
�

�
$XWRPDW\�D�JUDPDWLN\$XWRPDW\�D�JUDPDWLN\

5RPDQ %DUWiN� .7,0/

EDUWDN#NWLPO�PII�FXQL�F]

KWWS���NWLPO�PII�FXQL�F]�aEDUWDN

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

&R E\OR PLQXOH&R E\OR PLQXOH

&KRPVNpKR KLHUDUFKLH D MHMt XVSR�iGiQt

² //� ⊇ //� ⊇ //� ⊇ //�

± QHY\SRXãW�MtFt EH]NRQWH[WRYp JUDPDWLN\

*UDPDWLN\ W\SX � D UHJXOiUQt MD]\N\

± DXWRPDW ↔ JUDPDWLND �VWDQGDUGQt WYDU�

± OLQHiUQt JUDPDWLN\ �]OHYD� ]SUDYD�

%H]NRQWH[WRYp JUDPDWLN\

± UHGXNFH EH]NRQWH[WRYp JUDPDWLN\

� JHQHURYiQt WHUPLQiOQtKR VORYD

� GRVDåLWHOQRVW

± QHQt MHGQR]QDþQRVW

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

%H]NRQWH[WRYp JUDPDWLN\ D GHULYDFH%H]NRQWH[WRYp JUDPDWLN\ D GHULYDFH

SRX]H SUDYLGOD YH WYDUX ;→Z� ;∈91� Z∈�91 ∪ 97�

ÒPOXYD

QHWHUPLQiO\  YHONi StVPHQD

WHUPLQiO\  PDOi StVPHQD

SUDYLGOD  ;→ X _ Y _ Z _ « �SUR VWHMQRX OHYRX VWUDQX�

'HULYDFH

Z⇒]� MHVWOLåH� ∃[�\�Y∈�91 ∪ 97� Wå� Z [$\� ] [Y\ D �$→Y�∈3

*� 6 → D6; _λ� ; → ;E6E _ F

6 ⇒ D6; ⇒ D6;E6E ⇒ D6;EE ⇒ D;EE ⇒ DFEE

6 ⇒ D6; ⇒ D; ⇒ D;E6E ⇒ DFE6E ⇒ DFEE

6 ⇒ D6; ⇒ D6;E6E ⇒ D6;EE ⇒ D6FEE ⇒ DFEE

3R]RURYiQt

± VWHMQi GpOND GHULYDFt �SRþHW SUDYLGHO� � SRXåLWD VWHMQi SUDYLGOD

± OLãt VH SR�DGtP DSOLNDFH SUDYLGHO

± S�HSLV QHWHUPLQiOX QHRYOLY�XMH GHULYDFL YH ]E\WNX VORYD
$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

.DQRQLFNp GHULYDFH.DQRQLFNp GHULYDFH

=Gi VH ]E\WHþQp ]DEêYDW VH GHULYDFHPL V U$]QêP SR�DGtP SUDYLGHO�

'HILQLFH�

/HYp S�HSViQt Z⇒]� MHVWOLåH VH S�HSLVXMH QHMOHY�Mãt QHWHUPLQiO�
∃Y�\∈�91 ∪ 97� ∃[∈97 ∃$∈91 Wå� Z [$\� ] [Y\ D �$→Y�∈3

/HYi GHULYDFH Y]QLNi SRXåLWtP SRX]H OHYêFK S�HSViQt�

3UDYp S�HSViQt D SUDYi GHULYDFH VH GHILQXMH REGREQ� �YåG\ VH
S�HSLVXMH QHMSUDY�Mãt QHWHUPLQiO�

/HPPD� 3UR EH]NRQWH[WRYp JUDPDWLN\ SODWt�

; ⇒ Z SUiY� WHKG\� NG\å H[LVWXMH OHYi �SUDYi� GHULYDFH Z ] ;

'$ND]�

VWDþt XNi]DW� åH H[LVWHQFH GHULYDFH LPSOLNXMH H[LVWHQFL OHYp GHULYDFH

[$\ ⇒ [Z\� SRXåLWtP $→Z

S�HSViQt $→Z QHRYOLYQt �HW�]FH [ D \ DQL MHMLFK GDOãt S�HSLVRYiQt

þiVWL [� $� \ VH S�HSLVXMt QH]iYLVOH QD VRE�

P$åHPH SUHIHURYDW DSOLNDFL Q�NWHUêFK SUDYLGHO

IRUPiOQt G$ND] �LQGXNFt GOH GpON\ GHULYDFH�

[ $ \

[ Z \

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

'HULYDþQt VWURP'HULYDþQt VWURP

0$åHPH ÄYêSRþHW³ ]DFK\WLW MLQDN QHå VHNYHQFt SUDYLGHO"

3�tNODG�

*� 6 → D6; _λ� ; → ;E6E _ F
6

6D ;

λ ; E 6 E

F λ
'HILQLFH�

'HULYDþQt VWURP MH WDNRYê VWURP� åH�

� NDåGê YUFKRO MH RKRGQRFHQ SUYNHP ] 91∪97∪^λ`
� NR�HQ MH RKRGQRFHQ 6 �SRþiWHþQt QHWHUPLQiO�

� YQLW�Qt YUFKRO\ MVRX RKRGQRFHQ\ SUYNHP ] 91

� MH�OL $ RKRGQRFHQt YUFKROX D X��«�XQ MVRX RKRGQRFHQt MHKR

SRWRPN$ �EUiQR ]OHYD GRSUDYD�� SRWRP �$→ X��«�XQ�∈3
� MH�OL YUFKRO RKRGQRFHQ λ � SRWRP MH WR OLVW� NWHUê MH MHGLQêP
SRWRPNHP VYpKR URGLþH�

9 GHULYDþQtP VWURPX KUDMH UROL MDN VWURPRYp XVSR�iGiQt GDQp KUDQDPL�
WDN XVSR�iGiQt ]OHYD GRSUDYD�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

'HULYDFH D GHULYDþQt VWURP\'HULYDFH D GHULYDþQt VWURP\

�tNiPH� åH GHULYDþQt VWURP GiYi VORYR Z� MHVWOLåH Z MH VORYR

VORåHQp ] RKRGQRFHQt OLVW$ �EUiQR ]OHYD GRSUDYD��

1�NROLN ]�HMPêFK WYU]HQt�

± 6 ⇒ Z SRWRP H[LVWXMH GHULYDþQt VWURP� NWHUê GiYi Z

�MHGQR]QDþQ� GDQê GHULYDFt�

± PiPH�OL GHULYDþQt VWURP� NWHUê GiYi Z� SRWRP 6 ⇒ Z

�GHULYDFH DOH QHQt XUþHQD MHGQR]QDþQ��

± NDåGê GHULYDþQt VWURP MHGQR]QDþQ� XUþXMH OHYRX

�D SUDYRX� GHULYDFL

'HULYDþQt VWURP ]DVWXSXMH GHULYDFH VORYD ]tVNDQp ÄVWHMQêP

]S$VREHP³ �Yê]QDP VORYD��

-H PRåQp PtW U$]Qp GHULYDþQt VWURP\ GiYDMtFt VWHMQp VORYR

�SUR VWHMQRX JUDPDWLNX�"
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$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

-HGQR]QDþQRVW D YtFH]QDþQRVW %.*-HGQR]QDþQRVW D YtFH]QDþQRVW %.*

3�tNODG�

6 → 6�6 _ D

VORYR D�D�D

6

6 6�

6 6�D

D D

6

6 6�

6 6� D

D D

'HILQLFH�

%H]NRQWH[WRYi JUDPDWLND * MH YtFH]QDþQi �QHMHGQR]QDþQi�� MHVWOLåH
∃Z∈/�*�� NWHUp Pi GY� U$]Qp OHYp GHULYDFH�

9 RVWDWQtFK S�tSDGHFK EH]NRQWH[WRYi JUDPDWLND MH MHGQR]QDþQi�

%H]NRQWH[WRYê MD]\N / MH MHGQR]QDþQê� MHVWOLåH H[LVWXMH MHGQR]QDþQi
EH]NRQWH[WRYi JUDPDWLND * WDN� åH / /�*��

%H]NRQWH[WRYê MD]\N / MH �SRGVWDWQ�� QHMHGQR]QDþQê� MHVWOLåH NDåGi
%.* *� WDNRYi åH / /�*� MH QHMHGQR]QDþQi�

3�tNODG�

MD]\N ^DLEMFN _ L M ∨ M N` MH SRGVWDWQ� QHMHGQR]QDþQê

SUR VORYR DLELFL H[LVWXMt ] SULQFLSLHOQtFK G$YRG$ GYD ]S$VRE\
RGYR]HQt
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2G YtFH]QDþQRVWL N MHGQR]QDþQRVWL2G YtFH]QDþQRVWL N MHGQR]QDþQRVWL

9tFH]QDþQRVW MH SRWHQFLiOQtP ]GURMHP SRWtåt�

MHGQR VORYR  YtFH Yê]QDP$

8 SURJUDPRYDFtFK MD]\N$ MH YtFH]QDþQRVW QHS�tSXVWQi�

3�tNODG�

6 → 6�6 _ D «YtFH]QDþQi JUDPDWLND

6 → D�6 _ D «HNYLYDOHQWQt MHGQR]QDþQi JUDPDWLND

3�tNODG ��

6 → LI WKHQ 6 HOVH 6 _ LI WKHQ 6 _ λ
VORYR ÄLI WKHQ LI WKHQ HOVH³ Pi GYD Yê]QDP\
ÄLI WKHQ �LI WKHQ HOVH�³ QHER ÄLI WKHQ �LI WKHQ� HOVH³

�HãHQt�

� V\QWDNWLFNi FK\ED �$OJRO ���

� HOVH SDW�t N EOLåãtPX LI �SUHIHUHQFH SR�DGt SUDYLGHO�

� ]iYRUN\ EHJLQ�HQG �DVL QHMþLVWãt �HãHQt�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

-HGQR]QDþQRVW D NRPSLOiWRU\-HGQR]QDþQRVW D NRPSLOiWRU\

( → (�( _ (( _ �(� _ D « QHMHGQR]QDþQp

( → (�( _7� 7 → 77 _ )� ) → �(� _ D « �Hãt SULRULWX RSHUDFt

.RPSLODFH YêUD]X �]iVREQtN QD PH]LYêVOHGN\�GYD UHJLVWU\��

��� ( → (�7 « SRS U�� SRS U�� DGG U��U�� SXVK U�

��� ( → 7

��� 7 → 7) « SRS U�� SRS U�� PXO U��U�� SXVK U�

��� 7 → )

��� ) → �(�

��� ) → D « SXVK D

D�DD� ]tVNiPH SRVWXSQRX DSOLNDFt SUDYLGHO ���������������

( ⇒⇒ (�7 ⇒⇒ 7�7 ⇒⇒ )�7 ⇒⇒ D�7 ⇒⇒ D�7) ⇒⇒ D�)) ⇒⇒ D�D) ⇒⇒ D�DD

SRVORXSQRVW REUiWtPH D Y\EHUH SRX]H SUDYLGOD JHQHUXMtFt NyG

���������

Q\Qt SUDYLGOD QDKUDGtPH S�tVOXãQêP NyGHP

SXVK D� SXVK D� SRS U�� SRS U�� PXO U��U�� SXVK U�� SXVK D�
SRS U�� SRS U�� DGG U��U�� SXVK U�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

$QDOê]D VKRUD EH]NRQWH[WRYêFK MD]\N$$QDOê]D VKRUD EH]NRQWH[WRYêFK MD]\N$

-DN N GDQpPX VORYX D ]YROHQp EH]NRQWH[WRYp JUDPDWLFH QDMGHPH

RGSRYtGDMtFt GHULYDþQt VWURP"

$QDOê]D VKRUD

± NRQVWUXXMHPH OHYRX GHULYDFL

± GRVXG Y\JHQHURYDQp VORYR NRQWUROXMHPH VH YVWXSHP

9 NDåGpP NURNX GHULYDFH P$åHPH VORYR SViW YH WYDUX XY� NGH
� X REVDKXMH SRX]H WHUPLQiO\ �MLå S�HþWHQi þiVW VORYD�

� Y ]DþtQi QHWHUPLQiOHP �]DWtP QHKRWRYi þiVW�

3RVWXS KOHGiQt GHULYDFH�

�� YH]PL SUYQt QHWHUPLQiO $ ] Y D QDKUD� KR Z� GOH SUDYLGOD $→Z
�� Y]QLNOp VORYR Y UR]ORå QD [\� NGH [ REVDKXMH SRX]H WHUPLQiO\

D \ ]DþtQi QHWHUPLQiOHP
�� ]NRQWUROXM [ RSURWL YVWXSX D SRNXG MH Y SR�iGNX� S�LGHM [ ]D X�
SRORå Y URYQR \ D RSDNXM RG � GRNXG Y≠λ

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

5HDOL]DFH DQDO\]iWRUX5HDOL]DFH DQDO\]iWRUX

VORYR JHQHUXMHPH QD ]iVREQtN �/,)2 IURQWD�

MH�OL YUFKRO ]iVREQtNX WHUPLQiO� VURYQiPH KR VH YVWXSHP �þWHPH ]QDN�

MH�OL YUFKRO ]iVREQtNX QHWHUPLQiO� QDKUDGtPH KR VORYHP GOH SUDYLGOD

NRQþtPH� NG\å MH ]iVREQtN SUi]GQê �PXVt EêW S�HþWHQR FHOp VORYR�

3�tNODG�

��� ( → (�7

��� ( → 7

��� 7 → 7)

��� 7 → )

��� ) → �(�

��� ) → D

]iVREQtN ]E\WHN YVWXSX SUDYLGOR

( D�DD

(�7 D�DD ���

7�7 D�DD ���

)�7 D�DD ���

D�7 D�DD ���

�7 �DD NUiFHQt

�D D  D

7 DD NUiFHQt

7) DD ���

)) DD ���

D) DD ���

) D NUiFHQt

) D NUiFHQt

D D ���

λ λ NUiFHQt

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

=iVREQtNRYê DXWRPDW=iVREQtNRYê DXWRPDW

=iVREQtNRYêP DXWRPDWHP QD]êYiPH VHGPLFL

0  �4�;�<�δ�T��=��)��
NGH

4 � QHSUi]GQi NRQHþQi PQRåLQD VWDY$

; � QHSUi]GQi NRQHþQi YVWXSQt DEHFHGD

< � QHSUi]GQi NRQHþQi ]iVREQtNRYi DEHFHGD

δ � S�HFKRGRYi IXQNFH 4×�;∪^λ`�×< → 3),1�4×<�
T�∈4 � SRþiWHþQt VWDY

=� ∈< � SRþiWHþQt ]iVREQtNRYê V\PERO

) � PQRåLQD NRQFRYêFK VWDY$ þWHQp VORYR

]
i
V
R
E
Q
tN

�tGtFt
MHGQRWND

3R]QiPN\�

� =$ MH ] SULQFLSX QHGHWHUPLQLVWLFNê

� YåG\ QDKUD]XMHPH YUFKRO ]iVREQtNX

� QHPXVtPH þtVW YVWXSQt V\PERO



�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

9êSRþHW ]iVREQtNRYpKR DXWRPDWX9êSRþHW ]iVREQtNRYpKR DXWRPDWX

,QVWUXNFL �S�D�=� → �T�Z� � �T�Z�∈δ�S�D�=� � O]H Y\NRQDW� SRNXG�
± VWDY DXWRPDWX MH S

± QD YVWXSX MH V\PERO D �SRX]H SRNXG D≠λ�
± QD YUFKROX ]iVREQtNX MH V\PERO =

9\NRQiQt LQVWUXNFH �S�D�=� → �T�Z� ]QDPHQi�

± ]P�QX VWDYX DXWRPDWX ] S QD T

± MH�OL D≠λ� SRVXQ þWHFt KODY\ �S�HþWHQt StVPHQH D�

± VPD]iQt YUFKQtKR V\PEROX ]iVREQtNX �V\PEROX =�

± S�LGiQt VORYD Z QD ]iVREQtN �QHMYêãH EXGH SUYQt StVPHQR ] Z�

)RUPDOL]DFH NURNX ]iVREQtNRYpKR DXWRPDWX�

6LWXDFH ]iVREQtNRYpKR DXWRPDWX MH WURMLFH �S�X�Y�� NGH�

S∈4 � X∈; �]E\WHN þWHQpKR VORYD�� Y∈< �REVDK ]iVREQtNX��

X

Y

S

6LWXDFH (� �S�DX�=Y� YHGH EH]SURVW�HGQ� QD VLWXDFL

(� �T�X�ZY�� NG\å S�T∈4 � X∈;� Y�Z∈<� D∈;∪^λ`� =∈<� �T�Z�∈δ�S�D�=��
3tãHPH (� |² (��

6LWXDFH ( YHGH QD VLWXDFL (µ �( |² (µ�� SUiY� NG\å (|²(�� (�|²(�« (Q|²(µ
$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

=iVREQtNRYp DXWRPDW\ D MD]\N\=iVREQtNRYp DXWRPDW\ D MD]\N\

.G\ NRQþt YêSRþHW ]iVREQtNRYpKR DXWRPDWX�

± ]iVREQtN MH SUi]GQê

± QHQt GHILQRYiQD åiGQi LQVWUXNFH

3�LMtPiQt NRQFRYêP VWDYHP

VORYR MH FHOp S�HþWHQR D MVPH Y NRQFRYpP VWDYX

3�LMtPiQt SUi]GQêP ]iVREQtNHP

VORYR MH FHOp S�HþWHQR D ]iVREQtN MH Y\SUi]GQ�Qê

1HFK" 0 MH ]iVREQtNRYê DXWRPDW�

-D]\N UR]SR]QiYDQê DXWRPDWHP 0 NRQFRYêP VWDYHP GHILQXMHPH

WDNWR� /�0�  ^Z _ Z∈;� Y∈<� T∈) �T
�
�Z�=

�
�|²�T�λ�Y�`�

-D]\N UR]SR]QiYDQê DXWRPDWHP 0 SUi]GQêP ]iVREQtNHP

GHILQXMHPH WDNWR� 1�0�  ^Z _ Z∈;� T∈4 �T
�
�Z�=

�
�|²�T�λ�λ�`�

.RQFRYp VWDY\ QiV WDG\ QH]DMtPDMt� SURWR NODGHPH ) ∅�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

=iVREQtNRYê DXWRPDW Y S�tNODG�=iVREQtNRYê DXWRPDW Y S�tNODG�

/  ^�Q�Q _ Q!�`

3�LMtPiQt SUi]GQêP ]iVREQtNHP
S�SRþiWHþQt VWDY� =�SRþiWHþQt ]iVREQtNRYê V\PERO

δ�S���=�  ^�S�$�` « þWH SUYQt V\PERO �

δ�S���$�  ^�S�$$�` « þWH GDOãt V\PERO\ �

δ�S���$�  ^�T�λ�` « þWH SUYQt V\PERO �

δ�T���$�  ^�T�λ�` « þWH GDOãt V\PERO\ �

3�LMtPiQt NRQFRYêP VWDYHP

S�SRþiWHþQt VWDY� T)�NRQFRYê VWDY� =�SRþiWHþQt ]iVREQtNRYê V\PERO

δ�S���=�  ^�S�$=�` « þWH SUYQt V\PERO �

δ�S���$�  ^�S�$$�` « þWH GDOãt V\PERO\ �

δ�S���$�  ^�T�λ�` « þWH SUYQt V\PERO �

δ�T���$�  ^�T�λ�` « þWH GDOãt V\PERO\ �

δ�T�λ�=�  ^�T)�λ�` « NRQþt
$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tMtPiQt ]iVREQtNHP3�tMtPiQt ]iVREQtNHP ⇒⇒ S�LMtPiQt VWDYHPS�LMtPiQt VWDYHP

3UR NDåGê ]iVREQtNRYê DXWRPDW 0� H[LVWXMH HNYLYDOHQWQt ]iVREQtNRYê

DXWRPDW 0� WDN� åH 1�0�� /�0�� �SUi]GQê ]iVREQtN → NRQFRYê VWDY��

'$ND] �NRQVWUXNWLYQt��

LGHD�

� QD ]iVREQtN S�LGiPH VSHFLiOQt V\PERO�

� E�åtPH VWHMQ� MDNR 0��

� MH�OL QD ]iVREQtNX VSHFLiOQt V\PERO� NRQþtPH

IRUPiOQ��

0�  �4��;�<��δ��T��=��^`� → 0�  �4��;�<��δ��T��=��^T)`��

T��T) ∉4�� 4�  4� ∪ ^T��T)`�

=� ∉<�� <�  <� ∪ ^=�`�

δ�  δ� � δ��T��λ�=�� ^�T��=�=��`� ∀T∈4� δ��T�λ�=�� ^�T)�λ�`
1�0�� /�0��"

Z∈1�0�� ⇔ �T��Z�=�� |²0� �T�λ�λ�
⇔ �T��Z� =�� |²0� �T��Z�=� =�� |²0� �T�λ� =�� |²0� �T)�λ�λ�
⇔ Z∈/�0��

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tNODG S�HYRGX3�tNODG S�HYRGX

/  ^�Q�Q _ Q≥�`
0�  �^S�T`� ^���`� ^=�$`� δ� S� =�^`�� / 1�0��

δ�S�λ�=�  ^�S�λ�` « þWH SUi]GQp VORYR

δ�S���=�  ^�S�$�`
δ�S���$�  ^�S�$$�`
δ�S���$�  ^�T�λ�`
δ�T���$�  ^�T�λ�`

0�  �^S�T�T��T)`� ^���`� ^=�$�=�`� δ�� T�� =�� ^T)`�� / /�0��

δ��T��λ�=��  ^�S�==��` « QDVWDUWRYiQt YêSRþWX 0�

δ��S�λ�=�  ^�S�λ�`
δ��S���=�  ^�S�$�`
δ��S���$�  ^�S�$$�`
δ��S���$�  ^�T�λ�`
δ��T���$�  ^�T�λ�`
δ��S�λ�=��  ^�T)�λ�` « XNRQþHQt YêSRþWX

δ��T�λ�=��  ^�T)�λ�` « ³

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tMtPiQt VWDYHP3�tMtPiQt VWDYHP ⇒⇒ S�LMtPiQt ]iVREQtNHPS�LMtPiQt ]iVREQtNHP

3UR NDåGê ]iVREQtNRYê DXWRPDW 0� H[LVWXMH HNYLYDOHQWQt ]iVREQtNRYê

DXWRPDW 0� WDN� åH /�0�� 1�0�� �NRQFRYê VWDY → SUi]GQê ]iVREQtN��

'$ND] �NRQVWUXNWLYQt��

LGHD�

� QD ]iVREQtN S�LGiPH VSHFLiOQt V\PERO �SURWL Y\SUi]GQ�Qt��

� E�åtPH VWHMQ� MDNR 0��

� Y NRQFRYpP VWDYX VPDåHPH ]iVREQtN �QHGHWHUPLQLVPXV��

IRUPiOQ��

0�  �4��;�<��δ��T��=��)� → 0�  �4��;�<��δ��T��=��^`��

T��T0 ∉4�� 4�  4� ∪ ^T��T0`�

=� ∉<�� <�  <� ∪ ^=�`�

δ� Ä ´ δ� � ∀T)∈) ∀=∈<� δ��T)�λ�=� �δ��T)�λ�=� ∪ ^�T0�λ�`��
δ��T��λ�=�� ^�T��=�=��`� ∀=∈<� δ��T0�λ�=� ^�T0�λ�`
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