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&R E\OR PLQXOH&R E\OR PLQXOH

'HWHUPLQLVPXV YV�QHGHWHUPLQLVPXV

± GHWHUPLQLVWLFNê =$ � NDåGê NURN MH MHGQR]QDþQ� XUþHQ

� ∀S∈4� ∀D∈;∪^λ`� ∀=∈< _δ�S�D�=�_ ≤ �

� ∀S∈4� ∀=∈< � δ�S�λ�=�≠∅ ⇒ ∀D∈; δ�S�D�=� ∅ �

± GHWHUPLQLVPXV RVODEXMH =$ �ZZ5�

± GHWHUPLQLVPXV UR]OLãXMH S�LMtPiQt ]iVREQtNHP D VWDYHP

� GHWHUPLQLVWLFNp %. MD]\N\ �S�LMtPiQt VWDYHP�

� EH]SUHIL[RYp %. MD]\N\ �S�LMtPiQt ]iVREQtNHP�

=iVREQtNRYp DXWRPDW\ D EH]NRQWH[WRYp JUDPDWLN\

± S�HYRG %.* QD =$

SUDYLGOD JUDPDWLN\ → SUDYLGOD DXWRPDWX

� SUDYLGOD SUR NUiFHQt WHUPLQiO$

± S�HYRG =$ QD %.*

� SUR MHGQRVWDYRYp =$ MHGQRGXFKp

� SUR YtFHVWDYRYp =$ � VWDY\ VLPXORYiQ\ Y QHWHUPLQiOHFK

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

-DN QD-DN QD EH]SUHIL[RYpEH]SUHIL[RYp MD]\N\"MD]\N\"

-DN VH RG GHWHUPLQLVWLFNpKR MD]\ND GRVWDQHPH N EH]SUHIL[RYpPX"

&R QiP YDGt"

SR S�HþWHQt SUHIL[X� NWHUê SDW�t GR MD]\ND� PiPH SUi]GQê ]iVREQtN�

�HãHQt�

S�LGiPH VSHFLiOQt ]QDN QD NRQHF VORYD �Då SR S�HþWHQt WRKRWR ]QDNX

Y\SUi]GQtPH ]iVREQtN�

1HFK" /⊆; MH GHWHUPLQLVWLFNê MD]\N D �∉;� SRWRP /� MH EH]SUHIL[RYê
MD]\N�

� RSUDYt QHGHWHUPLQLVWLFNp λ �NURN\ S�L S�HYRGX DXWRPDW$

3�tNODG� ^�Q�P� _��Q≤P`

δ�S���=�  ^�S�$=�` « þWH SUYQt V\PERO �

δ�S���$�  ^�S�$$�` « þWH GDOãt V\PERO\ �
δ�S���$�  ^�T�λ�` « þWH SUYQt V\PERO �

δ�T���$�  ^�T�λ�` « þWH GDOãt V\PERO\ �

δ�T�λ�=�  ^�T2.�=�` « Q\Qt VH SRþHW � D � Y\URYQDO
δ�T2.���=�  ^�T2.�=�` « GiOH þWHPH MHQ �

δ�T2.� ��=�  ^�T2.� λ�` « QD NRQFL Y\SUi]GQtPH ]iVREQtN
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-D]\N\ D DXWRPDW\ � S�HKOHG-D]\N\ D DXWRPDW\ � S�HKOHG
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2G JUDPDWLN\ N DXWRPDWX2G JUDPDWLN\ N DXWRPDWX

* �91�97�6�3� → 0 �^S`�97�91∪97�δ�S�6�^`�
δ�S�λ�;� ^�S�Z� _ �;→Z�∈3` ∀;∈91 « RSUDFRYiQt ]iVREQtNX

δ�S�D�D� ^�S�λ�` ∀D∈97 « NUiFHQt WHUPLQiO$

3�tNODG� / ^DLEMFN _ L�M N`

6 ⇒ D6F ⇒ D$F ⇒ DE$FF ⇒ DEE$FFF ⇒ DEEFFF

�S�DEEFFF�6� |² �S�DEEFFF�D6F� |² �S�EEFFF�6F� |² �S�EEFFF�$F�
|² �S�EEFFF�E$FF� |² �S�EFFF�$FF� |² �S�EFFF�E$FFF�

|² �S�FFF�$FFF� |² �S�FFF�FFF� |² �S�FF�FF� |² �S�F�F� |² �S� λ� λ�

*UDPDWLND

6 → D6F _ $

$ → E$F _ λ

=iVREQtNRYê DXWRPDW

δ�S�λ�6�  ^ �S�D6F�� �S�$� `
δ�S�λ�$�  ^ �S�E$F�� �S�λ� `
δ�S�[�[�  ^ �S�λ� ` ∀[∈^D�E�F`

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

2G DXWRPDWX NH JUDPDWLFH2G DXWRPDWX NH JUDPDWLFH

3UR MHGQRVWDYRYê =$� VWDþt UHYHU]Qt SURFHV N %.*→=$�

3UR YtFHVWDYRYê =$�

± S�HYpVW QD MHGQRVWDYRYê =$

± S�tPR QD JUDPDWLNX

3�HYRG YtFHVWDYRYpKR =$ QD JUDPDWLNX�

SUDYLGOD JUDPDWLN\ ]DFK\FXMt YãHFKQ\ PRåQp YêSRþW\

QHWHUPLQiOQt V\PERO\� >T�=�S@� NGH S�T∈4� =∈<
T MH VWDY DXWRPDWX W�VQ� S�HG WtP� QHå VH = S�HStãH

S MH VWDY DXWRPDWX� NG\å ]DþtQiPH SRþtWDW SRG =

SUDYLGOD JUDPDWLN\�

6 → >T��=��T@ QDVWDUWRYiQt YêSRþWX �T � QHYtPH� NGH VNRQþt�

>T�$�S@ → D >T��%��T�@ >T��%��T�@��� >TP�%P�S@
δ�T�D�$� ∋ �T�� %�%���� %P�

T��«� TP�S OLERYROQp VWDY\ � QHYtPH� MDN YêSRþHW Y\SDGi

VSHFLiOQ�� >T�$�S@ → D� SUR δ�T�D�$� ∋ �S�λ�
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9êSRþHW DXWRPDWX9êSRþHW DXWRPDWX →→ GHULYDFHGHULYDFH

�T�Z�$� |² �S�λ�λ� ⇒ >T�$�S@ ⇒ Z

LQGXNFt GOH GpON\ YêSRþWX

N �

Z ∈;∪^λ`� δ�T�Z�$� ∋ �S�λ�� WM� PiPH SUDYLGOR >T�$�S@ → Z

N!� �SUR YêSRþW\ NUDWãt QHå N SODWt�

�T�DX�«XO�$� |² �T�� X�«XO� %�«%O�� O≥� SUYQt NURN YêSRþWX

GOH S�HFKRGX δ�T�D�$� ∋ �T�� %�%���� %O�

XL MVRX VORYD QXWQi NH ]SUDFRYiQt ]iVREQtNRYpKR V\PEROX %L

WM� �TL�XL�%L� |² �TL���λ�λ�� SUR YKRGQi TL �TO�� S�

W\WR YêSRþW\ MVRX QXWQ� NUDWãt QHå N

WM� GOH LQGXNþQtKR S�HGSRNODGX >TL�%L�TL��@ ⇒ XL

GRKURPDG\�

>T�$�S@ → D >T��%��T�@ >T��%��T�@��� >TO�%O�S@

>T�$�S@ ⇒ D X� X� ��� XO
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'HULYDFH'HULYDFH →→ YêSRþHW DXWRPDWXYêSRþHW DXWRPDWX

>T�$�S@ ⇒ Z ⇒ �T�Z�$� |² �S�λ�λ�

LQGXNFt GOH GpON\ �OHYp� GHULYDFH

N �

MHGLQp SUDYLGOR >T�$�S@ → ZPXVHOR Y]QLNQRXW ] δ�T�Z�$� ∋ �S�λ�

N!� �SUR GHULYDFH NUDWãt QHå N SODWt�

>T�$�S@ → D >T��%��T�@ >T��%��T�@��� >TO�%O�S@ SUYQt SRXåLWp SUDYLGOR

Y]QLNOR ] S�HFKRGX δ�T�D�$� ∋ �T�� %�%���� %O�

SRWRP Z  D X�«XO� NGH >TL�%L�TL��@ ⇒ XL �TO�� S�

W\WR GHULYDFH MVRX QXWQ� NUDWãt QHå N

WM� GOH LQGXNþQtKR S�HGSRNODGX �TL�XL�%L� |² �TL���λ�λ�
GRKURPDG\� ÄVOHStPH³ YêSRþW\ D GRVWDQHPH

�T�Z�$� |² �T�� X�«XO� %�%���� %O� |² �S�λ�λ�

'HULYDFH YåG\ ]DþtQi Q�MDNêP SUDYLGOHP 6 → >T��=��T@� WM� /�*� 1�0��
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3�tNODG S�HYRGX DXWRPDWX QD JUDPDWLNX3�tNODG S�HYRGX DXWRPDWX QD JUDPDWLNX
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@ « >TP
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S@
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δ�S�λ�=�  ^�S�λ�`
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δ�S���$�  ^�S�$$�`

δ�S���$�  ^�T�λ�`
δ�T���$�  ^�T�λ�`
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6 → S=S _ S=T

S=S → λ
S=S → � S$S

S=T → � S$T

S$S → � S$S S$S _ � S$T T$S

S$T → � S$S S$T _ � S$T T$T

S$T → �

T$T → �

6 ⇒ S=T ⇒ � S$T ⇒ �� S$T T$T ⇒ ��� T$T ⇒ ����
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*UHLEDFKRYp*UHLEDFKRYp QRUPiOQt IRUPDQRUPiOQt IRUPD

&R QiP YDGt S�L DQDOê]D VORYD"

1HYtPH� MDNp SUDYLGOR Y\EUDW�

6SHFLiOQ� YDGt SUDYLGOD WYDUX $→$X �OHYi UHNXU]H��

'HILQLFH� �tNiPH� åH JUDPDWLND MH Y *UHLEDFKRYp QRUPiOQt

IRUP� �WYDUX�� MHVWOLåH YãHFKQD SUDYLGOD PDMt WYDU�

$ → DX� NGH D∈97� X∈91�

. þHPX MH WHQWR WYDU GREUê"

6URYQiQtP WHUPLQiOX QD SUDYp VWUDQ� SUDYLGHO D þWHQpKR V\PEROX

P$åHPH ]MLVWLW� MDNp SUDYLGOR SRXåtW�

SRNXG MH RYãHP WDNRYp SUDYLGOR MHGLQp�

9�WD� .H NDåGpPX EH]NRQWH[WRYpPX MD]\NX / H[LVWXMH

EH]NRQWH[WRYi JUDPDWLND * Y *UHLEDFKRYp QRUPiOQt

IRUP� WDNRYi� åH /�*�  / � ^λ`�
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6SRMHQt SUDYLGHO D RGVWUDQ�Qt OHYp UHNXU]H6SRMHQt SUDYLGHO D RGVWUDQ�Qt OHYp UHNXU]H

/HPPD �VSRMHQt SUDYLGHO��
1HFK" $→X%Y MH SUDYLGOR JUDPDWLN\ * D %→Z�� «� %→ZN MVRX
YãHFKQD SUDYLGOD SUR %� 3RWRP QDKUD]HQtP SUDYLGOD $→X%Y SUDYLGO\

$→XZ�Y� «� $→XZNY GRVWDQHPH HNYLYDOHQWQt JUDPDWLNX�

'$ND]� $ ⇒ X%Y ⇒ Xµ%Y ⇒ XµZLY Y S$YRGQt JUDPDWLFH

$ ⇒ XZLY ⇒ XµZLY Y QRYp JUDPDWLFH

/HPPD �RGVWUDQ�Qt OHYp UHNXU]H��
1HFK" $→$X�� «� $→$XN MVRX YãHFKQD OHY� UHNXU]LYQt SUDYLGOD
JUDPDWLN\ * SUR $ D $→Y�� «� $→YP MVRX YãHFKQD RVWDWQt SUDYLGOD
SUR $� 3RWRP QDKUD]HQtP YãHFK W�FKWR SUDYLGHO SUDYLGO\�

�� $→YL� $→YL=� =→XM� =→XM=� QHER

�� $→YL=� =→XM=� =→ λ
�= MH QRYê QHWHUPLQiO� GRVWDQHPH HNYLYDOHQWQt JUDPDWLNX�

'$ND]� $ ⇒ $XLQ
⇒ « ⇒ $XL�

«XLQ
⇒ YMXL�

«XLQ
�*�

$ ⇒ YM= ⇒ YMXL�
= ⇒ « ⇒ YMXL�

«XLQ��
= ⇒ YMXL�

«XLQ
���

$ ⇒ YM= ⇒ YMXL�
= ⇒ « ⇒ YMXL�

«XLQ
= ⇒ YMXL�

«XLQ
���
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3�HYRG QD3�HYRG QD *UHLEDFKRYp*UHLEDFKRYp 1)1)

9�WD� /LERYROQRX EH]NRQWH[WRYRX JUDPDWLNX O]H S�HYpVW QD

JUDPDWLNX Y *UHLEDFKRYp QRUPiOQt IRUP��

'$ND]�

VSRMRYiQt SUDYLGHO D RGVWUD�RYiQt OHYp UHNXU]H

�� QHWHUPLQiO\ RþtVOXMHPH ^$��«� $Q`

�� UHNXU]LYQt SUDYLGOD SRX]H WYDUX $L→$MX� NGH L�M

SRVWXSQRX LWHUDFt RG � GR Q

$ L→$MX SUR M�L RGVWUDQtPH VSRMRYiQtP SUDYLGHO
SUR M L RGVWUDQtPH OHYRX UHNXU]L

]tVNiPH SUDYLGOD WYDUX $L→$MX �L�M�� $ L→DX �D∈97�� =L→X

�� SUDYLGOD V $ L �S$YRGQt QHWHUPLQiO\� SRX]H WYDUX $ L→DX

SRVWXSQêP VSRMRYiQt SUDYLGHO RG Q GR � �SUR Q MLå SODWt�

�� SUDYLGOD V =L �QRYp QHWHUPLQiO\� SRX]H WYDUX =L→DX

åiGQp SUDYLGOR =L SUR QH]DþtQi YSUDYR =M

EX� MH Y SRåDGRYDQpP WYDUX QHER VH VSRMt ] SUDYLGOHP $ M→DX

�� RGVWUDQ�Qt WHUPLQiO$ XYQLW� SUDYLGHO
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3�tNODG S�HYRGX QD3�tNODG S�HYRGX QD *UHLEDFKRYp*UHLEDFKRYp 1)1)

3$YRGQt JUDPDWLND

( → (�7 _ 7

7 → 7) _ )

) → �(� _ D

�WpP��� *UHLEDFKRYp QRUPiOQt IRUPD

( → �(� _ D _ �(�7µ _ D7µ _ �(�(µ _ D(µ _ �(�7µ(µ _ D7µ(µ

(µ → �7 _ �7(µ

7 → �(� _ D _ �(�7µ _ D7µ

7µ → ) _ )7µ

) → �(� _ D

2GVWUDQ�Qt OHYp UHNXU]H

( → 7 _ 7(µ

(µ → �7 _ �7(µ

7 → ) _ )7µ
7µ → ) _ )7µ

) → �(� _ D
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&KRPVNpKR&KRPVNpKR QRUPiOQt IRUPDQRUPiOQt IRUPD

3RGtYHMPH VH Q\Qt QD GHULYDþQt VWURP\�

-DN RGKDGQRXW YêãNX VWURPX SRGOH GpON\ VORYD"

'HILQLFH� �tNiPH� åH JUDPDWLND MH Y &KRPVNpKR QRUPiOQt

IRUP� �WYDUX�� MHVWOLåH YãHFKQD SUDYLGOD PDMt WYDU�

; → <= QHER ; → D� NGH D∈97� ;�<�=∈91�

. þHPX MH WHQWR WYDU GREUê"

'HULYDþQt VWURP MH �VNRUR� ELQiUQt�

-H�OL PD[LPiOQt FHVWD GpON\ N� SRWRP WHUPLQiOQt VORYR ≤ �N���

3XPSLQJ OHPPD SUR EH]NRQWH[WRYp MD]\N\

9�WD� .D NDåGpPX EH]NRQWH[WRYpPX MD]\NX / H[LVWXMH

EH]NRQWH[WRYi JUDPDWLND * Y &KRPVNpKR QRUPiOQt

IRUP� WDNRYi� åH /�*�  / � ^λ`�

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

2GVWUDQ�Qt SUDYLGHO $2GVWUDQ�Qt SUDYLGHO $→→%%

/HPPD �RGVWUDQ�Qt $→%��
3UR NDåGRX EH]NRQWH[WRYRX JUDPDWLNX * O]H VHVWURMLW HNYLYDOHQWQt

JUDPDWLNX *µ WDNRYRX� åH QHREVDKXMH SUDYLGOD WYDUX $→%�

'$ND]�

KOHGiPH 8�;�  ^< _ ;⇒<`

8��;�  ^< _ ; → <`
8N���;�  8N�;� ∪ ^< _ = → <� =∈8N�;�`
VWDELOL]DFH SR PD[LPiOQ� Q _91_ NURFtFK

SUDYLGOD $→% RGVWUDQtPH ] JUDPDWLN\

S�LGiPH SUDYLGOD $→X�
NGH %→X MH S�tSXVWQp SUDYLGOR JUDPDWLN\ * D %∈8�$�

/�*� ⊇ /�*µ�

SRNXG GHULYDFH REVDKXMH QRYp SUDYLGOR $→X QDKUDGtPH KR VHNYHQFt
$ ⇒ % ⇒ X

/�*� ⊆ /�*µ�

QDMGHPH QHMGHOãt SRVORXSQRVWL $ ⇒ % ⇒ X VORåHQp ] QHS�tSXVWQêFK
SUDYLGHO D QDKUDGtPH MH $ ⇒ X
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3�HYRG QD3�HYRG QD &KRPVNpKR&KRPVNpKR 1)1)

3RYROHQR SRX]H ; → <= QHER ; → D� NGH D∈97� ;�<�=∈91�

9tPH�

SUDYLGOD $→% O]H RGVWUDQLW �HNYLYDOHQWQt JUDPDWLN\�

SUDYLGOD $→λ O]H RGVWUDQLW �PD[LPiOQ� S�LMGHPH R λ�
'iOH�

SUDYLGOD WYDUX ; → D� NGH D∈97 MVRX Y SR�iGNX

]EêYDMt SUDYLGOD WYDUX ; → %�« %N� N≥�� %L∈91 ∪97

Y\WYR�tPH SUDYLGOR ; → &�«&N� NGH�

&L  %L MH�OL %L∈91

 %µL MH�OL %L∈97 �%µL MH QRYê QHWHUPLQiO�

� S�LGiPH SUDYLGOD %µL → %L

SUDYLGOR ; → &�«&N� N≥� QDKUDGtPH SUDYLGO\�
; → &�'�� '� → &�'�� «� 'N�� → &N��&N�
'L MVRX QRYp QHWHUPLQiO\

$XWRPDW\ D JUDPDWLN\� 5RPDQ %DUWiN

3�tNODG S�HYRGX QD3�tNODG S�HYRGX QD &KRPVNpKR&KRPVNpKR 1)1)

3$YRGQt JUDPDWLND

$ → % _ &

% → �%� _ ��

& → ' _ (

' → �'� _ �

( → �( _ �

3R RGVWUDQ�Qt ; →→ <

$ → �%� _ �� _ �'� _ � _ �( _ �

% → �%� _ ��

& → �'� _ � _ �( _ �

' → �'� _ �

( → �( _ �

3R QDKUD]HQt WHUPLQiO$

$ → 1%- _ 1- _ -'1 _ � _ 1( _ �

% → 1%- _ 1-

' → -'1 _ �

( → 1( _ �

1 → �

- → �

&KRPVNpKR QRUPiOQt IRUPD

$ → 1$� _ 1- _ -$� _ � _ 1( _ �

$� → %-
$� → '1

% → 1%� _ 1-
%� → %-

' → -'� _ �
'� → '1

( → 1( _ �
1 → �

- → �


