� MHQ QXWQi SRGPtQND�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

ÒYRG GR IRUPiOQtFK JUDPDWLNÒYRG GR IRUPiOQtFK JUDPDWLN

*UDPDWLN\� YãLFKQL MH ]QiPH� DOH FR WR MH"

3RSLV MD]\ND SRPRFt SUDYLGHO� SRGOH NWHUêFK VH Y\WYi�HMt
YãHFKQ\ �HW�]FH GDQpKR MD]\ND�

3$YRGQ� SUR SRSLV S�LUR]HQêFK MD]\N$

�Y�WD! → �SRGP�WQi þiVW! �S�tVXGNRYi þiVW!

=DGiQt V\QWD[H Y\ããtFK SURJUDPRYDFtFK MD]\N$

RG GRE $OJROX ��

%DFNXV�1DXURYD QRUPiOQt IRUPD �%1)�
�þtVOR! �  �þtVOR EH] ]Q�! _ ��þtVOR EH] ]Q�! _��þtVOR EH] ]Q�!

�þtVOR EH] ]Q�! �  �þtVOLFH! _ �þtVOLFH!�þtVOR EH] ]QDP!�

�þtVOLFH! �  � _ � _ � _ � _ � _ � _ � _ � _ � _ �

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tNODG\ JUDPDWLN3�tNODG\ JUDPDWLN

�� *UDPDWLND VSUiYQêFK X]iYRUNRYiQt

9 → 99 _ �9� _ ��

9êUD] ���������� MH JHQHURYiQ SRVORXSQRVWt S�HSLV$�
9 → 99 → �9�9 → �99�9 → ���9�9 → ������9 → �������9� → ����������

�� *UDPDWLND JHQHUXMtFt YãHFKQ\ YêUD]\ V RSHUDFHPL � D �
]iYRUNDPL D MHGLQRX NRQVWDQWRX F�

9 → 7�9 _ 7

7 → )7 _ )
) → �9� _ F

9êUD] F�FF�F MH JHQHURYiQ SRVORXSQRVWt S�HSLV$�
9 → 7�9 → )�9 → F�9 → F�7�9 → F�)7�9 → F�F7�9 →
F�F)�9 → F�FF�9 → F�FF�7 → F�FF�) → F�FF�F

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�HSLVRYDFt V\VWpP\ � ]iNODGQt SRMP\3�HSLVRYDFt V\VWpP\ � ]iNODGQt SRMP\

3�HSLVRYDFtP �SURGXNþQtP� V\VWpPHP QD]êYiPH GYRMLFL
5 �9�3��

NGH

9 � NRQHþQi DEHFHGD
3 � NRQHþQi PQRåLQD S�HSLVRYDFtFK SUDYLGHO

S�HSLVRYDFt SUDYLGOR �SURGXNFH� MH XVSR�iGDQi GYRMLFH �X�Y��

NGH X�Y∈9 �]SUDYLGOD StãHPH X → Y�

�tNiPH� åH Z VH S�tPR S�HStãH QD ] �StãHPH Z⇒]�� MHVWOLåH�
∃X�Y�[�\∈9 Wå� Z [X\� ] [Y\ D �X→Y�∈3�

�tNiPH� åH Z VH S�HStãH QD ] �StãHPH Z⇒]�� MHVWOLåH�
∃X��«�XQ∈9 Z X� ⇒ X� ⇒��� ⇒ XQ ]�

3RVORXSQRVW X��«�XQ QD]êYiPH RGYR]HQtP �GHULYDFt��

3RNXG ∀L≠M XL≠XM� SRWRP KRYR�tPH R PLQLPiOQtP RGYR]HQt�



�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�HSLVRYDFt V\VWpP\3�HSLVRYDFt V\VWpP\

3�tNODG�

9  ^���`

3  ^��→��� ��→��`
����� ⇒ ����� GRVWDQHPH ] ����� ⇒ ����� ⇒ �����

����� ⇒ ����� GRVWDQHPH ] ����� ⇒ ����� ⇒ �����
OLERYROQp VORYR S�HStãH QD OLERYROQp MLQp VORYR
�VH VWHMQêP SRþWHP YêVN\W$ � D ��

3URGXNþQt V\VWpP\ VORXåt MDNR SURJUDPRYDFt QiVWURM Y 8,

SURJUDP  V\VWpP SURGXNFt

GDWD  VORYD Y DEHFHG�

± 236�� 7236

± &RQVWUDLQW +DQGOLQJ 5XOHV �&+5�
± 'HILQLWH &ODXVH *UDPPDUV �'&*�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

)RUPiOQt �JHQHUDWLYQt� JUDPDWLN\)RUPiOQt �JHQHUDWLYQt� JUDPDWLN\

*HQHUDWLYQt JUDPDWLNRX QD]êYiPH þWYH�LFL * �91�97�6�3��

91 � NRQHþQi PQRåLQD QHWHUPLQiOQtFK V\PERO$

97 � NRQHþQi PQRåLQD WHUPLQiOQtFK V\PERO$

RE� DEHFHG\ MVRX QHSUi]GQp D GLVMXQNWQt�

6∈91 � SRþiWHþQt QHWHUPLQiOQt V\PERO

3 � V\VWpP SURGXNFt X→Y� NGH X�Y∈�91 ∪ 97�
D X REVDKXMH DOHVSR� MHGHQ QHWHUPLQiOQt V\PERO�

-D]\N /�*� JHQHURYDQê JUDPDWLNRX * GHILQXMHPH WDNWR�
/�*�  ^Z _ Z∈97 	 6⇒Z`�

*UDPDWLN\ *� D *� MVRX HNYLYDOHQWQt� MHVWOLåH /�*�� /�*���

3�tNODG�

*  �^6`�^���`�6�^6→�6��6 → ��`�� /�*�  ^�L�L _ L≥�`

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN
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JUDPDWLN\ W\SX � �UHNXU]LYQ� VSRþHWQp MD]\N\�

JUDPDWLN\ Y REHFQp IRUP� �åiGQi RPH]HQt SUDYLGHO�

JUDPDWLN\ W\SX � �NRQWH[WRYp MD]\N\�

SRX]H SUDYLGOD YH WYDUX α;β → αγβ�
;∈91� α�β∈�91 ∪ 97�� γ∈�91 ∪ 97��

MHGLQRX YêMLPNRX MH SUDYLGOR 6 → λ� SRWRP VH DOH 6
QHY\VN\WXMH QD SUDYp VWUDQ� åiGQpKR SUDYLGOD

JUDPDWLN\ W\SX � �EH]NRQWH[WRYp MD]\N\�

SRX]H SUDYLGOD YH WYDUX ;→Z� ;∈91� Z∈�91 ∪ 97�

JUDPDWLN\ W\SX � �UHJXOiUQt�SUDYp OLQHiUQt MD]\N\�

SRX]H SUDYLGOD YH WYDUX ;→Z<� ;→Z� ;�<∈91� Z∈97


